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Course Companion denition

The IB Diploma Programme Course Companions are 

resource materials designed to provide students with 

support through their two-year course of study.  These 

books will help students gain an understanding of what 

is expected from the study of an IB Diploma 

Programme subject.

The Course Companions reect the philosophy and 

approach of the IB Diploma Programme and present 

content in a way that illustrates the purpose and aims 

of the IB.  They encourage a deep understanding of 

each subject by making connections to wider issues and 

providing opportunities for critical thinking.

The books mirror the IB philosophy of viewing the 

curriculum in terms of a whole-course approach;  the 

use of a wide range of resources;  international-

mindedness;  the IB learner prole and the IB Diploma 

Programme core requirements;  theory of knowledge,  

the extended essay,  and creativity,  action,  service 

(CAS).

Each book can be used in conjunction with other 

materials and indeed,  students of the IB are required 

and encouraged to draw conclusions from a variety of 

resources.  Suggestions for additional and further 

reading are given in each book and suggestions for how 

to extend research are provided.

In addition,  the Course Companions provide advice 

and guidance on the specic course assessment 

requirements and also on academic honesty protocol.

IB mission statement

The International Baccalaureate aims to develop 

inquiring,  knowledgable and caring young people who 

help to create a better and more peaceful world through 

intercultural understanding and respect.

To this end the IB works with schools,  governments 

and international organizations to develop challenging 

programmes of international education and rigorous 

assessment.

These programmes encourage students across the 

world to become active,  compassionate,  and lifelong 

learners who understand that other people,  with their 

differences,  can also be right.

The IB Learner Prole

The aim of all IB programmes is to develop 

internationally minded people who,  recognizing their 

common humanity and shared guardianship of the 

planet,  help to create a better and more peaceful world.  

IB learners strive to be:

Inquirers  They develop their natural curiosity.  They 

acquire the skills necessary to conduct inquiry and 

research and show independence in learning.  They 

actively enjoy learning and this love of learning will be 

sustained throughout their lives.

Knowledgable  They explore concepts,  ideas,  and 

issues that have local and global signicance.  In so 

doing,  they acquire in-depth knowledge and develop 

understanding across a broad and balanced range of 

disciplines.

Thinkers  They exercise initiative in applying thinking 

skills critically and creatively to recognize and 

approach complex problems,  and make reasoned,  

ethical decisions.

Communicators  They understand and express ideas 

and information condently and creatively in more 

than one language and in a variety of modes of 

communication.  They work effectively and willingly in 

collaboration with others.

Principled  They act with integrity and honesty,  with a 

strong sense of fairness,  justice,  and respect for the 

dignity of the individual,  groups,  and communities.  

They take responsibility for their own actions and the 

consequences that accompany them.

Open-minded  They understand and appreciate their 

own cultures and personal histories,  and are open to 

the perspectives,  values,  and traditions of other 

individuals and communities.  They are accustomed to 

seeking and evaluating a range of points of view,  and 

are willing to grow from the experience.

Caring  They show empathy,  compassion,  and respect 

towards the needs and feelings of others.  They have a 

personal commitment to service,  and act to make a 

positive difference to the lives of others and to the 

environment.

Risk-takers  They approach unfamiliar situations and 

uncertainty with courage and forethought,  and have 

the independence of spirit to explore new roles,  ideas,  

and strategies.  They are brave and articulate in 

defending their beliefs.

Balanced  They understand the importance of 

intellectual,  physical,  and emotional balance to achieve 

personal well-being for themselves and others.

Reective  They give thoughtful consideration to their 

own learning and experience.  They are able to assess 

and understand their strengths and limitations in order 

to support their learning and personal development
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A note on academic honesty

It is of vital importance to acknowledge and 

appropriately credit the owners of information 

when that information is used in your work.  After 

all,  owners of ideas (intellectual property) have 

property rights.  To have an authentic piece of 

work,  it must be based on your individual and 

original ideas with the work of others fully 

acknowledged.  Therefore,  all assignments,  written 

or oral,  completed for assessment must use your 

own language and expression.  Where sources are 

used or referred to,  whether in the form of direct 

quotation or paraphrase,  such sources must be 

appropriately acknowledged.

How do I  acknowledge the work 

of others?

The way that you acknowledge that you have 

used the ideas of other people is through the use 

of footnotes and bibliographies.  

Footnotes  (placed at the bottom of a page) or 

endnotes (placed at the end of a document) are to 

be provided when you quote or paraphrase from 

another document,  or closely summarize the 

information provided in another document.  You 

do not need to provide a footnote for information 

that is part of a body of knowledge.  That is,  

denitions do not need to be footnoted as they 

are part of the assumed knowledge.

Bibliographies  should include a formal list of 

the resources that you used in your work.  

Formal  means that you should use one of the 

several accepted forms of presentation.  This 

usually involves separating the resources that you 

use into different categories (e.g.  books,  

magazines,  newspaper articles,  Internet-based 

resources,  CDs and works of art) and providing 

full information as to how a reader or viewer of 

your work can nd the same information.  A 

bibliography is compulsory in the extended essay.

What constitutes malpractice?

Malpractice  is behavior  that results in,  or may 

result in,  you or any student gaining an unfair 

advantage in one or more assessment component.  

Malpractice includes plagiarism and collusion.

Plagiarism  is dened as the representation of the 

ideas or work of another person as your own.  

The following are some of the ways to avoid 

plagiarism:

  Words and ideas of another person used to 

support ones arguments must be 

acknowledged.  

 Passages that are quoted verbatim must be 

enclosed within quotation marks and 

acknowledged.

 CD-ROMs,  email messages,  web sites on the 

Internet,  and any other electronic media must 

be treated in the same way as books and 

journals.

 The sources of all photographs,  maps,  

illustrations,  computer programs,  data,  graphs,  

audio-visual,  and similar material must be 

acknowledged if they are not your own work.

 Works of art,  whether music,  lm,  dance,  

theatre arts,  or visual arts,  and where the 

creative use of a part of a work takes place,   

must be acknowledged.

Collusion is dened as supporting malpractice by 

another student.  This includes:

 allowing your work to be copied or submitted 

for assessment by another student

 duplicating work for different assessment 

components and/or diploma requirements.

Other forms of malpractice  include any action 

that gives you an unfair advantage or affects the 

results of another student.  Examples include,  

taking unauthorized material into an examination 

room,  misconduct during an examination,  and 

falsifying a CAS record.
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About the book
The new syllabus for Mathematics Standard 

Level is thoroughly covered in this book.  Each 

chapter is divided into lesson size sections with 

the following features:

Mathematics is a most powerful,  valuable 

instrument that has both beauty in its own study 

and usefulness in other disciplines.  The Sumerians 

developed mathematics as a recognized area of 

teaching and learning about 5,000 years ago and it 

has not stopped developing since then.  

The Course Companion will guide you through 

the latest curriculum with full coverage of all 

topics and the new internal assessment.  The 

emphasis is placed on the development and 

improved understanding of mathematical concepts 

and their real life application as well as prociency 

in problem solving and critical thinking.  The 

Course Companion denotes questions that would 

be suitable for examination practice and those 

where a GDC may be used.  Questions are 

designed to increase in difculty,  strengthen 

analytical skills and build condence through 

understanding.  Internationalism,  ethics and 

applications are clearly integrated into every 

section and there is a TOK application page that 

concludes each chapter.

It is possible for the teacher and student to work 

through in sequence but there is also the 

exibility to follow a different order.  Where 

appropriate the solutions to examples using the 

TI-Nspire calculator are shown.  Similar solutions 

using the TI-84 Plus and Casio FX-9860GII are 

included on the accompanying interactive CD 

which includes a complete ebook of the text,  

prior learning,  GDC support,  an interactive 

glossary,  sample examination papers,  internal 

assessment support,  and ideas for the exploration.

Mathematics education is a growing,  ever 

changing entity.  The contextual,  technology 

integrated approach enables students to become 

adaptable,  life-long learners.

Note:  US spelling has been used,  with IB style for 

mathematical terms.

About the authors
Laurie Buchanan has been teaching mathematics in 

Denver,  Colorado for over 20 years.  She is a team 

leader and a principal examiner for mathematics 

SL Paper One and an assistant examiner for Paper 

Two.  She is also a workshop leader and has worked 

as part of the curriculum review team.  

Jim Fensom has been teaching IB mathematics 

courses for nearly 35 years.  He is currently 

Mathematics Coordinator at Nexus International 

School in Singapore.  He is an assistant examiner 

for Mathematics HL.

Edward Kemp has been teaching IB Diploma 

Programme mathematics for 20 years.  He is 

currently the head of mathematics at Ruamrudee 

International School in Thailand.  He is an 

assistant examiner for IB mathematics,  served on 

the IB curriculum review board and is an online 

workshop developer for IB.  

Paul La Rondie has been teaching IB Diploma 

Programme mathematics at Sevenoaks School for 

10 years.  He has been an assistant examiner and 

team leader for both papers in Mathematics SL 

and an IA moderator.  He has served on the IB 

curriculum review board and is an online 

workshop developer for IB.  

Jill Stevens has been teaching IB Diploma 

Programme mathematics at Trinity High School,  

Euless,  Texas for nine years.  She is an assistant 

examiner for Mathematics SL,  a workshop leader 

and has served the IB in curriculum review.  Jill 

has been a reader and table leader for the  

College Board AP Calculus exam.
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What's on the CD?

The material on your CD-ROM includes the entire student book as an eBook,  

as well as a wealth of other resources specically written to support your 

learning.  On these two pages you can see what you will nd and how it will 

help you to succeed in your Mathematics Standard Level course.

The whole print text is  presented  as a  user-riendly eBook or use in  class and  at home.

The glossary  provides comprehensive 

coverage o the language o the subject and  

explains tricky terminology.  I t is  u l ly editable 

making i t a  poweru l  revision  tool .

Extension material  is  included  or each  

chapter containing a  variety o extra  

exercises and  activi ties.  Ful l  worked  

solutions to th is material  are also provided.

Extra  content can  be ound  in  the Contents 

menu  or attached  to specifc pages.  

Th is icon  appears in  the book 

wherever there is  extra  content.

Navigation  is  straightorward  ei ther through  

the Contents Menu, or through  the Search  

and  Go to page tools.

A range o tools enables you  to  zoom in  and  

out and  to annotate pages with  your own  

notes.
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What's on the website?

Visit www.oxfordsecondary.co.uk/

ibmathsl  for free access to the fu l l  

worked  solutions to each  and  every 

question  in  the Course Companion.

Powerpoint presentations  cover detai led  

worked  solutions for the practice papers 

in  the book, showing common  errors and  

providing h ints and  tips.

www.oxfordsecondary.co.uk/ibmathsl  

a lso offers you  a  range of GDC 

activities for the TI -Nspire to help 

support your understanding.

U s in g  a  g ra p h ic  d is p lay  c a lcu la to r

CASIO  9860 -G I I

Simultaneous and quadratic equations

1.5 Solving simultaneous linear equations

Practice exam papers  wi l l  help you  to fu l ly 

prepare for your examinations.  Worked  

solutions can  be found  on  the website  

www.oxfordsecondary.co.uk/ibmathsl

Alternative GDC instructions  for all  material  in  

the book is given for the TI-84 Plus and Casio-

9860-GII  calculators, so you can be sure you will  

be supported no matter what calculator you use.

P ra c tic e  p a p e r  2

Simultaneous and quadratic equations

1.5 Solving simultaneous linear equations

Practice paper 2

To le ra n ce As ia n Eu ropea n

 Low 3 0 80

 M ed i u m 50 40

 H i gh 40 2 0

y

x0(-1 ,  0 ) ( 3 ,  0 )





Functions

CHAPTER OBJECTIVES:

2.1  Functions:  domain, range, composite, identity and  inverse unctions

2.2  Graphs o unctions, by hand  and  using GDC, their maxima and  minima, 

asymptotes, the graph  o f 1(x)

2.3  Transormations o graphs, translations, refections, stretches and  composite 

transormations

You should  know how to:  

1 Plot coordinates.

  e.g.  Plot the  

points A(4,  0),  B(0,  3),   

C(1 ,  1 ) and D(2,  1 )  

on a coordinate plane.  

2 Substitute values into an expression.

  e.g.  Given x = 2,  y = 3 and z = 5,   

nd the value of a  4x + 2y        b  y2   3z

a 4x + 2y =  4(2) +  2(3) =  8 +  6 =  14

b y2   3z = (3)2 3(5) =  9 +  1 5 =  24

3 Solve linear equations.

 e.g.  Solve 6   4x =  0

 6   4x =  0  6 =  4x

1 .5  =  x  x =  1 .5

4 Use your GDC to graph  

a function.

 e.g.  Graph  

 f  (x) =  2x   1 ,  3   x   3

5 Expand linear binomials.

 e.g.  Expand (x +  3) (x   2)

 =  x 2 +  x  6

y

2

1

2

3

1

4

A

DC

B

0 x2 1 21 3 4

y

x

4

6

2

4

6

8

2
2

0
2 4 646

Skills check

1 a  Plot these points on a coordinate plane.  

  A(1 ,  3),  B(5,  3),  C(4,  4),  D(3,  2),  

E(2,  3),  F(0,  3).

b Write down the  

coordinates of  

points A  to H.

2 Given that x = 4,  y = 6 and z = 10,  nd

a 4x + 3y b  z2   3y c  y  z  d 
  


3 Solve

a 3x   6 =  6 b  5x + 7 =  3 c 

   



4 Graph these functions on your GDC 

within the given domain.  Then  

sketch the functions on paper.

a y = 2x   3,  4   x  7

b y = 10   2x,  2   x   5

c y =  x2  3,  3    x   3.

5 Expand

a (x + 4) (x + 5) b  (x  1 ) (x  3)

c (x + 5) (x  4)

y

1

0.5

1.5

0.5

0.5

2

1

2

B

G

F

E

A

D

H

C

0 x
12 1 2 3

1

Before you start
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The International Space Station (ISS) has been orbiting the Earth 

over 1 5  times a day for more than ten years,  yet how many of us 

have actually seen it? Spotting the ISS with the naked eye is not as 

difcult as it might seem  provided you know in which direction 

to look.  Although the ISS travels at a speed of 7.7 km s1 ,  it is in one 

of the lowest orbits possible,  at approximately 390 km above our 

heads.  Thanks to its large solar wings it is one of the brightest 

stars ,  which makes it fairly easy to distinguish as it moves across 

the night sky.  

The relation 
 


   gives the speed of the ISS,  where t is the time 

measured in hours and d is the distance traveled in kilometres.

This is a mathematical relationship called a function  and is just one 

example of how a mathematical function can be used to describe a 

situation.

In this chapter you will explore functions and how they can be 

applied to a wide variety of mathematical situations.  

One o the frst 

mathematicians to 

study the concept o 

unction  was French  

phi losopher N icole 

Oresme (13231382).  

He worked  with  

independent and  

dependent variable 

quantities.

[  I n ternationa l  Space  

Station
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Another way of showing this information is as ordered pairs:   

(100,  1 5),  (200,  34),  (300,  60) and (400,  88).  Each ordered pair has  

two pieces of data in a specic order.  They are separated by a  

comma and enclosed within brackets in the form (x,  y).  

  A relation  is a set of ordered pairs.

There is nothing special at all about the numbers that are in a  

relation.  In other words,  any group of numbers is a relation  

provided that these numbers come in pairs.

Relations and functions

1.1  Introducing functions

Investigation  handshakes 

In  some countries i t is  customary at business meetings to shake  

hands with  everybody in  the meeting.  I  there are 2  people there is   

1  handshake, i  there are 3  people there are 3  handshakes and  so on.

a How many handshakes are there or 4 people? 

b Copy and  complete th is table.

Number  

o people

Number o  

handshakes

2

3

4

5

6

7

8

9

10

c Plot the points on  a  Cartesian  coordinate plane with  the number  

o people on  the x-axis and  the number o handshakes on  the  y-axis.

d Write a  ormula  or the number o handshakes, H,  in  terms o the  

number o people, n .

You  might fnd  i t helps 

to try th is  out with  a  

group o your riends 

in  class.

Do not join  the points 

in  th is  case as we  

are deal ing only 

with  whole (d iscrete)  

numbers.

Distance (m) Time (s)

100 15

200 34

300 60

400 88

The table shows the amount 

of time it takes for a student 

to run certain distances.
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  The domain is the set of all the rst numbers (x-values) of the 

ordered pairs.  

The domain of the ordered pairs above is {100,  200,  300,  400} .

  The range  is the set of the second numbers ( y-values) in each 

pair.

The range of the ordered pairs above is {15,  34,  60,  88} .

Example 1

Find the domain and range of these relations.

a {(1 ,  4),  (2,  7),  (3,  1 0),  (4,  1 3)}

b {(2,  4),  (1 ,  1 ),  (0,  0),  (1 ,  1 ),  (2,  4)}

Answers

a The domain is {1 ,  2,  3,  4}

 The range is {4,  7,  1 0,  1 3}

b The domain is {2,  1,  0,  1 ,  2}

 The range is {0,  1 ,  4}

First elements in the ordered pairs

Second elements in the ordered pairs 

Do not repeat values even though 

there are two 4s and two 1s in the 

ordered pairs.

  A function is a mathematical relation such that each element 

of the domain of the function is associated with exactly one 

element of the range of the function.  In order for a relation to 

be a function no two ordered pairs may have the same rst 

element.

Example 2

Which of these sets of ordered pairs are functions?

a {(1 ,  4),  (2,  6),  (3,  8),  (3,  9),  (4,  1 0)}

b {(1 ,  3),  (2,  5),  (3,  7),  (4,  9),  (5,  1 1 )}

c {(2,  1 ),  (1 ,  1 ),  (0,  2),  (1 ,  4),  (2,  6)}

Answers

a Not a function because the 

number 3  occurs twice in the 

domain.

b A function;  all of the rst 

elements are different.

c A function;  all of the rst 

elements are different.

Note that it doesnt matter that  

some of the y-values are the  

same.

The curly brackets, {  },  

mean  ' the set of' .
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Exercise 1A

1 Which of these sets of ordered pairs are functions?

a {(5,  5),  (4,  4),  (3,  3),  (2,  2),  (1 ,  1 )}

b {(3,  4),  (1 ,  6),  (0,  5),  (2,  1 ),  (3,  1 )}

c {(4,  1 ),  (4,  2),  (4,  3),  (4,  4),  (4,  5)}

d {(1 ,  1 ),  (0,  3),  (1 ,  6),  (1 ,  7),  (2,  8)}

e {(4,  4),  (4,  5),  (3,  6),  (3,  7),  (2,  8)}

f {(1 ,  2),  (2,  2),  (3,  2),  (4,  2),  (5,  2)}

2 For each diagram,  identify the domain and range and say  

whether the relation is a function.

a y

0 x

2

1

1 3 42

 b y

2

1

1
0 x1 1 32

3 Look back at the table on page 4 that shows the amount of time 

it takes for a student to run certain distances.  Is the relationship 

between a distance traveled and time taken a function?

The vertical line test

You can represent relations and functions on a Cartesian plane.   

You can use the vertical line test to determine whether a particular 

relation is a function or not,  by drawing vertical lines across the 

graph.  

  A relation is a function if any vertical line drawn will not 

intersect the graph more than once.  This is called the vertical  

line test.

Example 

Which of these relations are functions?

a y

x0

 b  y

y =  | x|

x0

 c  y

0 x

Write down  the 

coordinates as 

ordered  pairs.

Cartesian  coordinates  

and  the Cartesian  

plane are named   

after Frenchman   

Ren Descartes 

(1596  1650).

{  Continued  on  next page
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Answers

a 
y

x0

 b  y

x0

 c  

y

0 x

a A function b  A function c  Not a function

Exercise 1B

1 Which of these relations are functions?

a 

y

x0

 b 

y

x0

 c y

1

0 x
1 1 2 3

2

3

1

d 

y

x0

 e y

2

0 x
21

2

1

1

 f 
y

0 x

g 
y

2

1

1

0 x
21 3 54

2

 h  y

1

2

0 x
12345 1 2 3

2

3

1

 i  
y

2

1

0 x
2 1 21

2

1

Crosses 

twice

Draw, or 

imagine, 

vertical  

l ines 

on  the 

graph.

I f the function  has 

a   sol id  dot  ,  th is 

indicates that the 

value is  included  in  

the function.  

I f the function has a  

 hol low dot  , this  

indicates that the 

value is not included in  

the function.
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2 Use your GDC to sketch these straight line graphs.

a y = x b  y =  x +  2 c  y =  2x   3  d  y =  4

e Are they all functions? Explain your answer.

f Will all straight lines be functions? Why?

3 Sketch the region y <  3x   2.  Is this a function? Why?

4 Use an algebraic method to show that x2 +  y2 =  4 is  

not a function.

1.  The domain and range of a relation  
on a Cartesian plane

You can often write the domain and range of a relation using  

interval notation.  This is another method of writing down a set of  

numbers.  For example,  for the set of numbers that are all less than 3,   

you can write the inequality x < 3,  where x is a number in the set.  

In interval notation,  this set of numbers is written (,  3)

Interval notation uses only ve symbols.

Brackets (  )

Square brackets [  ]

Infnity  

Negative infnity 

Union 

To use interval notation:

  Use the round brackets ( ,  )  if the value is not included in the 

graph as in (,  3) or when the graph is undened at that 

point (a hole or asymptote,  or a jump).

 Use the square brackets [ ,  ]  if the value is part of the graph.

Whenever there is a break in the values,  write the interval up to  

the point.  Then write another interval for the values after that point.   

Put a union sign between each interval to  join  them together.   

For example (,  3)   (4,  )

If a graph goes on forever to the left,  the domain (x-values) starts with  

(.  If it goes on forever to the right then the domain ends with ).

If a graph travels downward forever,  the range (y-values) starts with  

(.  And if a graph goes up forever,  then the range ends with ).

Usually we use interval notation to describe a set of values along  

the x- or y-axis.  However,  you can use it to describe any group of  

numbers.  For example,  in interval notation x   6 is [6,  ).

Indicate where the l ine crosses the  

x- and  /or y-axis on  your sketch.  

When  using your GDC, aim  to  have the 

ends o your graph  near the corners o 

the view window.

Try substituting positive and  negative 

values o x.

R

A

N

G

E

D O M A I

[  A function  maps the  
domain  (horizonta l ,  
x-va lues)  onto  the  
range  (vertica l ,   
y-va lues)

How many numbers 

are there in  the 

sequence 0, 1,  2,  

3,  4,  i we go on  

orever?

How many numbers 

are there in  the 

sequence 0, 0.5, 1,  

1.5, 2,  2.5, 3,  3.5, 

4,  i we go on  

orever?

Why do we cal l  infnity 

undefned?
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Asymptotes

Asymptotes are visible on your GDC for some functions.  An  

asymptote is a line that a graph approaches,  but does not intersect.   

For example,  in the graph of y =  
1

x
,  the line approaches  

the x-axis (y =  0),  but never touches it.  As we go to innity the line  

will not actually reach y =  0,  but will always get closer and closer.   

The x-axis or y =  0 is callled the horizontal asymptote.

The y-axis or x =  0 is the vertical asymptote for the same reasons.   

There will be a more in-depth treatment of asymptotes in the chapter  

on rational functions.

Example 4

Identify the horizontal and vertical asymptotes for these functions if they exist.

a y =  2x  b  y =  
2

+ 1

x

x
 c  y =  

x

x x

+ 2

+1 2( ) ( )

Answers

a 

0 x

y

2

1

4

3

10.50.511 .52.5 2 1.5 2.52

  Horizontal 

asymptote y =  0

b 

0 x

y

4

2

2

4

6

8

8

6

211235 4 3 54

  Horizontal 

asymptote y =  2 

Vertical asympote 

x =  1

c 

0 x

y

4

2

2

4

6

21123 3 54

  

  Horizontal 

asymptote y =  0 

Vertical asympote  

x =  1  and x =  2

As we go along the x-axis to the 

left the curve gets closer but never 

actually meets the x-axis.

0 x

y

y =
1

x4

2

2

4

6

8

8

6

422468 6 8

Finding asymptotes by 

looking at the graph  

is  cal led  locating 

asymptotes by 

inspection.
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Exercise 1C

Identify the horizontal and vertical asympotes for these functions,  if  

they exist.

1 y =  3
x

 2  y =  
3

x

 
3  y =  

4

+1x

4 y =  
2

+ 2

x

x
 5  y =  

2 +1

1

x

x 
 6  y =  



x
2 9

Set builder notation

In set builder notation we use curly brackets {  }  and variables to  

express the domain and range.  We can compile sets of inequalities  

using inequality and other symbols.  

the set o { }

less than <

less than  or equal  to 

greater than >

greater than  or equal  to 

is a  member o the set o real  numbers
  

  Set notation:

 

The set of x-values such  that x is less than  6

{ x :  x > 6 }

Interval   

notation

Description Set builder  

notation

(2, +) x is  greater than  2 {x :  x > 2}

(, 4] x is  less than  or equal  to 4 {x :  x  4}

[3, 3) x l ies between  3 and  3  

including 3 but not 3

{x :  3   x < 3}

(, 5)    [6,  +) x is  less than  5  or greater 

than  or equal  to 6

{x :  x <  5,  x  6}

(, +) x may be any real  number x   

You  may wish  

to  explore the 

 international ism   

o symbols in  

the language o 

mathematics.

Some people use backwards square 

brackets  to show greater than  or less 

than.  For example:  ]  2,    [  is  equivalent to 

x >  2,  and  ]  , 4[  is  equivalent to x <  4.

Interval  notation  is  

oten  considered  more 

efcient than  set 

bui lder notation

Around  the world  there 

are many d ierent 

words or the same 

symbol .  Brackets 

are also cal led  

parentheses.  Radicals 

are also cal led  surds.  

How does th is  aect 

understanding? Can  

you  fnd  some more 

examples?
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Example 5

Find the domain and range of this function.

y

0 x
2 14 3 21 3 4

1

0.5

1 .5

2

2.5

Answer

The domain of the function is  

{x :  x  4}  or [4,  +) 

The range of the function is  

{  y :  y   0}  or [0,  +)

x only takes values greater than or 

equal to 4.

The function only takes y-values 

greater than or equal to 0.

Example 6

Find the domain and range of each function.

a  y

2

4

3

1

0 x
2 1 1 2 3

2

1

    b y

2

3

1
0 x

2 13 2 31

2

1

3

4

Answers

a The domain is {x :  2  x <  1   

and 0 <  x   3}  

 or [2,  1 )  (0,  3] .  

  The range is {y :  4 <  y   1 }   

or (4,  1 ] .

b  The domain of the function is 

x   or (,  +).

  The range of the function is  

{y :  y  3}  or [3,  +).

x can take any real value.

You  may wish  to 

explore the infuence 

o technology on  

notation  and   

vice versa.

What values are 

included  in  the domain  

0   x    1?

How many values are 

there?

Do we al l  use the 

same notation  in  

mathematics? We are 

using an  empty dot to 

indicate that x  =  1 is  

not included.  Dierent 

countries have 

dierent notations to  

represent the same 

thing.  Furthermore, 

dierent teachers 

rom  the same 

country use d ierent 

notations!
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Exercise 1D

1 Look back to page 4 at the graph and the formula for the  

numbers of handshakes for various numbers of people.  Is this  

a function? If so,  what is the domain and range? 

2 Find the domain and range for each of these relations.

a y

x0 21 3 42 134

2

4

3

1

 b y

F

E

x0 2 3 51 62 1 4

2

1

3

4

 c 

y

x0
10.51 0.5

1

0.5

d y

2

4

6

0 x
24 2 4

2

4

6

6

  e  

y

2

0 x
24 2 4

2

4

 f 

0 12345 1 2 3 4 5

y

x

1

1

g y

2

1

0 x
2 1 21

2

1

 h  y

2

3

1
0 x

2 1 21

2

4

5

3

1

 i  y

2

1

3

4

0 x
2 135 46 21 3 54

2

1

3

5

4

 Exam-Style Question

3 Use your GDC to sketch these graphs.   

Write down the domain and range of each.  

a  y = 2x  3  b  y = x2

c  y = x2 +  5x + 6 d  y = x3  4

e     f   

g 





  h  y =  ex

i  






 j  














k 















 l  










Your GDC wil l  fnd  the x- and  y-intercepts.  To do 

this algebraical ly, use the act that a  unction  

crosses the  x-axis when  y = 0 and  crosses the 

y-axis when x = 0.  For example, the unction   

y = 2x  4 crosses the  x-axis where 2x  4 = 0,  

x = 2. It crosses the y-axis where y = 2(0)  4  = 4.

3k  gives a  most unusual  answer.  Look 

careul ly or a  hole where x = 3.
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. Function notation

Functions are often described by equations.  For example,  the  

equation  y =  2x +  1  describes y as a function of x.  By giving the  

function the symbol f   we write this equation in function notation  

as f  (x) =  2x + 1  and so  y = f (x).

  f (x) is read as f of x  and means the value of function f at x.  

f (x) can also be written like this:  f :  x   2x +  1 .

An ordered pair (x,  y) can be written as (x,   f  (x)).

Finding f (x) for a particular value of x means evaluating the  

function f at that value.

Example 7

a Evaluate the function f (x) =  2x + 1  at x = 3.

b If f (x) =  x2 +  4x  3,  nd i  f (2) ii  f (0) iii  f (3) iv  f (x + 1 )

Answers

a f (3) =  2(3) +  1  =  7

b i  f (2) =  (2)2 +  4(2)  3  =  4 +  8   3  =  9

 ii  f (0) = (0)2 + 4(0)  3  =  0 + 0  3  =  3

 iii  f (3) =  (3)2 +  4(3)  3

 =  9   12   3=  6

 iv f (x + 1 ) =  (x + 1 )2 +  4(x + 1 )  3  

  =  x2 +  2x + 1  +  4x + 4   3   

=  x2 +  6x + 2

For x,  substitute 3.

Exercise 1E

1 Find i  f  (7)  ii  f  (3) iii  f  ( 

) iv  f  (0) v  f  (a) 

for these functions.

a f  (x) =  x  2 b  f  (x) =  3x c  f  (x) =  



x

d f  (x) =  2x + 5 e  f  (x) =  x2 +  2

2 If f  (x) =  x2  4,  nd

a f  (a) b  f  (a + 5) c f  (a   1 )

d f  (a2   2) e f  (5    a)

Exam-Style Question

3 If g (x) =  4x   5  and  h  (x) =  7  2x 

a nd x when g (x) =  3

b nd x when h  (x) =  15

c nd x when g (x) =  h  (x).

4 a  If h (x) =  






 nd h  (3).

b Is there a value where h  (x) does not exist? Explain.

f :  (x)    2x +  1  means 

that f is  a  unction  

that maps x to  2x +  1.

The German  

mathematician  and  

phi losopher Gottried  

Leibniz frst used  the 

mathematical  term  

unction   in  1673.

Notice that we do not 

a lways use the  

letter f or a  unction.  

Here we have used  

g and  h.  When  

considering velocity in  

terms o time we oten   

use v(t).

Chapter 1 13



5 The volume of a cube with edges of length x is  

given by the function f  (x) =  x3.

a Find f  (5).

b Explain what f  (5) represents.

6 
  

  



 

a Evaluate

 i  g (6) ii  g  (2) iii  g  (0) iv g 
 
 

 





b Evaluate

 i  g (1 ) ii  g (1 .5) iii  g (1 .9) iv  g (1 .99)

 v g (1 .999) vi g (1 .9999)

c What do you notice about your answers to b?

d Is there a value of x for which g (x) does not exist?

e Graph the function on your GDC and look what happens  

when x = 2.  Explain.

Exam-Style Question

7 The velocity of a particle is given by v (t) =  t  2    9 m s1 .  

a Find the initial velocity.

b Find the velocity after 4 seconds.

c Find the velocity after 10 seconds.

d At what time does the particle come to rest?

8 Given  
    


  

    

 nd 

a f (2 +  h)    b f  (3  +  h)

1.4 Composite functions

A composite function  is a combination of two functions.  You apply  

one function to the result of another.

  The composition of the function f with the function g is 

written as f  (g  (x)),  which is read as f of g of x ,  or (  f  g)(x),  

which is read as f composed with g of x .

When you evaluate a function f  (x),  you substitute a number or  

another variable for x.

For example,  if f  (x) =  2x +  3  then f  (5) =  2(5) +  3  =  1 3  

You can nd f  (x2 +  1 ) by substituting  x2 +  1  for x to get 

f  (x2 +  1 ) =  2(x2 +  1 ) +  3  =  2x2 +  5

  A composite function  applies one function to the result of 

another and is dened by ( f   g)(x) =  f  ( g(x)).

You  can  use mathematical  functions 

to represent th ings from  your own  l i fe.  

For example, suppose the number of 

pizzas your fami ly eats depends on  

the number of footbal l  games you  

watch.  I f you  eat 3  pizzas during every 

footbal l  game, the function  would  be 

number of pizzas  (p)  =  3  times 

number of footbal l  games  (g)

or p  =  3g.  Can  you  th ink of another 

real -l i fe function? I t could  perhaps be 

about the amount of money you  spend  

or the number of minutes you  spend  

talking on  the phone.

The in i tial  velocity 

means the velocity at 

the start,  when  t =  0.

The particle  comes to 

rest when  v =  0.

Extension material on CD: 

Worksheet 1  -  Polynomials
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Example 8

If f (x) =  5    3x and g (x) =  x2 +  4,  nd (f   g)(x).

Answer

(f   g)(x) =  5   3(x 
2 +  4)

 =  5   3x 2   1 2 

 =  3x 2  7

Substitute x 2  + 4 into f (x).

You may need to evaluate a composite function for a particular  

value of x.

Example 9

f (x) =  5    3x and g (x) =  x 2 +  4.  Find (f   g)(3).

Answer

Method 1

(f   g)(x) =  5   3(x 
2 +  4)

 =  3x 2  7

(f   g)(3) =  3(3)
2  7 

 =  27  7 

 =  34

Method 2

g (3) =  (3)2 +  4 =  1 3

f (13) =  5   3(13) =  34

Work out the composite function.

Then substitute 3 for x.

Substitute 3 into g (x).

Substitute that value into f (x).  

Example 0

Given f (x) =  2x +  1  and g (x) =  x 2  2,  nd

a (f   g)(x) b  (f   g)(4)

Answers

a (f   g)(x)  =  2(x 
2  2) +  1   

=  2x 2   3

b (f   g)(4) =  2(4)
2  3  =  29  

Substitute x2  2 into f (x).

Substitute 4 for x.

Exercise 1F

1 Given f  (x) =  3x,  g (x) =  x + 1  and  h  (x) =  x2 +  2,  nd

a ( f   g)(3) b  ( f  g)(0)  c  ( f  g)(6)  d  ( f  g)(x)  

e ( g  f )(4) f ( g  f )(5)  g  ( g  f )(6)  h  ( g  f )(x)

i  ( f  h)(2) j  (h  f )(2) k ( f  h)(x)  l  (h  f )(x) 

m ( g  h)(3)  n  (h  g)(3) o ( g  h)(x)  p  (h  g)(x) 

g (x)  goes in  here

Both  methods give 

the same result  you  

can  use the one you  

prefer.

Or use Method  2:  

g (4)  =  (4)2  2  =  14 

and  then   

f (14)  =  2(14)  + 1  = 29

(f   h)(2)    (h   f)(2)
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2 Given f  (x) =  x2   1  and g (x) =  3    x,  nd

a ( g  f )(1 ) b ( g  f )(2)  c ( g  f )(4)  d  ( f  g)(3)

e ( g  f )(3)  f ( f  g)(4)  g ( f  g)(x +  1 ) h ( f  g)(x +  2)

Exam-Style Questions

3 Given the functions  f  (x) =  x2 and g (x) =  x  +  2 nd 

a ( f  g)(x) b  ( f  g)(3)

4 Given the functions f  (x) =  5x and g (x) =  x2 +  1  nd 

a (  f  g )(x)  b  ( g  f )(x)

5 g (x) =  x2 +  3  and h  (x) =  x  4 

a Find ( g  h)(x).

b Find (h  g)(x).  

c Hence solve the equation ( g  h)(x) =  (h  g)(x).

6 If r (x) =  x  4 and s (x) =  x2,  nd (r  s)(x) and state its domain  

and range.  

1. Inverse functions

  The inverse  of a function f  (x) is f 1(x).  It reverses the action of 

that function.

If f  (x) =  3x   4 and g (x) =  
 




,  then

f  (1 0) =  3(10)  4 =  26 and g ( 26) =  
  


 =  1 0,  so we are back to  

where we started.

So g (x) is the inverse of f (x).

Not all functions have an inverse.

If g is the inverse function of f,  then g will reverse the action of f  for  

all values in the domain of f and f will also be the inverse of g.

When f and g are inverse functions,  we write g (x) =  f 1(x).

  Functions f (x) and g (x) are inverses of one another if:

(  f  g)(x) =  x for all of the x-values in the domain of g

( g  f )(x) =  x for all of the x-values in the domain of f.

The horizontal line test

  You can use the horizontal line test  to identity inverse 

functions.

If a horizontal line crosses the graph of a function more than 

once,  there is no inverse function.

Hence  means

Use the preceding 

work to  obtain  the 

required  result .

(f  g)  (10)  = 10

Note that f 1 means 

the inverse of f;  

the 1  is  not an  

exponent (power).
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Example 11

Which of these functions have inverse functions?

a y

x0
2 3123 1

2

1

3

5

4

 b y

2

1

3

5

4

0 x
2 13 21 3

2

1

3

5

4

c y

2

1

1

0 x
21 3 5 74 6

2

 d  y

2

1

4

3

0 x
2 1 2 31 4

2

1

3

Answers

a y

x
0 2 3 41234 1

2

1

3

5

4

 b y

2

1

5

3

4

0 x
2 134 2 3 4 51

2

4

5

3

1

No inverse function

 Inverse function

c y

2

1

3

0 x
21 3 5 74 6

2

1

3

 d  y

2

4

3

1

0 x
2 1 2 431

2

3

1

Inverse function

 No inverse function

Did  you  know that Abul  

Wafa Buzjani, a  Persian  

mathematician  from  

the 10th  century, used  

functions? There is  

a  crater on  the moon  

named after h im.
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The graphs of inverse functions

  The graph of the inverse of a function is a reection of that 

function in the line y = x.

Here are some examples of functions and their  inverse functions.

y

x

y = xf 1  (x)

f (x)

 

y

x

f 1  (x)

f (x)

y = x

 

y

x

y = x

f 1  (x) f (x)

If (x,  y) lies on the line f (x),  then (y,  x) lies on f 1(x).  Reecting the  

function in the line y = x  swaps  x and  y,  so the point (1 ,  3) reected  

in the line y = x becomes point (3,  1 ).

Exercise 1G

1 Use the horizontal line test to determine which of these functions  

have inverse functions.

a y

0 x2 135 4

2

1

3

5

7

4

6

 b 

1 2 3 4

1

1

3

2

2

3

4

5

6

7

2 135 46

y

0 x

a

c y

0 x21 3 54 6

2

3

1

 d  

y

0 x2 134 21 3 54

2

1

Pioneering work by 

Indian  scientist Panini  

in  the 6th  century BCE 

included  functions.
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2 Copy the graphs of these functions.  For each,  draw the  

line y = x and the graph of the inverse function.

a y

4

2

8

6

x
4 2 42 6 8

4

2

6

8

0

 b y

4

2

6

10

8

x
48 6 2 42

4

8

10

6

2

0

 c y

4

2

6

0 x
42 6 8

4

2

6

10

8

8

d y

4

0 x
48 4 8

4

8

 e 

2 2 x

y

013

2

4

6

8

31

 f 

2 x

y

0
1

2

4

6

2

4

3 41

Finding inverse functions algebraically

Look at how the function f  (x) =  3x  2 is made up.  We start with   

x on the left.

x 3x  2  3 2

To form the inverse function we reverse the process,  using  

inverse operations.

x 3 +2
x + 2

3

So 
    


  

The next example shows you how to do this without diagrams.

Example 1

If f (x) =  3x  2,  nd the inverse function f 1(x).

Answer

 y =  3x  2

 x = 3y  2

 x + 2 =  3y

y
x

=
+ 2

3

f x
x1

( ) =
+ 2

3

Replace f(x) with y.  

Replace every x with y and  

every y with x.

Make y the subject.

Replace y with f 1(x).

The inverse of +2  is  2

The inverse of  3 is  3
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As you saw in the graphs of functions and their inverses,  the inverse  

function of a given function f is the reection of the graph y = f (x)  

in the line  y =  x,  which swaps  x and y.  So in Example 12 we  

swapped  x and  y,  and then made y the subject.

  To nd the inverse function algebraically,  replace f (x) with  y 

and solve for y.

Example 

If f (x) = 4   3x,  nd f  1(x).

Answer

         y = 4   3x

         x = 4   3y

  x   4 =  3y
x

y




4

3
=

y
x

=
4

3



f x
x




1 ( ) =

4

3

Replace f(x) with y.

Replace every x with y and every y 

with x.

Make y the subject.

Replace y with f  1(x).

To check that the inverse function in Example 1 3  is correct,  combine 

the functions

  
 
 

  
 


              

So (f  f 
1)(x) =  x and  f and f 1  are inverses of each other.

  The function I  (x) =  x is called the identity function.   

It leaves x unchanged.  

So f  f 
1  =  I

Exercise 1H

Exam-Style Question

1 If f  (x) =  
 




 and g (x) =  2x  4,  nd 

a i  g (1 ) and ( f  g)(1 ) ii  f  (3) and ( g  f )(3)

 iii  ( f  g)(x) iv  ( g  f )(x)

b What does this tell you about functions f and  g?

2 Find the inverse for each of these functions.

a f  (x) =  3x  1  b g (x) =  x3   2 c  h  (x) =  



x +  5

d f  (x) =     e  g (x) =     2 f h (x) =  2x3  +  3

g  



  

 
    h 







   




 

3 What is f 1(x) if

a f  (x) =  1   x b f  (x) =  x c  f  (x) =  







Self-inverse functions 

are such  that a  

function  and  i ts  

inverse are the same.

Look for self-inverse 

functions in  question 3.
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4 Evaluate f 1(5) where

a f  (x) =  6  x b f  (x) =  
 

 
 c  f  (x) =  





 
 

5 If f  (x)  = 


 






,  nd f 1  (x).  

 Exam-Style Question

6 a  Draw the graph of f  (x) =  2x by making a table of values and  

plotting several points.  

b Draw the line y =  x on the same graph.

c Draw the graph of f 1  by reecting the graph of f  

in the line y =  x.   

d State the domain and range of f and f 1 .

7 The function f  (x) =  x2 has no inverse function.  However,   

the square root function       does have an inverse function.   

Find this inverse.

  By comparing the range and domain explain why the inverse  

of       is not the same as f(x) =  x2.

8 Prove that the graphs of a linear function and its inverse can  

never be perpendicular.

. Transforming functions

Investigation  functions

You  should  use your GDC to sketch  al l  the graphs in  th is investigation.

1 Sketch  y = x,  y = x + 1, y = x  4,  y = x + 4  

on  the same axes.

Compare and  contrast your unctions.  

 What eect do the constant (number)  terms have  

on  the graphs o y = x + b?

2 Sketch  y = x  +  3,  y = 2x + 3, y = 3x + 3,  

y = 2x + 3,  y = 0.5x + 3  on  the same axes.

Compare and  contrast your unctions.   

What eect does changing the x-coefcient have?

3 Sketch  y = |x| ,  y = |x + 2| ,  y = |x  3|  on  the same axes.

Compare and  contrast your unctions.   

What eect does changing the values o h  have on   

the graphs o y = |x + h | ?

4 Sketch  y = x2,  y = x2,  y = 2x2,  y = 0.5x2  on  the same axes.  

Compare and  contrast your unctions.  

What eect does the negative sign  have on  the graph? 

What eect does changing the value o a  have on  the graphs o y = ax2?

You  wi l l  a lso fnd  th is  

standard  equation   

o a  l ine wri tten  as  

y = mx + b  or   

y = mx + c

The coefcient o x 

is  the number that 

multipl ies the x-value.  

| x|  means the modulus 

o x.  See chapter 18 

or more explanation.

Note that the image 

o point (a,   b)  ater a  

reection  in  the l ine  

y = x  is  the point 

(b,   a).

Extension material on CD: 

Worksheet 1  -  Polynomials
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In the investigation you should have found that your graphs in parts 

1 ,  2 and 3  were all the same shape but the position of the graphs 

changed.  The graphs in part 4 should have been reected or changed 

by stretching.

These are examples of transformations  of graphs.  We will now 

look at these transformations in detail.

Translations

Shift upward or downward

  f  (x) +  k translates f  (x) 

vertically a distance of k 

units upward.

  f  (x)  k translates f  (x) 

vertically a distance of k 

units downward.

2 x

y

0
12

1

2

3

f (x)

f (x)  +  1

31
      

2 x

y

012

1

2

3

f (x)   1

1
31

f (x)

Shift to the right or left

  f  (x + k) translates f  (x) 

horizontally k units to the  

left,  when k > 0.

  f  (x  k) translates f  (x) 

horizontally k units to the 

right,  when k > 0.

2 x

y

013 2

1

2

3

f (x +  2)

1

3

2

31

f (x)

       

2 x

y

01

1

2

3

1

3

2

5431

f (x)

f (x   2)

Translations can be represented by vectors in the form 
 
 
 




 where  a  

is the horizontal component and b is the vertical component.

 
 
 





 is a horizontal shift of 3  units right.  
 
 
 





 is a vertical shift of  

2 units down.

Translation by the vector 
 
 
 




 denotes a horizontal shift of 3  units  

to the right,  and a vertical shift of 2 units down.

Try transforming 

some functions with  

d ifferent values of k 

on  your GDC.
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Reections

Reection in the x-axis  Reection in the  y-axis

  f  (x) reects f  (x) in the   

x-axis.

  f  (x) reects f  (x) in the  

y-axis.

2 x

y

012

1

2

3

f (x)

1

3

2

31

f (x)

        

2 x

y

013 2

1

2

3

f (x)

1

3

2

31

f (x)

Stretches 

Horizontal stretch (or compress) Vertical stretch (or compress)

  f  (qx) stretches or compresses 

f (x) horizontally with scale 

factor 



.

  pf  (x) stretches f  (x) 

vertically with scale  

factor p.

2 x

y

013 2

1

2

3

1

3

2

31

f (2x) f (x)

The transformation is a horizontal 

stretch of scale factor 

.

When q > 1  the graph is  

compressed towards the y-axis

When 0 <  q < 1  the graph is 

stretched away from the y-axis.

2 x

y

012

1

2

3

2f (x)

1

3

2

31

f (x)

The transformation is a vertical 

stretch of scale factor p.

When p > 1  the graph stretches 

away from the x-axis.

When 0 <  p < 1  the graph is 

compressed towards the x-axis.  

Example 4

1 Given the graph of the function f (x) shown here,   

sketch the graphs of:  

 a  f (x + 1 )  b  f (x)   2  c  f (x)  d  f (x)  e  2f (x)

2 x

y

0

1

2

3

4

3 4 5 61

f (x)

A stretch  with  a  scale 

factor p  where

0 <  p  <  1  wi l l  actual ly 

compress the graph.

Students often  

make mistakes 

with  stretches.  

I t is  important 

to remember the 

d ifferent effects of,   

for example, 2f (x)   

and  f (2x).

{  Continued  on  next page
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Answers

a  

2 x

y

01

1

2

3

4

3 4 51

f (x +  1 )

 b  

2 x

y

0

1

2

1

2

3 4 5 61

f (x)   2

 c  

x

y

1 023456

1

2

3

4

f (x)

Translated one unit     Translated two units down  Reected in the y-axis

to the left

d  

2
x

y

1

1

2

4

3

3 4 5 61

f (x)

0

 e  

2
x

y

0

12

3 4 5 61

8

10

6

4

2

2f (x)

Reected in the x-axis      Vertical stretch of scale factor 2

Supply and  demand curves in  business 

and  economics are refections.

20 x

y

0

6

30 40 50 6010

QUANTITY Q

P
R
IC
E
 P 4

5

3

2
P *

Q *

1

SupplyDemand

Supply and  demand

Surplus

Equil ibrium

Shortage

Radioactive decay curves are 

refections.

2 x

y

0 3 4 5 61

Number of h a l f l i ves

N
u
m
b
e
r 
o
f 
a
to
m
s 1 00

75

50

25

Number of 

pa ren t a toms

Number of 

d augh ter a toms

Exercise 1I

Exam-Style Question

1 Copy the graph.  Draw these functions on the same axes.  

a f (x) +  4 b  f (x)  2 c f (x)

d f (x + 3) e  f (x   4) f  2f (x)

g f (2x)

2 Functions  g,  h  and q are transformations of f (x).

 Write each transformation in terms of f (x).

4 x

y

0 62

4

2

2

4

246

f (x)

x

y

0

g

h

qf (x)

6 102

4

2

4

2
4 8248 610
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3  Functions q,  s and t are transformations of f (x).

 Write each transformation in terms of f (x).

Exam-Style Question

4 Copy the graph of f  (x).  Sketch the graph of each of these  

functions,  and state the domain and range for each.

a 2f (x  5)

b f (2x) +  3

5 The graph of f (x) is shown.  A  is the point (1 ,  1 ).

  Make separate copies of the graph and draw the  

function after each transformation.  

 On each graph,  label the new position of A  as A
1
.

a f (x + 1 ) b  f (x) +  1

c f (x) d 2f (x)

e f (x  2) +  3

6 In each case,  describe the transformation that would  

change the graph of f (x) into the graph of g (x).

a f (x) =  x3,  g (x) =  (x3)

b f (x) =  x2,  g (x) =  (x  3)2

c f (x) =  x,  g (x) =  2x + 5

Exam-Style Question

7 Let f (x) =  2x +  1 .

a Draw the graph of f (x) for 0   x   2.  

b Let g (x) =  f (x +  3)  2.  On the same graph draw g (x)  

for 3  x  1 .

Review exercise

1 a  If g (a) =  4a    5,  nd  g (a    2).

b If h  (x) =  


 







,  nd h  (1    x).  

2 a  Evaluate f (x   3) when  f (x) =  2x2  3x +1 .

b For f (x) =  2x +  7 and g (x) =  1    x 2,  nd the composite  

function dened by ( f  g)(x).  

42 6

q

s
tf (x)

x

y

0

6

4

2

2
84 2610 8

x

y

0
2

3

1

2

2

1
26 4

f (x)

135 1

A

3 52 4

1

y

x

2

4

3

5

1
0

3

2

4

5

24

I f a  domain  is  given  

in  the question, you  

must only draw the 

function  for that 

domain.
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3 Find the inverses of these functions.

a f (x) =  
   





b g (x) =  2x3 +  3

4 Find the inverse of f (x) =   




 .  Then graph the function  

and its inverse.

5 Find the inverse functions for 

a f (x) =  3x +  5  b       

6 Copy each graph and draw the inverse of each function.   

a 

12 1 2 3

1

y

x

2

3

4

1

2

3

4

0

 b 

12 1 2 3

1

y

x

2

3

4

0

7 Find the domain and range for each of these graphs.   

a 

5 5

y

x

5

10

1

0

 b 

0
123 1 2 3 4 5

2.5

y

x

5

7.5

2.5

5

7.5

6 7

Exam-Style Question

8 For each function,  write a single equation to represent the  

given combination of transformations.

a f (x) =  x,  reected in the y-axis,  stretched vertically by  

a factor of 2,  horizontally by a factor of 

 and translated  

3  units left and 2 units up.

b f  (x) =  x 2,  reected in the x-axis,  stretched vertically by  

a factor of 

,  horizontally by a factor of 3,  translated 5  units  

right and 1  unit down.

9 a  Explain how to draw the inverse of a function from its graph.

b Graph the inverse of f (x) =  2x +  3.

Exam-Style Question

10 Let f (x) =  2x3 +  3  and  g (x) =  3x  2.

a Find g (0).  b  Find ( f  g)(0).  c  Find f  1  (x).
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Exam-Style Questions

11 The graph shows the function f (x),  for 2  x   4.

a Let h  (x) =  f (x).  Sketch the graph of h  (x).

b Let g (x) =  



 f (x  1 ).  The point A(3,  2) on the graph  

of f is transformed to the point P on the graph of g.   

Find the coordinates of P.

12 The functions f and g are dened as f (x) =  3x  

and  g (x) =  x +  2.

a Find an expression for ( f  g) (x).

b Show that f 1(12) +  g 1  (12) =  14.

13 Let g (x) =  2x  1 ,  h  (x) =  


 







a Find an expression for (h  g) (x).  Simplify your  

answer.

b Solve the equation (h  g) (x) =  0.

Review exercise

1 Use your GDC to sketch the function and state the domain  

and range of        .

2 Sketch the function y =  (x + 1 )(x   3) and state its domain and range.

3 Sketch the function y =
1

2x +
 and state its domain and range.

Exam-Style Questions

4 The function f (x) is dened as   


     


   .  

a Sketch the curve f  (x) for 3   x   2.

b Use your GDC to help you write down the value of the x-intercept  

and the y-intercept.

5 a  Sketch the graph of 


  


  

b For what value of x is f (x) undened?

c State the domain and range of f (x).

6 Given the function 



 

 

 
    

a write down the equations of the asymptotes

b sketch the function

c write down the coordinates of the intercepts with both axes.  

7 Let f (x) =  2   x2 and g (x) =  x2   2.

a Sketch both functions on one graph with 3   x   3.

b Solve f (x) =  g (x).

123 1 2 3 4 5

1

y

x

2

3

4

0

The instruction  Show that   means 

Obtain  the required  result (possibly 

using information  given)  without the 

formal ity of proof .

For Show that  questions you  do not 

usual ly need  to use a  calcu lator.

A good  method  is  to cover up the 

right-hand  side of the equation  and  

then  work out the left-hand  side unti l  

your answer is  the same as the right-

hand  side.
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CHAPTER 1 SUMMARY

Introducing functions
 A relation  is a set of ordered pairs.

 The domain is the set of all the rst numbers (x-values) of the ordered pairs.

 The range  is the set of the second numbers (y-values) in each pair.

 A function  is a relation where every x-value is related to a unique y-value.

 A relation is a function if any vertical line drawn will not intersect the graph more 

than once.  This is called the vertical line test.

The domain and range of a  relation on a  Cartesian plane

 Interval notation:

  Use round brackets ( ,  )  if the value is not included in the graph or when the graph  

is undened at that point (a hole or asymptote,  or a jump).

 Use square brackets [ ,  ]  if the value is included in the graph.

 Set notation:

The set of x-values such  that x is less than  6

{ x :  x < 6 }

Continued  on  next page

Exam-Style Questions

8 Let f (x) =  x3  3.

a Find the inverse function f 1 (x).

b Sketch both f (x) and f 1(x) on the same axes.

c Solve f (x) =  f 1(x).

9    
     


  
 .

 Sketch the curve of f (x)  for 5   x  2,  including any asymptotes.

10 Consider the functions f and g where f  (x) =  3x  2 and g (x) =  x  3.

a Find the inverse function,  f  1 .

b Given that g 1(x) =  x +  3,  nd ( g 1   f )(x).  

c Show that (f  1   g)(x) =  
 


.  

d Solve ( f 1   g)(x) =  ( g
1   f )(x)

 Let 
 

 
 

 

 
   ,  x   2.

d Sketch  the graph of h  for 6   x   1 0 and 4   y   1 0,   

including any asymptotes.

e Write down the  equations of the asymptotes.

When  IB exams 

have words in  bold  

script,  i t means that 

you  must do exactly 

what is  required.  For 

example the equation  

could  be given  as  

x =  3  but not just as 3.
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Function notation
 f  (x) is read as   f of x  and means the value of function f at x .

Composite functions
 The composition of the function f with the function g is written  

as f  (g  (x)),  which is read as f of g of x ,  or (  f  g)(x),  which is read as  

f composed with g of x .

 A composite function  applies one function to the result of  

another and is dened by ( f   g)(x) =  f  ( g(x)).

Inverse functions
 The inverse  of a function f (x) is f  1  (x).  It reverses the action of  

the function.

 Functions f (x) and g (x) are inverses of one another if:

 ( f  g)(x) =  x for all of the x-values in the domain of g and

 ( g  f )(x) =  x for all of the x-values in the domain of f. 

 You can use the horizontal line test  to identify inverse functions.  If a  

horizontal line crosses a function more than once,  there is no  

inverse function.

The graphs of inverse functions
 The graph of the inverse of a function is a reection of that function  

in the line y = x.  

 To nd the inverse function algebraically,  replace f (x) with  y and solve for y.  

 The function I(x) =  x is called the identity function.  It leaves x unchanged.   

So  f  f  
1   =  I.

Transformations of functions
 f (x) +  k translates f (x) vertically a distance of k units upward.

 f (x)  k translates f (x) vertically a distance of k units downward.

 f (x + k) translates f (x) horizontally  k units to the left,  where k > 0.

 f (x  k) translates f (x) horizontally k units to the right,  where k > 0.

 f (x) reects f (x) in the  x-axis.

 f (x) reects f (x) in the  y-axis.

 f (qx) stretches f (x) horizontally with scale factor 

.

 pf (x) stretches f (x) vertically with scale factor p.
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30 Theory of knowledge:  Mathematical representation

[ This graph suggests that:

  1 6-year-olds are safer drivers than 

people in their 20s 

  80-year-olds are very safe drivers.  

  Do you think these statements are true?

[ This graph relates number of  

crashes to distance driven.  

  What does it tell you about  

1 6-year-old and 75-year- 

old drivers?

The Monthly Labor Review published this data,   

relating earnings to education

Earnings by Educational  Attainment 1996

Education level Median annual  earnings

Professional

Ph.D.

Master's

Bachelor's

H igh  school

$71,868

$60,827

$46,269

$36,155

$23,317

Getting a bachelor's degree will increase your earnings by  

almost $13,000 a  year

  I s  th is a  true statement?

Mathematical representation
Mathematics can be represented visually in models,  pictures,  number 

lines,  and graphs of functions and relationships.  

When someone shows you a visual representation,  they have decided on 

the scale to use and what information to show on it,  before you see it.

Theory of knowledge

lates number of 

tance driven.

 tell you about

nd 75-year-
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A computational grid 

is a hardware and 

software infrastructure 

that provides 

dependable,  consistent,  

pervasive and 

inexpensive access to 

high-end 

computational 

capabilities

Foster and Kesselman,  

1998

  Are there any 

computers that are 

not on  a  grid?

  I s  a  computer 

system a  grid?

Accuracy
  How useul  are graphs or conveying inormation? 

  How accurate can  a  graph  be?

  What are the benefts and  pital ls  o interpolation   

and  extrapolation  rom data?

  How accurate are these visual  representations:

  X-rays

  Snapshots 

  Paintings?

Grids
  What is  a  grid?

  How are grids used  

in  computing, town  

planning, biology,  

the mi l i tary?

  What are:

  data  grids

  cluster grids

  campus grids

  mapping grids?

 Paintings
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Quadratic 
functions and 
equations

CHAPTER OBJECTIVES:

2.4   the quadratic function  f (x)  =  ax2 +  bx +  c  =  0:  i ts graph, i ts  vertex, x- and  

y-intercepts, axis of symmetry 

   The form  x   a(x   p)(x   q),  x-intercepts (p,  0)  and  (q,  O)  

The form  x   a(x   h)2  +  k,  vertex (h,  k)

2.7  solving quadratic equations of the form  ax2 +  bx +  c  =  0

2.7 the quadratic formula

2.7  the d iscriminant and  the nature of roots

2.8 appl ications of graphing ski l ls  and  solving equations to real -l i fe situations

2

You should  know how to:  

1  Solve simple equations for a given 

variable.

 e.g.  Solve for b:

 3b   2 =  0

 3b =  2,  

2

3
b

e.g.  Solve the equation n2 +  3  =  5.

 n2 +  3  =  5

 n2 =  2,  n =  2

2  Factorize mathematical expressions.   

e.g.  Factorize p 2  5p:

p(p  5)

e.g.  Factorize the expression  

ax  3x +  2a   6:

x(a   3) +  2(a   3) 

(x +  2)(a   3)

e.g.  Factorize the expression x 2  3x  1 0:

(x +  2)(x  5)

e.g.  Factorize the expression 4a 2  25:

(2a  +  5)(2a   5)

Skills check

1 Solve each equation.

a 3a   5  =  a  +  7

b 4x 2 +  1  =  21

c 3(n   4) =  5(n  +2)

2 Factorize each expression.

a 2k 2    10k

b 14a 3  +  21a 2    49a

c 2x 2  +  4xy +  3x +  6y

d 5a 2   10a    ab +  2b

e n 2 +  4n  +  3

f 2x 2    x   3

g m 2   36

h 25x 2    81y 2

Before you start
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This World War II Memorial was opened in 2004 in 

Washington DC.  The fountains at the Memorial  

spray water in beautiful curved trajectories.

This picture shows water streaming from a simple  

drinking fountain in a similar trajectory.  The shapes  

of the curved paths of these streams of water are  

called parabolas,  and they can be modeled by 

mathematical functions of the form f (x) =  ax2 +bx +c.  

Functions like these are called quadratic functions.

Other situations which can be modeled by quadratic 

functions include the area of a gure and measuring  

the height of a dropped object over time.

In this chapter,  you will study how to graph  

quadratic functions that are given in standard  

form,  f (x) =  ax2 +  bx +  c;  turning point form,   

y =  a(x   h)2 +  k;  and factorized form,   

f (x) =  a(x    p)(x  q).  Each of these forms are useful  

in their own way.  If you wanted to know the  

maximum height of a spray of water from a fountain,   

you might use the turning-point form.  If you wanted  

to nd the dimensions of a rectangle with a particular 

area,  the factorized form would be helpful.
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2.1  Solving quadratic equations

An equation that can be written in the form ax 2 +  bx +  c =  0,   

where a    0,  is called a quadratic equation.  These are all  

examples of quadratic equations:

x 2  4x +  7 =  0

5x 2 =  3x  2

2x(3x  7) =  0

(x  7)(2  5x) =  14x

In this section,  you will begin solving quadratic equations.

Solving by factorization

Before you solve quadratic equations by factorizing,   

it is important to understand an important property:

  If xy =  0,  then x =  0 or y =  0.

 This property can be expanded to:

If (x   a)(x   b) =  0,  then x   a  =  0 or x   b  =  0.

Example 1

Solve these equations by factorization.

a x 2   5x   14 =  0 b  3x 2 +  2x   5  =  0 c  4x 2 +  4x +  1  =  0

Answers

a  x2   5x   14 =  0

 (x  7)(x +  2) =  0

x   7 =  0 or x +  2 =  0

 x =  7      x =  2

 x = 2 or 7

b 3x 2 +  2x   5  =  0

 (3x +  5)(x  1 ) =  0

 3x +  5  =  0 or x  1  =  0

 x =  
5

3
     x =  1

 x =  
5

3
,  1

c 4x 2 +  4x +  1  =  0

 (2x +  1 )(2x +  1 ) =  0

 (2x +  1 )2 =  0

 2x +  1  =  0 x = 
1

2

Factorize the expression on the left-hand side of the equation.

Set each factor equal to zero,  using the zero product property.

Factorize the expression on the left-hand side of the equation.

Set each factor equal to zero.

You can also nd the solutions with your GDC.  (See Chapter 17 

Section 1.7. )

When we get the same factor twice,  it is a perfect square and 

there will be only one solution.  We sometimes say that this 

equation has two equal roots.

 GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

Some of these 

equations are not 

written  in  the form  

ax2 + bx + c =  0,  but 

they can  be rearranged  

into th is form.

In  a  quadratic trinomial  

ax2  + bx + c, ax2  is  

cal led  the quadratic 

term,  bx  is  the l inear 

term, and  c  i s  the 

constant term.

This property is  

sometimes cal led  

the zero product 

property.
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Exercise 2A

In this exercise,  solve all the equations by hand  and then check  

your answers with your GDC.

1 Solve by factorization.

a x 2   3x +  2 =  0 b  a 2 +  a    56 =  0 c  m 2   1 1m  +  30 =  0

d x 2   25 =  0 e  x 2 +  2x   48 =  0 f b2 +  6b  +  9 =  0

2 Solve by factorization.

a 6x 2 +  5x   4 =  0 b  5c 2 +  6c   8 =  0 c  2h 2   3h    5  =  0

d 4x 2   16x   9 =  0 e  3t 2 +  14t +  8 =  0 f 6x 2 +  x   1 2 =  0

If a quadratic equation is not written in the form ax2 +  bx +  c =  0,   

you will have to rearrange the terms before you can factorize as 

shown in Example 2.

Example 

Solve these equations by factorization.

a 8x 2   5  =  10x   2 b  x (x +  1 0) =  4(x   2)

Answers

a 8x 2   5  =  10x   2

 8x 2   10x   3  =  0

 (4x +  1 )(2x   3) =  0

 4 x +  1  =  0 or 2x   3  =  0

 x =  
1

4
   x =  

3

2

 x = 
1

4
 or 

3

2

b x(x + 10) =  4(x   2)

 x2 +  10x =  4x  8

 x2 +  6x +  8 =  0

 (x +  4)(x +  2) =  0

 x  +  4 =  0 or x +  2 =  0

 x =  4    x =  2

 x = 4,  2

Collect like terms on one side of the 

equation.

Factorize and solve for x.

Expand the brackets and collect like 

terms.

Factorize and solve for x.

Exercise 2B

1 Solve by factorization.

a x 2 +  2x   7 =  1 3  +  x b 2n2 +  1 1n  =  3n    n2   4

c 3z(z +  4) =  (z 2 +  9) d 2(a    5)(a  +  5) =  21a

e x
x

+ 5 =
36

 f 


 
1

2
2 1

x

x
x

2 A number and its square differ by 12.  Find the number.

Exam-style question

3 The two perpendicular sides of a right-angled triangle have lengths 

x +  2 and 5x  3.

 The hypotenuse has length 4x +  1 .  Find x.

Ancient Babylonians 

and  Egyptians studied  

quadratic equations 

l ike these thousands 

o years ago to  

fnd, or example, 

solutions to problems 

concerning the area  o 

a  rectangle.

Use x  to  represent 

the number, and  write 

an  equation  to  solve 

or x.  
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Investigation  perfect square trinomials

Solve these equations by factorization.

1 x
2 +  10x +  25 = 0 2  x

2  +  6x +  9  =  0

3 x
2 +  14x +  49 = 0 4  x

2    8x +  16 = 0

5 x
2   18x +  81 = 0 6  x

2    20x +  100 = 0

What do you  notice? Describe any patterns you  see in  the  

original  quadratic equations.

A trinomial  is  a  polynomial  with  three terms.    

Why do you  th ink these are cal led  perfect square trinomials?

Solving by completing the square

Some quadratic equations cannot be solved by factorization,  but 

there are other methods you can use to solve a quadratic equation 

without using your GDC.   

Consider the equation x 2 +  14x +  49 =  0 from the investigation 

above.  The left side of this equation is a perfect square,  because it 

has two identical factors:  x 2 +  14x +  49 =  (x +  7)(x +  7) =  (x +  7) 2.

To solve the equation x 2 +  14x +  49 =  0,  you could factorize,  which 

would give  the equation (x +  7) 2 =  0,  and lead to the answer x =  7.

What if you were asked to solve the equation x2 +  14x +  49 =  5?  

If you collect all the terms on one side of the equation,  you get   

x2 +  1 4x +  44 =  0,  which does not factorize easily.  You could still  

get an exact answer,  however,  as shown in Example 3.

Example 

Solve each equation without using the GDC.

a  x 2 +  14x +  49 =  5     b  x 2  6x +  9 =  6

Answers

a x 2 +  14x +  49 =  5

 (x +  7) 2 =  5

x + = 7 5

x =  7 5

b x 2  6x +  9 =  6

 (x   3) 2 =  6

 x  = 3 6

 x = 3 6

Factorize the perfect square trinomial 

on the left-hand side of the equation.

Take the square root of both sides of 

the equation.

x has two solutions:  +7 5 and 

 7 5.

Again,  we see that the left side of 

the equation is a perfect square 

trinomial,  so we can use the same 

method as in part a.

x has two solutions: 3 6+  and 

3 6 .



Leaving your answers 

in  radical  (surd)  

form  gives the exact 

solutions.
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In Example 3,  the equations involved perfect square trinomials.    

You can use perfect square trinomials to solve any quadratic  

equation,  using a method called completing the square.

   To complete the square,  take half the coefcient of x,  square it,  

and add the result to both sides of the equation.  This step creates 

a perfect square trinomial on the left side of the equation.

Example 

Solve each equation by completing the square.

a  x 2 +  10x =  6 b  x 2  1 2x =  3  c  x 2  3x  1  =  0

Answers

a x 2  +  10x =  6

 x 2 +  10x +  25 =  6 +  25

 (x +  5)2 =  31

 x + = 5 31

 
x =  5 31

b x 2  1 2x =  3

 x 2  1 2x +  36 =  3  +  36

 (x   6)2 =  39

x  = 6 39

x = 6 39  

c x 2  3x  1  =  0

 x 2  3x =  1

 x x
2 3 1

9

4

9

4
 + = +

 

x 





 =

3

2

13

4

2

 
x  =

3

2

13

2

x = 3 13

2

The coefcient of x is 10.  Halve this 

(5) and square it (25).

Complete the square by adding 25 to 

both sides.

Solve for x.

The coefcient of x is 12.

12  2 = 6,  6 2 = 36

Complete the square.

Solve for x.

Add 1 to both sides of the equation.

Half of 3 is 
3

2
,  and 

3

2

2







  is 

9

4

.

Add 
9

4
 to both sides of the equation.

Solve for x.

Exercise 2C

Solve by completing the square.

1 x 2 +  8x =  3  2  x 2   5x =  3

3 x 2   6x +  1  =  0 4  x 2 +  7x   4 =  0

5 x 2   2x   6 =  0 6  x 2 +  x   3  =  0

   In order to complete the square,  the coefcient of the x 2 term 

must be 1 .  If the x 2 term has a coefcient other than 1 ,  before 

completing the square,  you can factor out the coefcient,  or 

divide through by the coefcient.

Over one thousand  

years ago, Arab and  

H indu  mathematicians 

were developing  

methods simi lar to 

completing the square 

to solve quadratic 

equations.  They were 

fnding solutions 

to mathematical  

problems such  as 

What must be the 

square which, when  

increased  by 10 o i ts 

own  roots, amounts to  

39?  This is written  as 

x
2 + 10x =  39.
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Example 

Solve each equation by completing the square.

a  2x2 +  8x =  6 b  3x2  1 5x =  2

Answers

a  2x2 +  8x =  6

 x2 +  4x =  3

 x2 +  4x +  4 =  3  +  4

 (x +  2)2 =  7

 x +  2 =   7

 x =  2  7

b  4x2   20x =  5

 4(x2   5x) =  5

 x2  5x =  
5

4

 x2  5x +  
25

4

5

4

25

4
= +

x 





 = =

5

2

30

4

15

2

2

x  = 
5

2

15

2

x = 
5

2

15

2

Divide both sides of the equation by 

the coefcient of x2,  which is 2.

Use completing the square to  

solve for x.

Divide through by the coefcient  

of x2,  which is 4.  

Half of 5 is 
5

2
,  and 

5

2

2







  is 

25

4
.  

This answer could also be written as 

x =  30
.

Exercise 2D

Solve by completing the square.

1 2x2 +  12x =  6 2  3x2   6x =  3

3 5x2   10x +  2 =  0 4  4x2 +  6x   5  =  0

5 2x2   x   6 =  0 6  1 0x2 +  4x   5  =  0

. The quadratic formula

You know that a quadratic equation can be written in the form  

ax2 +  bx +  c =  0.  Suppose you wanted to solve this general quadratic 

equation using the completing the square method.   

You would have:

ax2 +  bx +  c =  0

ax2 +  bx =  c

x2 +  
b

a
x =   

c

a

x x
b

a

b

a

c

a

b

a

2

2 2

2 2
+ + +






 =  








Divide both  sides o 

the equation  by a.

Subtract c  rom  both  

sides o the equation.

Hal o 
b

a
 is  

b

a2
.  

Squaring this gives 
b

a

2

2
4

.

Abu  Kamil  Shuja  

(c.850  c.930), also 

known as al -Hasib 

al -Misri ,  meaning ' the 

calculator rom Egypt' ,  

was one o the frst to 

introduce symbols  

or indices, such  as  

x
m  xn  =  xm+n, in  algebra.
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x
b

a

c

a

b

a
+






 =  +

2 4

2 2

2

x
b

a

b ac

a
+






 =


2

4

4

2 2

2

x
b

a

b ac

a

b ac

a
+ =  

=
 

2

4

4

4

2

2

2

2

x
b b ac

a
=   2 4

2

This gives us an extremely useful formula which can be used to 

solve any quadratic equation.

  The quadratic formula

 For any equation in the form ax2 +  bx +  c =  0,

 x
b b ac

a
=   2 4

2

Example 6

Solve each equation using the quadratic formula.

a x2 +  4x   6 =  0 b  2x2   3x =  7 c  3x2 =  7x +  6

Answers

a x2 +  4x   6 =  0

 x =
   ( ) ( )

( )
4 4 4 1 6

2 1

2

 x = 4 40

2



x = = 4 2 10

2
2 10



b 2x2   3x =  7

 2x2   3x   7 =  0

 
x =

( )  ( ) ( )
( )

3 3 4 2 7

2 2

2


 
x = 3 65

4



c  3x2 =  7x +  6

 3x2   7x   6 =  0

 x =
( )  ( ) ( )

( )
7 7 4 3 6

2 3

2


 
x = =

7 121

6

7 11

6

 

 
x =  2

3
3,

Use the quadratic formula with  

a = 1,  b = 4,  and c = 6.

This answer is correct,  but it can still 

be simplied.

First write the equation in standard 

form ax2 +  bx +  c =  0.

Use the quadratic formula with  

a = 2,  b = 3,  and c = 7.

First write the equation in standard 

form ax2 +  bx +  c =  0.

Use the quadratic formula with  

a = 3,  b = 7,  and c = 6.

This formula  is  given  

in  the Formula  booklet 

for the IB  exam, so 

you  do not have to 

memorize i t.
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Exercise 2E

Solve each equation using the quadratic formula.

1 4x2 +  9x   7 =  0 2  3x2 +  2x   8  =  0 

3 5x2 +  6x +  1  =  0 4  x2   6x =  4

5 x2 =  x   3  6  3x2 +  10x =  5

7 2x2   3x =  1  8  2x2 =  9x +  4

9 
6

x
  2x =  9 10  

x

x

x

x

+


=

+

3

5 2 1

Example 

The sum of the squares of two consecutive integers is 613.   

Find the two integers.

Answer

x2  +  (x +  1 )2 =  613

x2 +  x2 +  2x +  1  =  613

2x2 +  2x   612 =  0

x2 +  x   306 =  0

x =
( ) ( ) ( )

( )

   1 1 4 1 306

2 1

2

x =
 

=
 1 1225

2

1 35

2

x =  18 or 17

The two integers are 18 and 17,  or 17 and 18.

First,  you need to write an equation.

Let x be the smaller integer,  and x + 1 be the next 

consecutive integer.  Expand the brackets and collect 

like terms.   

Divide by 2.

This quadratic equation could also be solved using 

factorization or completing the square.

Since there are two values for x,  there will also be 

two values for x + 1.

There are two possible pairs of consecutive integers.

Exercise 2F

1 Two numbers have a sum of 50 and a product of 576.   

Find the numbers.

2 A rectangle has a perimeter of 70 m and an area of 264 m2.   

Find the length and width of the rectangle.

3 Find the value of x in the diagram.  

 3x

4x   6

x +  6
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Exam-Style Questions

4 A rectangle has a length of 23  cm and a width of 1 6 cm.   

If the length is decreased by x cm,  and the width is increased  

by x cm,  the area of the new rectangle is 378 cm2.  Find the 

dimensions of the new rectangle.

5  The formula h  =  2 +  14t  4.9t2 gives the height,  h  metres,   

of a ball t seconds after it is thrown.  For how long is the  

ball in the air?

. Roots of quadratic equations
Extension material on CD: 

Worksheet 2 -  Two  more  

challenging  quadratics

Investigation  roots of quadratic equations

1 Solve these equations using the quadratic formula.

 a  x
2  8x  +  16 = 0 b  4x2   12x +  9  =  0  c  25x2  +  10x +  1  =  0

2   Solve these equations using the quadratic formula.

 a  x
2 +  5x   14 = 0 b  3x2   8x +  2  =  0  c  5x2   3x  4 =  0 

3   Solve these equations using the quadratic formula.

 a  x
2 +  3x  +  6  =  0  b  2x2   4x +  5  =  0  c  4x2  +  2x +  1  =  0

4 What patterns d id  you  notice in  the solutions of the equations in  

  questions  ,    and  ? Why do you  th ink th is happened?

 Now lets take another look at the quadratic formula,  used for 

solving equations in the form ax2 +  bx +  c =  0,  where a,  b,   

and c are all constants.

x
b b ac

a
=

  
2

4

2

This formula will give us all the roots of a quadratic equation.  One 

part of the quadratic formula,  the discriminant,  will give us 

information about the roots of an equation,  without actually giving 

us the solution.  The discriminant is the part of the quadratic 

formula under the radical (square root) sign,  b2  4ac.  We often use 

the symbol    to represent the discriminant.

  For a quadratic equation ax2 +  bx +  c =  0,

   if  b2  4ac >  0,  the equation will have two different real 

roots

   if  b2  4ac =  0,  the equation will have two equal real roots

  if  b2  4ac <  0,  the equation will have no real roots.

You  can  th ink of an  

equation  with  two 

equal  roots as having 

only one solution.
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Example 8

Use the discriminant to determine the nature of the roots of each 

equation 

a 9x 2 +  6x + 1  =  0

b 3x  5  =  
4

x

Answers

a  9x 2 +  6x + 1  =  0 

   =  62  4(9)(1) = 36  36 = 0

  The equation will have two 

equal roots.

b  3x  5  =  
4

x

 3x 2  5x =  4 

 3x 2  5x  4 =  0

     =  (5) 2   4(3)(4)  

=  25 +  48 =  73

  The equation will have two 

different real roots.

This is a quadratic equation with  

a = 9,  b = 6 and c = 1.

Calculate the discriminant.  

Discriminant = 0 means two equal 

roots.

First,  get the equation into standard 

form.  Multiply by x on both sides,  

then add 4.

Remember,    = b 2  4ac.

  > 0 means two different real roots.

Example 9

Find the value(s) of k for which the equation 2x 2  kx +  3  =  0 will have 

two different real roots.

Answer

Solution:

 b 2  4ac >  0 

 (k) 2  4(2)(3) >  0

 k 2  24 >  0

 k 2 >  24 

 | k|  >  24

 | k|  >  2 6

 k >  2 6  or k <  2 6

For the equation to have two different 

real roots,  you must have   > 0.

You can use the absolute value 

when taking the square root in an 

inequality.

Exercise 2G

1 Find the value of the discriminant,  and state the nature of the 

roots for each equation.

a x 2 +  5x  3  =  0 b  2x 2 +  4x +  1  =  0 

c 4x 2  x +  5  =  0 d  x 2 +  8x +  1 6 =  0 

e x 2  3x +  8 =  0 f 1 2x 2  20x +  25 =  0 

For more on  absolute 

value, see Chapter 18, 

Section  2.7.
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EXAM-STYLE QUESTION

2 Find the values of p  such that the equation has two different  

real roots.

a x2 +  4x +  p  =  0   b  px2 +  5x +  2 =  0 

c x2 +  px +  8 =  0   d  x2 +  3px + 1  =  0  

3 Find the values of k such that the equation has two equal  

real roots.

a x2 +  10x +  k =  0 b  2x2  3x +  k =  0   

c 3x2  2kx + 5  =  0 d  x2  4kx  3k =  0 

4 Find the values of m  such that the equation has no real roots.

a x2  6x +  m  =  0 b  x2 +  5mx +  25 =  0 

c 3mx2  8x +  1  =  0 d  x2 +  6x +  m   3  =  0  

EXAM-STYLE QUESTION

5 Find the values of q for which the quadratic equation  

qx2  4qx + 5  q =  0 will have no real roots.

Investigation  graphs of quadratic functions

Each  o these unctions is  given  in  the orm  y =  ax2 +  bx +  c.  

For each  unction, 

i  fnd  the value o b2  4ac

ii  graph  the unction  on  your GDC.

a y =  x2  3x   5   b  y =  3x2  6x  +  4

c y =  x2 +  2x  +  7  d  y =  4x2 +  3x  +  5   

e y =  x2  6x  +  9    f y =  2x2  4x  +  2  

g  y =   x2 +  5x  +  2    h  y =  x2 +  7x  +  3  

What do these examples suggest to you  about the  

relationship between  the value o the d iscriminant  

and  the graph  o a  quadratic unction?

For help with  graphing quadratics on  a  

GDC, see Chapter 17  Section  1.6.

. Graphs of quadratic functions

A function of the form y =  ax2 +  bx + c,  or f (x) =  ax2 +  bx +  c,   

where a    0,  is called a quadratic function.  In this section,   

we will look at the graphs of quadratic functions.

The simplest quadratic function is y =  x2.  Its graph is shown.  

This graph has a minimum at the point (0,  0),  and it is symmetrical  

about the y-axis.

y

x0

y = x
2
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If you look at the graphs of other quadratic functions,  you should  

notice some similarities.  

y =  x2 +  2x  1  y =  3x2  4x +  2 y =  2x2 +  2x +  3

y

x0

 
  

y

x0  
  

y

x0

Each of these graphs has a curved shape known as a parabola.   

Each graph also has a minimum or a maximum point called a vertex.

If the coefcient of x2 is positive,  the parabola will open upwards,   

with the vertex as the minimum point on the graph.   

If the coefcient of x2 is negative,  the parabola will open  

downwards,  and the vertex will be a maximum point.

If you imagine a vertical line running through the vertex of  

a parabola,  you will notice the graph is symmetrical on the left  

and right sides of this vertical line.  This imaginary vertical line  

is called the axis of symmetry.  This axis of symmetry is shown  

in red on this graph.

We will now look at different forms of quadratic functions.

Consider the graphs of these quadratic functions in the form  

y = ax2 +  bx +  c :  

y =  x2 +  x  3  y =   0.5x2  2x +  4 y = x2  3x +  1  
y

x

(0,  3)

0

x =  
1

2

   

y

x

(0,  4)

0

x =  2

   

y

x0

x =
3

2

(0,  1 )

  For quadratic functions in standard form y =  ax2 +  bx +  c,   

the graph crosses the y-axis at (0,  c).

 The equation of the axis of symmetry is x
b

a
=



2
.

y

x

axis of symmetry

0
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   When the basic quadratic function y =  x2 undergoes 

transformations,  the resulting functions can be written as  

y =  a(x  h)2 +  k.

Look at the graphs of these quadratic functions in the form  

y = a (x  h)2 +  k:

y =  (x  2)2  1  y =  2(x +  1 )2  4 y =   (x  3)2 +  2

y

x0

(2,  1 )   

y

x0

(1 ,  4)   

y

x0

(3,  2)

   For quadratic functions in the form y =  a(x  h)2 +  k,  the graph  

has its vertex at (h,  k).

Example 10

a Write the function y =  x2  6x + 4 in the form y =  (x  h)2 +  k.

b Sketch the graph of the function,  labeling the vertex and the 

y-intercept.

Answers

a y =  x2  6x +  4  

 y =  (x2  6x +  9) +  4  9 

 y =  (x  3)2  5

b y

x0

(3,  5)

(0,  4)

Note:  The equation of the axis 

of symmetry is x =  3.

By looking at the equation in 

standard form,  you know the 

y-intercept will be (0,  4).

Use completing the square to rewrite 

the equation.  By adding 9,  then 

subtracting 9,  the value of the right-

hand side of the equation has not 

changed.

You  might want to  look 

back at the section  

about transformations 

of graphs in  Chapter 1  

of th is  book.  

This form  of a  

quadratic function  

is  sometimes cal led  

 turning-point form .
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Example 

a Write the function f (x) =  2x2 +  8x +  1 1  in the form  

f (x) =  a(x  h)2 +  k.  

b Sketch the graph of the function,  labeling the vertex  

and the y-intercept.

Answers

a f (x) =  2x2 +  8x +  1 1

 f (x) =  2(x2 +  4x +  4) + 1 1   8

 f (x) =  2(x +  2)2 +  3

b y

x0

(0,  11)

(2,  3)

1

2

4

6

8

10

12

12345 2

Note:  The equation of the 

axis of symmetry is x =  2.  

The y-intercept of the graph  

is (0,  11).

Be careful when completing the 

square if the x2 term has a coefcient! 

Factor out the coefcient from the 

rst two terms.

By adding 2  4,  then subtracting 8,  

the value of the right-hand side of 

the equation has not changed.

Exercise 2H

1 For each function,  write the equation of the  

axis of symmetry and give the y-intercept of  

the graph of each function.

a f (x) =  x2 +  8x +  5

b f (x) =  x2  6x  3

c f (x) =  5x2 +  10x +  6

d f (x) =   3x2 +  10x +  9 

2  For each function,  write the coordinates of the vertex  

and give the coordinates of the y-intercept of the graph.  

a y =  (x  7)2  2 b  y =  (x +  5)2 +  1  

c y =  4(x  1 )2 +  6 d  y =  3(x +  2)2  7 

3 Write each function in the form f (x) =  a (x  h)2 +  k.  Then sketch  

the graph of the function,  labeling the vertex and the y-intercept.

a f (x) =  x2 +  1 0x  6 b  f (x) =  x2  5x +  2

c f (x) =  3x2  6x +  7 d  f (x) =  2x2 +  8x  3

The name parabola  

was introduced  by 

Apol lonius o Perga  

(Greek, c.  262  BCE

190 BCE) in  h is  work 

on  conic sections.

You  can  fnd  the vertex and  the 

y-intercept points using your GDC.   

See Chapter 17  Section  1.8.

I t may be helpul  to 

substitute x =  0,  or 

write the unction  in  

standard  orm  to fnd  

the y-intercept.  
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We will now consider quadratic functions in the form y =  a(x  p)(x  q).   

For obvious reasons,  we sometimes call this the factorized form.

Look at the graphs of these quadratic functions in the form  

y =  a(x  p)(x  q):

y =  (x +  3)(x  1 ) y =  3(x +  1 )(x  4) y =  (x +  2)(x  5)

y

x0(3,  0) (1 ,  0)

  

y

x0

(1 ,  0) (4,  0)
4

4

8

8

12

16

20

  

y

x0(2,  0) (5,  0)

12

16

8

4

12

4

8

   For quadratic functions in the form y =  a(x  p)(x  q),  the 

graph crosses the x-axis at ( p,  0) and at (q,  0).

For quadratic functions in the form y =  a(x  p)(x  q),  the axis 

of symmetry will have the equation x =  
p q+

2
.

Note:  The x-intercepts of the graph of a quadratic function y =  f (x)  

tell us the roots of the quadratic equation in the form f (x) =  0.   

For example,  in the rst graph above,  the function y =  (x +  3)(x  1 )  

crosses the x-axis at (3,  0) and at (1 ,  0).  The equation  

(x +  3)(x  1 ) =  0 has roots x =  3  and x =  1 .

Example 12

Write the function f (x) =  x2 +  3x  1 0 in the form f (x) =  (x  p)(x q).   

Then sketch the graph of the function,  labeling the x- and y-intercepts.

Answer

f (x) =  x2 +  3x  10

f (x) =  (x +  5)(x  2)

y

x0(5,  0) (2,  0)

(0,  10)

Note:   The equation of the axis of symmetry  

is  x =



+

=
( )5 2

2

3

2
.

The graph will cross the y-axis at (0,  10).

Factorize the right-hand side of the equation.

use x
p q

=
+

2
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Example 

Write the function y =  2x2  x  3  in the form y =  a(x  p)(x  q).  Then 

sketch the graph of the function,  labeling the x- and y-intercepts.

Answer

y =  2x2  x  3

y =  (2x  3)(x +  1 )

y =  2(x  1 .5)(x +  1 )

y

x0(1 ,  0) (1 .5,  0)

(0,  3)

Note:  The equation of the axis 

of symmetry is x =
1

4
.

The y-intercept of the graph will be 

(0,  3).

Factorize the right-hand side of the 

equation.

Factor out the coefcient of x in the 

rst factor.

Exercise 2I

1  Write the coordinates of the x- and y-intercepts of the graph  

of each function.  

a f (x) =  (x +  3)(x  7) b  f (x) =  2(x  4)(x  5) 

c f (x) =   3(x +  2)(x +  1 ) d  f (x) =  5(x +  6)(x  2) 

2 Write each function in the form y =  a(x  p)(x  q).  Then sketch 

the graph of the function,  labeling the x- and y-intercepts.

a y =  x2  7x  8  b  y =  x2  8x +  1 5 

c y =  2x2 +  3x +  5  d  y =  5x2 +  6x  8

3 Write each function in the form y =  a(x  h)2 +  k and in the  

form y =  a(x  p)(x  q).  Then make a neat sketch of the graph  

of the function,  labeling the vertex and the x- and y-intercepts.

a y =  x2 +  6x  1 6 b  y =  x2  4x +  21  

c y =  0.5x2 +  3.5x  3  d  y =  4x2  1 8x +  8  

Exam-Style Question

4 Let f (x) =  2x2  1 2x.  Part of the graph of f  is shown.

a The graph crosses the x-axis at A  and B.  Find the  

x-coordinate of

 i  A  ii  B.

b Write down the equation of the axis of symmetry.

c  The vertex of the graph is at C.  Find the coordinates of C.

I t may be helpul  to 

substitute x =  0,  or 

write the unction  in  

standard  orm  to fnd  

the y-intercept.

B

y

x

C

A

0
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Exam-Style Question

5 Let f (x) =  x2 +  3,  and let g (x) =  x  2.  

a Find (f  g) (x).

b Write down the coordinates of the vertex of the graph of (f  g).

 The graph of the function h  is formed by translating the graph of 

(f  g) by 5  units in the positive x-direction,  and by 2 units in the 

negative y-direction.

c Write the equation of the function h (x) in the form  

h (x) =  ax2 +  bx +  c.

d Hence,  write down the y-intercept of the graph of h.

Finding the equation of a  quadratic  
function from a graph

You can tell a lot about the graph of a function by looking at the 

equation of the function in different forms.

    When the equation is written in standard form  

f (x) = ax2 + bx +  c,  you know the y-intercept of the graph is 

(0,  c),  and the equation of the axis of symmetry is x
b

a
=



2
.

   When the equation is in the form f (x) =  a(x  h)2 +  k,  also 

known as turning-point form,  the vertex will be (h,  k).

   When the equation is written in factorized form  

f (x) =  a(x  p)(x  q),  the graph will cross the x-axis at (p,  0)  

and at (q,  0).

Now you will look at how you can nd the equation of a quadratic 

function from the information given in its graph.

If you know the x-intercepts,  begin with the equation in factorized form.

If you are given the vertex,  you can start with the equation in 

turning-point form.

Example 14

Using the information provided in the graph,   

write the equation of the quadratic function.   

Write your nal answer in standard form  

y =  ax2 +  bx +  c.

y

x(4,  0)(2,  0)

(0,  16)

0

{  Continued  on  next page
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Answer

y =  a(x +  2)(x  4)

 16 =  a(0 +  2)(0  4) 

 8a  =  16 

a  =  2

y =  2(x + 2)(x  4) 

y =  2x2   4x  1 6 

Since the x-intercepts are given,  start 

with the equation in factorized form.

You know that y = 16 when x = 0.   

Substitute these values into  

your equation to solve for a.

You can check this answer by 

graphing the equation on your GDC,  

and comparing the x- and y-intercepts 

to those in the given graph.

Example 15

Write the equation of the quadratic function shown  

in the graph.

Write your nal answer in standard form y =  ax2 +  bx +  c.

Answer

y =  a(x  6)2 +  3

 1 5 =  a(0  6)2 +  3

36a  +  3  =   1 5

36a  =   1 8 

a  =   
1

2

y =   
1

2
 (x  6)2 +  3

y =   
1

2
 x2 +  6x  1 5

Since the vertex is given,  start with the equation in  

turning-point form.

You know that y = 15 when x = 0.  Substitute these  

values into your equation to solve for a.

You can check this answer by graphing the equation  

on your GDC,  and checking the vertex and the y-intercept.

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

y

x

(6,  3)

(0,  15)

0

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.
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Finally,  lets look at what happens if you dont know the vertex  

or the axial intercepts of the graph.  This next example also leads to 

three equations in three variables to solve using a GDC.

Example 16

Write the equation of the quadratic function shown in the graph.

0

y

x

(2, 7)

(4, 3)

(2, 9)

Answer

For the point (2,  9),

 9 =  a(2)2 +  b(2) +  c

 9 =  4a   2b +  c

For the point (2,  7),  

 7 =  a(2)2 +  b(2) +  c 

 7 =  4a  +  2b  +  c 

For the point (4,  3),

 3  =  a(4)2 +  b(4) +  c 

 3  =  16a  +  4b  +  c

 

Using the GDC,  a  =  1 .5,  b =  4,  and c =  5.

y =  1 .5x2  4x  5

In this case,  you are given the coordinates of  

three points on the graph of the function.

Substitute the x- and y-coordinates of these three 

points into the standard-form quadratic equation  

y = ax2 + bx + c.

You now have three equations with three variables.  

You can use your GDC to solve for a,  b and c.

To nd these points on the graph,   

see Chapter 17 Section 1. 5.

If you graph this function on your GDC,  you  

will see that it passes through all three points,   

as described.

GDC help on CD: Help  with  
solving  simultaneous equations  

on  the  TI-84 Plus and Casio  

FX-9860GII GDCs is given  on  

the  CD.  
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Exercise 2J

Use the information provided in the graphs to write the equation  

of each function in standard form  y =  ax2 +  bx +  c.

1  y

x

(0,  5)

(2,  1 )

0

 2  y

x

(0,  12)

(6,  0)(2,  0) 0

 3  y

x

(0,  5)

(1 ,  8)

0

4 y

x(1 ,  0) (6,  0)

(4,  5)

0

 5  y

x

(0,  4)

(1 ,  13)

(4,  8)

0

 6 y

x0

(20,  0)

(5,  30) (15,  30)

7  y

x

(7,  0)(3,  0)

(2,  25)

0

 8 y

x

(1 ,  3)

(0.5,  0)0
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2.5 Applications of quadratics

At the beginning of this chapter,  you saw that the shape formed  

by water in a fountain can be modeled by a quadratic function.  

Quadratic functions and their graphs can be used to model many 

different situations.

When solving problems using quadratics,  you can use the methods 

you learned throughout this chapter.  You will also be expected to 

use your GDC to help you answer many questions.

Example 17

A farmer wishes to enclose a rectangular garden with 100 metres of fencing.   

a If the garden is x metres wide,  nd the length and the area of the garden in terms of x.

b Find the width of a garden with an area of 525 m2.

c Find the maximum area the garden can have.  

Answers

a  

x

50  x

 length =  50  x

 area =  x(50   x)

b x(50  x) =  525

 50x  x2 =  525 

 x2  50x +  525 =  0

 (x  1 5)(x  35) =  0

 x = 15 m or 35  m

c  y

x20 0 20 40 60

200

400

600

(25,  625)

  The maximum area is 625 m2.

If the farmer has 100 m of fencing,  the perimeter 

of the rectangle must be 100.  The sum of the length 

and width will therefore be 50 m.

Area = width  length

Set the area equal to 525.

Write as a quadratic equation in standard form,  and 

solve for x.

You could also solve this equation by completing 

the square,  or by using the quadratic formula,  or by 

using your GDC.

If the width is 15,  the length is 35.   

If the width is 35,  the length is 15.

The easiest way to nd the maximum area is to 

graph the function y = x(50  x),  where y is the area 

and x is the width.  You can do this on your GDC.  

See Chapter 17 Section 1. 6.

The vertex (25,  625) is the highest point on the 

graph,  and tells you the maximum area occurs when 

the width of the garden is 25 metres.
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Example 18

The height of a ball t seconds after it is thrown is modeled by the 

function h  =  24t  4.9t2 +  1 ,  where h  is the height of the ball in metres.

a Find the maximum height reached by the ball.

b For what length of time will the ball be higher than 20 metres?

Answers

a  
y

x

(2.45,  30.4)

0
1 2 3 4 5

5

10

15

20

25

30

The maximum height is  

30.4 metres.

b  20 =  24t  4.9t2 +  1

 4.9t2  24t +  1 9 =  0

  t   0.9930 seconds and 3.905 

seconds

 3.905  0.9930 =  2.912

  The ball will be higher than 

20 metres for about  

2.91  seconds.

Graph the function  

y = 24x  4.9x 2  + 1,  where y is the 

height of the ball and x is the time in 

seconds.

The vertex is approximately  

(2.45,  30.4).  This tells you the 

maximum height occurs when the ball 

has been in the air for 2.45 seconds.

You can nd the vertex using your 

GDC.  See Chapter 17  

Section 1. 8.

Let h = 20.

Write as a quadratic equation in 

standard form,  and solve for t.

You can solve this using your GDC.  

See Chapter 17,  Section 1.7.

The ball is at a height of  

20 metres twice,  once on the way up,  

and once on the  

way down.

Example 19

It takes Luisa 3  hours to ride her bicycle up a hill and back down.   

Her average speed riding down the hill is 35 km h1  faster than her 

average speed riding up the hill.  If the distance from the bottom to 

the top of the hill is 40 km,  nd Luisas average uphill and downhill 

speeds.

Answer

Let x represent Luisas uphill 

riding speed.

40 40

35
3

x x
+ =

+

Remember time
distance

speed
= ,  and 

when you add the uphill and 

downhill times,  the total is  

3 hours.

What other kinds of 

real -l i fe  situations 

might be modeled  by 

quadratic functions?

{  Continued  on  next page
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40 3
40

35
+ =

+

x

x
x

40x +  1400 +  40x =  3x2 +  105x

3x2 +  25x  1 400 =  0

x   1 7.8 km h1

Luisa averages 17.8 km h1  riding 

uphill,  and 52.8 km h1  riding 

downhill.

You can multiply through by x,  and 

then by (x + 35),  to get rid of the 

denominators.

Write as a quadratic equation  

in standard form and solve for x 

using your GDC.  See Chapter 17,  

Section 1.7.

Exercise 2K

1 The height of a ball t seconds after it is thrown is modeled by the 

function h  =  1 5t  4.9t2 +  3,  where h  is the height of the ball in 

metres.

a Find the maximum height reached by the ball.

b For what length of time will the ball be higher than  

1 2 metres?

2 The area,  A  cm2,  of a rectangular picture is given by the  

formula A  =  32x  x2,  where x is the width of the picture in 

centimetres.  Find the dimensions of the picture if the area  

is 252 cm2.

3 A piece of wire 40 cm long is cut into two pieces.  The two pieces 

are formed into two squares.

a If the side length of one of the squares is x cm,  what is the 

side length of the other square?

b Show that the combined area of the two squares is given by  

A  =  2x2  20x +  1 00.

c What is the minimum combined area of the two squares?

4 A rectangular portrait measures 50 cm by 70 cm.  It is surrounded 

by a rectangular frame of uniform width.  If the area of the frame 

is the same as the area of the portrait,  what is the approximate 

width of the frame?

5 The length of a rectangle is ve less than three times its  

width.  Find the dimensions of the rectangle if its area is  

782 m2.

6 The sum of the squares of three consecutive positive odd integers 

is 251 .  Find the integers.
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7 A golden rectangle  has the property that if it is divided into 

a square and a smaller rectangle,  the smaller rectangle will be 

similar in proportion to the original rectangle.  In the golden 

rectangle ABCD below,  PQ forms a square APQD and a  

rectangle PBCQ,  as shown.  

D Q C

BPA

1 1 =
AB

AD

BC

PB

 Given that AD =  1 ,  nd AB.

8 A homebuilder wants to build a rectangular deck on the back of 

a house.  One side of the deck will share a wall with the house,  

and the other three sides will have a wooden railing.  If the 

builder has enough wood for 1 5 metres of railing,  what is the 

area of the largest deck he could build?

9 Jaswinder takes a trip to visit his sister,  who lives 500 km  

away.  He travels 360 km by bus,  and 140 km by train.   

The train averages 10 km h1  faster than the bus.  If the  

entire journey takes 8 hours,  nd the average speeds of  

the bus and the train.

10 Working alone,  John takes two more hours to clean the house 

than Jane does.  If they work together,  John and Jane can clean 

the house in 2 hours 24 minutes.  How long does it take John to 

clean the house if he is working alone? 

Review exercise
  Solve each equation.

a (x +  2)2 =  16 

b x2 16x +  64 =  0 

c 3x2 +  4x  7 =  0

d x2  7x +  1 2 =  0 

e x2 +  2x  1 2 =  0

f  3x2  7x +  3  =  0

EXAM-STYLE QUESTION

2  Let f (x) =  x2 +  3x  4.  Part of the graph of f is shown.  

a Write down the y-intercept of the graph of f.

b Find the x-intercepts of the graph.

c Write down the equation of the axis of symmetry.

d Write down the x-coordinate of the vertex of the graph.

The length-to-width  

ratio of a  golden  

rectangle is  known  

as the  golden 

ratio.  You  may want 

to  investigate other 

si tuations in  which  

th is interesting ratio 

appears.



y

x0
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EXAM-STYLE QUESTIONS

3 Let f (x) =  a(x  p)(x  q).  Part of the graph of f is shown.  

 The graph passes through the points (5,  0),  (1 ,  0) and (0,  1 0).

a Write down the value of p  and of q.

b Find the value of a.

4 Let f (x) =  a(x +  3)2  6 

a Write down the coordinates of the vertex of the graph of f.

b Given that  f (1 ) =  2,  nd the value of a.

c Hence nd the value of f (3).

5 The equation x2 +  2kx +  3  =  0 has two equal real roots.   

Find the possible values of k.

6 Let f (x) =  2x2 +  12x +  5.

a Write the function f,  giving your answer in the form 

 f (x) =  a(x  h)2 +  k.   

b The graph of g is formed by translating the graph of f by 4  

units in the positive x-direction and  8  units in the positive  

y-direction.  Find the coordinates of the vertex of the graph of g.

7 Write the equation of the quadratic  

function shown in the graph.

Give your answer in the form  

y =  ax2 +  bx +  c.  

Review exercise

 1 Solve each equation,  giving your answers to 3 signicant gures.

a 3x2  5x  7 =  0 b  2x2 +  8x =  3   

c 
x

x + 3
 =  2x  1  d  

1 1

2
5

x x
+ =

+

EXAM-STYLE QUESTION

2 The height,  h  metres above the water,  of a stone thrown off a  

bridge is modeled by the function h(t) =  1 5t +  20  4.9t2,  where  

t is the time in seconds after the stone is thrown.

a What is the initial height from which the stone is thrown?

b What is the maximum height reached by the stone?

c For what length of time is the height of the stone greater than 20 m?

d How long does it take for the stone to hit the water below the bridge?

y

x1 0256 4 1 2

5

10

15

20

25

3

Quadratic functions 

are closely related  to 

other functions cal led  

 conic sections  (see 

page 60).  How are 

these functions used  

in  the real  world?

y

x

(2,  12)

(6,  0)(4,  0)

0

Chapter 2 57



3 The length of a rectangle is 5  cm more than 3  times its width.   

The area of the rectangle is 1428 cm2.  Find the length and 

width of the rectangle.

EXAM-STYLE QUESTION

4 The function f is given by f (x) =  ax2 +  bx +  c.  Part of the graph  

of f  is shown.

  The graph of f passes through the points P(10,  1 2),  Q(5,  3) 

and R(5,  27).

 Find the values of a,  b and c.

5 Thomas drives his car 120 km to work.  If he could increase 

his average speed by 20 km h1,  he would make it to work 30 

minutes faster.  What is his average driving speed?

y

x

Q

R

P

0

CHAPTER 2 SUMMARY

Solving quadratic equations

 If xy =  0,  then x =  0 or y =  0.

 This property is sometimes called the zero product property.

 This property can be expanded to:

 If (x   a)(x   b) =  0,  then x   a  =  0 or x   b =  0.

 To solve an equation by completing the square,  take half the  

coefcient of x,  square it,  and add the result to both sides of the  

equation.  This step creates a perfect square trinomial on the left  

side of the equation.

 In order to complete the square,  the coefcient of the x2 term  

must be 1 .  If the x2 term has a coefcient other than 1 ,  you can  

factor out the coefcient,  or divide through by the coefcient.

The quadratic formula

  For any equation in the form ax2 +  bx +  c =  0,  

  x
b b ac

a
=

  
2 4

2
 

Roots of quadratic equations

 For a quadratic equation ax2 +  bx +  c =  0,

    if b2  4ac >  0,  the equation will have two different real  

roots

   if b2  4ac =  0,  the equation will have two equal real roots

   if b2  4ac <  0,  the equation will have no real roots.

You  can  th ink of an  

equation  with  two 

equal  roots as having 

only one solution.

This formula  is  given  

in  the IB  Formula   

booklet so you  do not 

need  to memorize i t!

Continued  on  next page
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Graphs of quadratic equations

 For quadratic functions in standard form y =  ax2 +  bx +  c =  0,  

 the graph will cross the y-axis at (0,  c).

 The equation of the axis of symmetry is x
b

a
=


2
.

 When the basic quadratic function y =  x2 undergoes transformations,   

the resulting functions can be written as  y =  a(x  h)2 +  k.

 For quadratic functions in the form y =  a(x  h)2 +  k,   

the graph will have its vertex at (h,  k).

 For quadratic functions in the form y =  a(x  p)(x  q),   

the graph crosses the x-axis at ( p,  0) and at (q,  0).

For quadratic functions in the form y =  a(x  p)(x  q),

the  axis of symmetry will have the equation x =  
p q+

2
.

  When the equation is in the form f (x) =  a(x  h)2 +  k,  also  

known as turning-point form,  the vertex will be (h,  k).

  When the equation is written in factorized form  

f (x) =  a(x  p)(x  q),  the graph will cross the x-axis at (p,  0)  

and at (q,  0).
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60 Theory of knowledge:  Conic sections:  mathematical shapes in  the real world

Conic sections: mathematical 

shapes in the real world

The graph of a quadratic function is in the shape of a parabola.  We also 

see parabolas in the real world  the path of a baseball ying through the 

air,  or the shape of water streaming from a fountain.

Theory of knowledge

Parabolas are just one of the four 

mathematical shapes known as conic 

sections.  These conic sections are 

formed by the intersection of a cone (or 

two cones) and a plane.  The other conic 

sections are the circle,  the ellipse and the 

hyperbola.  

{ A parabola  is  the shape that results 

when  a  plane intersects a  cone 

paral lel  to one of i ts  slanted  edges.

Circle Ellipse Parabola Hyperbola

Mathematical  equations can  be used  to 

describe each  of these shapes.  

Parabola:  y =  ax +  bx +  c 

Circle:    (x  h) +  (y  k) =  r  

Ellipse:      
(x  h) 

a
 +  

(y  k) 

b
 =  1

Hyperbola:   
(x  h) 

a
  

(y  k) 

b
 =  1   

The ancient Greeks studied conic 

sections,  and Apollonius of Perga  

(c.262  190 BCE) rst named them.  

Hypatia (born between 350 and 370,  

died 415 CE) was a mathematician and 

astronomer and head of the Platonist 

School in Alexandria,  Egypt,  at a time 

when few women received an 

education.  She developed Apollonius  

work on conic sections.

They were further studied by the 

Persian mathematician and poet  

Omar Khayym (c.10481131 ).
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  Did you know that the orbits of planets are  

elliptical shapes? 

This wasnt shown until the early 17th century.  

Apollonius had hypothesized that planets had such 

orbits when he was studying and naming conic sections.

  How do you think this knowledge developed over 

time?

Nowadays,  we see ellipses,  hyperbolas and parabolas in 

suspension bridges,  the paths of spacecraft and other 

bodies in space,  and the shape of satellite dishes.

Who knew that slicing a cone could result in such useful 

mathematical equations,  and would give us shapes that 

can help us understand the universe?

Chapter 2

Many would  consider a  circle to be the most perect  o these  

conic sections.  I t is  certain ly the most wel l -known, and  we see  

ci rcles around  us every day.

  Why is  a  circle perect?

 every day.

se 

,  and  we see 

  Look around  you   what other fgures and  shapes do you  

see that might be modeled  by mathematical  equations? 

  Why do you  th ink people try to use mathematics to 

describe shapes and  patterns in  the world  around  us?  

  How can  using mathematics help us understand  our world  

and  our universe?



Probability

CHAPTER OBJECTIVES:

5.5a  Concepts o trial ,  outcome, equal ly l ikely outcomes, sample space (U)  and  

event.  The probabi l i ty o an  event A  is  P( )A
n A

n U
= ( )

( )
.  The complementary events 

A  and  A  (not A).  The use o Venn  d iagrams, tree d iagrams and  tables o 

outcomes.  

5.6   Combined events, the ormula or P(A   B).  Mutually exclusive events:  P(A    B)  = 0.  

   Conditional  probabi l i ty;  the defnition  
P ( )

P ( )
P ( | )

A B

B
A B



 .  I ndependent events;  the 

defnition  P(A| B)  =  P(A)  =  P(A |  B).  Probabi l i ties with  and  without replacement.

You should  know how to:  

1 Add, subtract,  multiply and divide fractions
2

3
 +  

5
 =  

1 0

1 5
 +  

3

1 5
 =  

1 3

1 5

1   
2

9
 =  

9

9
  

2

9
 =  

7

9

3

4
  

3

5
 =  

3 3

4 5





 =  
9

20

4

7

3

7

4

7

7

3

4

3
1
1

3
 =  = =

2 Add,  subtract and multiply decimals

 0.2 0.35 

     +  0.7 +  0.4     

 0.9 0.75  

0.2   0.34 

Since 2   34 =  68

then 0.2   0.34 =  0.068

3  Calculate percentages

52% of 60 =  0.52   60 =  31 .2

Skills check

1 Work these out without a calculator.

a 1
3

7
  b 

2 5

5 7
+  c 1 2

5 3


d 1
1

3

5

9
 





  e 

3

20

7

20

2 Work these out.

a 1    0.375 b  0.65 +  0.05

c 0.7   0.6 d  0.25   0.64

 e 50%  of 30 f 22% of 0.22

 g 12% of 10% of 0.8

3  Check your answers to questions 1  and 2  

using a calculator.

3

Before you start

 1 .00

0.62

0.38

0 9 1
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 What is the chance of it raining tomorrow?

 What is the likelihood that I will pass my test?

 What is the probability of us winning the football match this 

afternoon?

 Am I certain to get to school on time if I catch the bus rather 

than the train?

We consider questions like these all the time.  We use the words 

chance,   likelihood,  probability  and certain  in everyday speech.  

These words also describe mathematical probability.  This important 

branch of mathematics helps us to understand risk,  and everything 

from sporting averages to the weather report and the chance of 

being struck by lightning.  

This chapter looks at the language of probability,  how to quantify 

probability (give it a numerical value) and the basic tools you need 

to solve problems involving probability.

[ Accord ing  to  the  

US governments  

Nationa l  Weather  

Service,  the   

probabi l i ty of being  

struck by l ightning  in  

a  g iven  year is

 
1

750 000
.

 The  probabi l i ty of 

being  struck by  

l ightn ing  in  an   

80-year l i fetime  is

 
1

6250
.

 These  probabi l i ties 

have  been  estimated  

from  data  on  size  of  

popu lation  and   

number of people  

struck by l ightning  in  

the  past 30  years.
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Investigation  rolling dice

During the mid-1600s, mathematicians Blaise Pascal ,  Pierre  

de Fermat and  Antoine Gombaud  puzzled  over th is simple  

gambl ing problem:

Which is more likely,  rolling a  six on four throws of one dice,  

or rolling a  double six on  24 throws with two dice?

Which  option  do you  think  is  more l ikely? Why?

3.1  Denitions

  An event is an outcome from an experiment.

An experiment is the process by which we obtain an outcome.  

 A random experiment is one where there is uncertainty over 

which event may occur.

Some examples of random experiments are:

 rolling a dice three times

 tossing a coin once 

 picking two cards from a pack of 52 playing cards 

 recording the number of cars that pass the school gate in a 

5-minute period.

We can express the chance of an event occurring using a number 

between 0 and 1 .  On this scale,  0 represents an impossible event and 

1  represents an event that is certain to happen.  This is called the 

probability  that the event will happen.

impossible even chance certain

0 1

2

 1

We write P (A) to represent the probability of an event A  occurring.  

Hence 0  P  (A)  1 .

There are three ways of nding the value of the probability of an 

event:

 theoretical probability

 experimental probability

 subjective probability.

Theoretical probability

A fair dice has six numbered sides,  all of which are equally likely to 

occur.  The list of equally likely possible outcomes is 1 ,  2,  3,  4,  5,  6.  

A probabi l i ty cannot be 

greater than  1.

You  can  write 

probabi l i ty as a  

decimal ,  raction  or 

percentage.

On  a  air (unbiased)  

dice the probabi l i ty o 

each  outcome is  the 

same.  On  a  biased  

dice, some outcomes 

are more l ikely than  

others.

LOW RES

The frst book written  

on  probabil ity, The Book 

of Chance and Games,  

was written by Jerome 

Cardan (150175).  

Cardan was an  

I tal ian  astrologer, 

philosopher, physician, 

mathematician and  

gambler.  H is book 

contained techniques 

on how to cheat and  

how to catch others at 

cheating.  
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We call a list of possible outcomes the sample space,  U.  The notation 

n(U) = 6 shows that there are six members of the sample space.  

Let event A  be dened as the number 6.  In this sample space there is 

one 6.  n(A) =  1  shows that there is one 6 in the sample space.   

The probability of getting a 6 when you roll the dice is one out of 

six,  or 
1

6
.  In probability notation,

  P( )
( )

( )
A

A

U
= =
n

n

1

6
.

  The theoretical probability of an event A  is 

( )

( )

P( )
n A

n U
A

 where n(A) is the number of ways that event A  can occur  

and n(U) is the total number of possible outcomes.

  If the probability of an event is P,  in n trials you would expect 

the event to occur n   P  times.

Example 1

A fair 20-sided dice with faces numbered  

1  to 20 is rolled.  The event A  is dened as  

 the number obtained is a multiple of 4 .

a   Determine P (A).

The dice is rolled 100 times.

b   How many times would you expect a  

multiple of 4?

Answers

a  n(A) =  5  and n(U ) =  20

 
P( ) =

( )

( )
=

5

20
=

1

4
A

n A

n U

b  
1

4

100  =  25

Find n(A) 

There are 20 possible outcomes.  5 of 

these are multiples of 4 (4,  8,  12,   

16 and 20).

Probability   number of trials

Experimental (empirical)  probability  

Sometimes outcomes are not equally likely but you can use an 

experiment to estimate probabilities.

For example,  to nd the probability that a particular component that 

is being produced by a factory is faulty we would test some 

components.  If the rst component we test is faulty we could 

conclude that all of the components are faulty.  However,  this may 

not be the case.  If the second component is not faulty then we could 

conclude that the probability of a component being faulty is 1
2
 since 

half of all components so far are faulty.  

A 20-sided  polyhedron  

is  cal led  an  

 icosahedron .

8 220

14
16

9 4

9
11

13

Processes that are too  

compl icated  to al low 

exact analysis may 

be solved  using 

probabi l i ty methods 

that employ the  law of 

large numbers .  These 

methods, developed  

in  the 1930s and  

40s, are known  

as Monte Carlo 

methods  after the 

famous casino.  They 

are used  in  a  wide 

variety of situations, 

from estimating the 

strength  of a  hand  in  

the card  game Bridge  

to  model ing the 

statistics of a  nuclear 

chain  reaction.   

You  may wish  

to  explore the 

appl ications of the 

Monte Carlo method  

further.  
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Continuing this process a number of times and calculating the ratio

  
the number of faulty components

the number of components tessted 

gives the  relative frequency  of the component being faulty.  

As the number of components tested increases,  the relative frequency 

gets closer and closer to the probability that a component is faulty.  

  You can use relative frequency as an estimate of probability.

 The larger the number of trials,  the closer the relative frequency 

is to the probability.

Example 2

The colors of cars passing the school gate one morning are given in the table:

Color Frequency

Red 45

Black 16

Yel low 2

Green 14

Blue 17

Gray 23

Other 21

Total 138

a   Estimate the probability that the next car to pass the school gates 

will be red.

b   The next morning 350 cars pass the school gates.   

Estimate the number of red cars that morning.

Answers

a  The relative frequency of red cars is 
45

138
.

 So the probability of a red car is 
45

138
.

b  When 350 cars pass the school gate,   

the number of red cars will be approximately 
45

138
   350 =  1 14.

Subjective probability

You cant always repeat an experiment a large number of times.  In 

these cases you can estimate the probability of an event based on 

subjective judgment,  experience,  information and belief.

For example Liverpool are due to play soccer against Arsenal in the 

English Premiership.  What is the probability that Liverpool will 

win? You could look at past matches between the two teams as well 

as the last few games each team has played and how the teams have 

performed in the particular weather conditions the match will be 

played in,  but eventually you will need to make a guess .  

The US National  

Weather Service 

used  th is method  to 

fnd  the probabi l i ty 

o being struck by 

l ightning, using 

No.  o people struck

No.  o people in  population

These numbers are 

estimates, because 

we are using the 

relative requency as 

an  estimate o the 

probabi l i ty.

This probabi l i ty is  

given  as a  raction.  In  

IB exams you  need  to  

give exact answers or 

decimals to 3  s or 

probabi l i ties.
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Exercise 3A

1 An octahedral (eight-sided) dice is thrown.  The faces are numbered 

1  to 8.  What is the probability that the number thrown is:

a an even number

b a multiple of 3

c a multiple of 4

d not a multiple of 4

e less than 4?

2 A used car dealer has 1 50 used cars on his lot.  The dealer knows 

that 30 of the cars are defective.  One of the 1 50 cars is selected at 

random.  What is the probability that it is defective?

3 The table below shows the relative frequencies of the ages  

of the students at a high school.

Age

( in  years)

Relative

frequency

13 0.15

14 0.31

15 0.21

16 0.19

17 0.14

Total 1

 a   A student is randomly selected from this school.  Find the 

probability that

 i  the student is 1 5 years old,

 ii  the student is 1 6 years of age or older.

There are 1200 students at this school.

b Calculate the number of 1 5-year-old students.

4 The sides of a six-sided spinner are numbered from 1  to 6.   

The table shows the results for 100 spins.

Number on spinner 1 2 3 4 5 6

Frequency 27 18 17 15 16 7

 a  What is the relative frequency of getting a 1 ?

 b   Do you think the spinner is fair? Give a reason for your 

answer.

 c   The spinner is spun 3000 times.   Estimate the number of 

times the result will be a 4.

5 Each letter of the word CONSECUTIVE is written on a separate 

card.  The 1 1  cards are placed face downwards.  A card is drawn 

at random.

 What is the probability of picking a card with

a the letter C  b the letter P  c a vowel?

In  probabil ity questions, 

al l  d ice and  coins are 

 fair ,  unless you  are 

told  otherwise.

At random  means 

that any car has an  

equal  chance of being 

selected.  One of the 

30 defective cars is  

as l ikely to be chosen  

as one of the cars 

that is  not defective.
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6 The spinner shown is biased.  The probabilities of getting red and 

getting blue are shown in the table.  The probability of getting 

green is twice that of getting yellow.

Color red yel low blue green

Frequency 0.4 0.3

 Find  the probability of getting green.

7 A bag contains 40 discs numbered 1  to 40.  A disc is selected at 

random.  Find the probability that the number on the disc 

a is an even number,  b  has the digit 1  in it.

3.2 Venn diagrams

There are 100 students in a year group.  

38 of them do archery.

This information can be shown on a Venn diagram.

38

A
U

A student is chosen at random.  The probability that  

the student does archery is written P (A).

  
38 1 9

1 00 50
P( )A

Complementary event A  

The area outside set A  (but still in the sample space U) represents the 

students that do not do archery.  This is A,  the complement of set A.

38

62

A
U

n(A ) =  n(U)  n(A) 

From the Venn diagram we see that n(A ) =  100  38 =  62 

The probability that a student does not do archery,  

 
  

( ) 62 3 1

( ) 1 00 50
P( )

n A

n U
A

Note that

 P (A  ) +  P(A) =   
31 1 9

50 50
1

John  Venn  was born  in  Hul l ,  

England  in  1834.  H is ather and  

grandather were priests and  John  

was also encouraged  to ol low in  

their ootsteps.  In  1853 he went 

to Gonvi l le  and  Caius Col lege, 

Cambridge, and  graduated  in  1857  

becoming a  el low o the col lege.  

For the next fve years he went into 

the priesthood  and  returned  to  

Cambridge in  1862 to teach  logic 

and  probabi l i ty theory.  

John  Venn  developed  a  graphical  

way to look at sets.  This graph  

became known  as a  Venn  d iagram.  

Remember P( )
( )

( )

A
n A

n U

= .

Every student either 

does archery or 

doesnt do archery.

The rectangle 

represents the 

100 students.  

Thereore  

n(U)  =  100.

Set A  is  

students 

who do 

archery.   

n(A)  =  38.
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   As an event,  A,  either happens or it does not happen.

 P( ) P( ) 1A A    

  P( ) 1 P( )A A

Intersection of events

Of the 100 students,  30 students play badminton.   

Of those,  1 6 do both archery and badminton.

You can show this on a Venn diagram like this:

22 16 14

48

U
A B

The probability that a student chosen at random does both archery 

and badminton is written P(A   B).

   n(A    B) =  16

 


   

( ) 1 6 4

( ) 1 00 25
P( )

n A B

n U
A B

If a student is chosen at random then the  

probability that a student does not do  

badminton but does do archery is written  

P(A    B ).  

 

   
22 1 1

1 00 50
P( )A B

A   B   represents the students who do not do badminton  

or archery.  

n(A   B)  is  the number 

in  the intersection  of 

the sets A and  B.

A  B

22 16 14

48

U
A B

22 students out of 

100 do archery but 

not badminton.

A B

A  B

22 16 14

48

U

The shaded  region  is  

the intersection  

of A  and  B.  Th is 

region  represents 

those students that 

do both  archery and  

badminton.  The region  

is  written  as A    B.

38 students do 

archery.  16 students 

do badminton  and  

archery, so 38  16 = 

22  do just archery.

There are 100  

22   16  14 = 48 

students that do 

not do archery or 

badminton.

30 students 

do badminton.  

16 students do 

badminton  and archery, 

so 30  16 = 14  

do just badminton
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Union of events

A B

22 16 14

48

U

The probability that a student chosen at random does either archery 

or badminton is written P(A    B).

From the diagram,  n(A    B ) =  22 +  16 +  14 =  52  

and hence


   

( ) 52 1 3

( ) 1 00 25
P( )

n A B

n U
A B

A    B   represents all those students that either do archery or do not 

do badminton.  

n(A    B ) =  22 +  16 +  48 =  86 and hence

 
    

( ) 86 43

( ) 1 00 50
P( )

n A B

n U
A B

Example 3

In a group of 30 students,  1 7 play computer games,  1 0 play board 

games and 9 play neither.   

Draw a Venn diagram to show this information.   

Use your diagram to nd the probability that:

a a student chosen at random from the group plays board games,

b a student plays both computer games and board games,

c a student plays board games but not computer games.

Answers

Let C =  plays computer games,   

B =  plays board games.

Let x =  n (C   B )

n(C   B ) =  17   x and 

n(C      B ) =  10   x

C
B

9

17  x x 10  x

U

First dene your notation.

You dont know how many do 

computer games AND board games; 

use x for this value.

Notice that or  in  

mathematics includes 

the possibi l i ty o 

both   we cal l  i t the 

 inclusive  or.  

This is  rom the 

defnition  o probabi l ity.

A B

22 16 14

48

U

A   B

{  Continued  on  next page

The shaded  region  is  the union  

o A  and  B,  The region  represents 

those students that do either 

archery or badminton  or both.  The 

region  is  written  A   B.
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(17   x) +  x +  (10   x) +  9 =  30

36   x =  30

x =  6

C B

11 6 4

9

U

a  P( ) =
10

30
=
1

3
B

b  P( ) = =
6

30

1

5
C B

c  P( ) = =
4

30

2

15
C B

The four regions of the Venn 

diagram make the universal set U 

and so must add up to 30.

Solve for x.

Substitute x = 6 to get the number in 

each section of the diagram.

Use the Venn diagram and 

P A
n A

n U
( ) =

( )

( )

Exercise 3B

1 In a group of 35 children,  10 have blonde hair,  14 have brown 

eyes,  and 4 have both blonde hair and brown eyes.   

Draw a Venn diagram to represent this situation.  

 A  child is selected at random.  Find the probability that the child 

has blonde hair or brown eyes.

2 In a class of 25 students,  1 5 of them study French,  1 3  of them 

study Malay and 5  of them study neither language.

 One  of these students is chosen at random from the class.  What 

is the probability that he studies both French and Malay?

3 There are 25 girls in a PE group.  1 3  have taken aerobics before 

and 17 have taken gymnastics.  One girl has done neither before.  

How many have done both activities?  

One girl is chosen at random.  Find the probability that:

a she has taken both activities,

b she has taken gymnastics but not aerobics.

Exam-Style Question

4 Of the 32 students in a class,  1 8 play golf,  1 6 play the piano and 

7 play both.  How many play neither?  

One student is chosen at random.  Find the probability that:

a he plays golf but not the piano,

b he plays the piano but not golf.
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Exam-Style Question

5 The universal set U is dened as the set of positive integers less 

than or equal to 1 5.  The subsets A  and B are dened as:

 A  =  {integers that are multiples of 3}

 B =  {integers that are factors of 30}

a List the elements of

i  A   

ii  B

b Place the elements of A  and B in the appropriate region  

on a Venn diagram.  

c  A number is chosen at random from U.   

Find the probability that the number is 

 i  both a multiple of 3  and a factor of 30,

 ii  neither a multiple of 3  nor a factor of 30.

6 In a town 40% of the population read newspaper A ,   

30% read newspaper B ,  1 0% read  

newspaper C .   

It is  found that 5% read both A  and B ;  4% read  

both A  and C ;  and 3% read both B  and C .   

Also,  2% of the people read all three newspapers.   

Find the probability that a person chosen at  

random from the town

a reads only A,   

b reads only B,  

c reads none of the three newspapers.

The addition rule

Here is the Venn diagram for the students who do archery and 

badminton from page 69.

A B

22 16 14

48

U

n(A    B) =  38 +  30   1 6,

or n(A    B) =  n(A) +  n(B)   n(A    B)

So,  P(A    B) =  P(A) +  P(B)   P(A    B)

  For any two events A  and B 

P(A   B) =  P(A) +  P(B)  P(A    B)

A B

U

For this question  

you  wi l l  need to use 

three circles in  the 

Venn dia  gram  one 

to represent each  

newspaper.

U
A B

C

The probabi l i ty that a  student does 

archery and  the probabi l i ty that 

a  student does badminton  each 

includes the probability that a 

student does both archery and 

badminton.  We only wish  to include 

th is probabi l ity once so we subtract 

one of these probabi l i ties.

Probability72



Example 4

A card is drawn at random from an ordinary pack of 52 playing cards.

Find the probability that the card is a heart or a king.

Answer

K

K  K 

K 

K 

A 

J  Q 

10  9  8 

7  6  5 

4  3  2  

H

U

P(H ) =  
1 3

52
 

P(K ) =  
4

52
 

P(H  K ) =  
1

52
 

So

P(H  K ) =  
1 3

52
+

4

52
  

1

52
 = 

1 6

52
 = 

4

13

We require P(H   K).  

Draw a Venn diagram.

There are 13 hearts in the pack.

There are 4 kings in the pack.

There is 1 card that is both a king and a heart.

Using P( H   K ) = P( H ) + P( K )  P( H   K )

Playing cards

In  the next example you  need  to be 

fami l iar with  an  ordinary pack of 52  

playing cards.  In  a  pack there are 

four suits  clubs, spades, hearts and  

diamonds.  The clubs and spades are 

black cards, hearts and  diamonds are 

red cards.  There are 13 cards  

in  each  suit:  Ace, 2, 3, 4, 5, 6, 7, 8, 9,  

10, Jack, Queen  and  King.   

The Jack, Queen  and  King are  

cal led  the picture cards.  Are  

playing cards in  your country  

similar to, or the same as these?
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Example 5

If A  and B are two events such that P(A) =  
9

20
 and P(B) =  

3

10
 and 

P(A    B) =  2P(A    B) nd 

a  P(A    B )  b P(A    B )  c P(A    B  ).

Answers

a  Let P(A    B ) =  x 

2x =  
9

20
 +  

3

10
  x

3x =  
1 5

20

x =  
3

4
   3

x =  
1

4
 =  P(A    B)

P(A    B) =  
1

2

b  If P(A    B ) =  
1

2
 then 

P(A    B )  =  1   
1

2
 =  

1

2

c  If P(A    B ) =  
1

4

P(A    B  ) =  P(A)  P(A    B )

=  
9

20
   

1

4
 =  

1

5

Use 

P (A   B ) = P (A ) + P (B )  P (A   B )

Since P (A   B ) = 2P(A   B).

Since P(A) = 1  P(A).

Use result from part a.

This is the region on the Venn 

diagram that is A without its 

intersection with B.

A B

P(A)

P(A  B)  =
1

4

P(B)

U

Exercise 3C

1 Two dice are thrown 500 times.  For each throw,  the sum of the 

two numbers shown on the dice is written down.

The following frequencies are obtained:

Sum 2 3 4 5 6 7 8 9 10 11 12

Frequencies 6 8 21 34 65 80 63 77 68 36 42

Using  these frequencies,  calculate the probability of

a the sum being exactly divisible by 5,

b the sum being an even number,

c the sum being exactly divisible by 5  or being an even number.
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2 A ten-sided dice,  numbered 1  to 10,  is rolled.  Calculate the 

probability that:

a the number scored is a prime number,

b the number scored is either a prime number or a multiple of 4,

c the number scored is either a multiple of 4 or a multiple of 3.

3 In a group of 80 tourists 40 have cameras,  50 are female and 

22 are females with cameras.  Find the probability that a tourist 

picked from this group at random is either a camera owner or 

female.

4 A letter is chosen at random from the 26-letter English alphabet.  

Find the probability that it is

a in the word MATHEMATICS

b in the word TRIGONOMETRY

c in the word MATHEMATICS and in the word TRIGONOMETRY

d in the word MATHEMATICS or in the word TRIGONOMETRY.

5 A student goes to the library.  The probability that she checks out 

a work of ction is 0.40,  a work of non-ction is 0.30,  and both 

ction and non-ction is 0.20.  

a What is the probability that the student checks out a work of 

ction,  non-ction,  or both?

b What is the probability that the student does not check out a 

book?

Exam-Style Questions

6  In a certain road 
1

3
 of the houses have no newspapers delivered.

If 
1

4
 have a national paper delivered and 

3

5
 have a local paper

delivered,  what is the probability that a house chosen at random 

has both?

7 If X and Y are two events such that P(X) =  
1

4
 and P(Y) =  

1

8
 and 

P(X   Y) =  
1

8
,  nd 

a P(X   Y)

b P(X   Y).

8 If P(A) =  0.2 and P(B) =  0.5 and P(A    B) =  0.1 ,  nd 

a P(A    B)

b P(A    B)

c P(A    B).
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Mutually exclusive events

In a student survey it is found that 32 students play chess.   

Chess and archery clubs are on the same day at the same  

time so a student cannot do both archery and chess.

The events A  and C are called mutually exclusive  events.   

These are events where two outcomes cannot occur at the  

same time.  Here we can see that the circles do not overlap,   

so n(A    C ) =  0 and hence P(A   C ) =  0.

Now P(A    C ) =  P(A) +  P(C )  0.  

Generally if two events A  and B are mutually exclusive then it 

follows that P(A    B) =  0.

Hence we can adapt the addition rule in these cases  

 P(A    B) =  P(A) +  P(B).  

  In general,  if A  and B are mutually exclusive,  then P(A    B) = 0 and 

P(A    B) =  P(A) +  P(B).

Example 6

A box contains board-pens of various colors.  A teacher picks out a

pen at random.  The probability of drawing out a red pen is 
1

5
,  and

the probability of drawing out a green pen is 
3

7
.

What is the probability of drawing neither a red nor a green pen?

Answer

Let R  =  red pen drawn,   

G =  green pen drawn.

P(R    G ) =  P(R) +  P(G )

=  
1

5
 +  

3

7
 =  

22

35

P(R    G)  =  1   
22

35
 =  

1 3

35

First dene your notation.

R and G are mutually exclusive  

events.

The teacher either draws out a red 

pen or a green pen,  but not both 

colors.

Since P(A) = 1  P(A).

Exercise 3D

1 Here are some events relating to throwing two dice:

A:   both dice show a 4

B:   the total is 7 or more

C:   there is at least one 6

D:   the two dice show the same number

E:   both dice are odd

Which of these pairs of events are mutually exclusive?

a A and B  b A and C   c A and D  d A and E

e B and E  f C and D    g B and C

U

30

A

38

C

32
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Exam-Style Question

2 Two events N and M are such that P(N) =  
1

5
 and P(M) =  

1

10
 and

P(N   M) =  
3

10
.  

Are N and M mutually exclusive events?

3 In a group of 89 students,  30 are freshmen (rst-year students) 

and 27 are sophomores (second-year students).  Find the 

probability that a student picked from this group at random is 

either a freshman or sophomore.

Exam-Style Question

4 In an inter-school quiz,  the probability of school A winning the

competition is 
1

3
,  the probability of school B winning is 

1

4
 and 

the probability of school C winning is 
1

5
.

Find the probability that

a A or B wins the competition,   b A,  B or C wins,

c none of these wins the competition.

.  Sample space diagrams and  
the product rule

You can list all the possible outcomes of an experiment if there are 

not too many.  

Example 7

A fair spinner with the numbers 1 ,  2 and 3  on it  

as shown is spun three times.  List all the possible  

outcomes from this experiment.

Hence nd the probability that the score on the last spin 

is greater than the scores on the rst two spins.

Answer

The 27 outcomes are:

1  1  1  1  2 1  1  3  1

1  1  2 1  2 2 1  3  2 

1  1  3     1  2 3   1  3  3  

2 1  1  2 2 1  2 3  1

2 1  2 2 2 2 2 3  2 

2 1  3  2 2 3   2 3  3  

3  1  1  3  2 1  3  3  1

3  1  2 3  2 2 3  3  2 

3  1  3     3  2 3   3  3  3  

When listing all the outcomes,  you 

need to be systematic so that you do 

not miss any out.

Of these,  the ve in red have the 

score on the last spin greater than 

the scores on the rst two spins.

Hence the probability is 
5

27
.

A question  may tel l  

you  to l ist the possible 

outcomes.
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Sample space diagrams

A sample space diagram is another way of showing all the possible 

outcomes of an event.

Example 8

Draw a sample space diagram to represent the scores when two dice are thrown.   

Find the probability of:

a  obtaining a score of 6  b  throwing a double  c  scoring less than 6.

Answers

DICE 1

D
IC
E
 2

1 2 3 4 5 6

1 (1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)

2 (1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)

3 (1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)

4 (1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)

5 (1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)

6 (1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

There are 36 possible outcomes illustrated on this 

diagram.

a  P(6) =  
5

36

(1,  1) gives a score of 2,  (4,  6) gives a  

score of 10.

The ve possible ways of getting a score of 6 are 

highlighted in yellow.

DICE 1

D
IC
E
 2

1 2 3 4 5 6

1 (1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)

2 (1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)

3 (1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)

4 (1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)

5 (1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)

6 (1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

b P(double) =  
6

36
 =  

1

6

The six possible ways of getting a double are 

highlighted in red.

DICE 1

D
IC
E
 2

1 2 3 4 5 6

1 (1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)

2 (1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)

3 (1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)

4 (1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)

5 (1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)

6 (1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

Sample space 

diagrams are a lso 

cal led  probabi l i ty 

space d iagrams.

{  Continued  on  next page
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c  P(score <  6) =  
10

36
 =  

5

18

The 10 ways of getting a score less than 6 are 

highlighted in green.

DICE 1

D
IC
E
 2

1 2 3 4 5 6

1 (1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)

2 (1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)

3 (1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)

4 (1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)

5 (1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)

6 (1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

Example 9

In an experiment a coin is tossed and a dice is rolled.  

Draw the sample space diagram for this experiment.

Find the probability that in a single experiment you obtain a head and a number  

less than 3  on the dice.

Answer

1 2 3 4 5 6

H (1, H ) (2, H ) (3, H ) (4, H ) (5, H ) (6, H )

T (1, T) (2, T) (3, T) (4, T) (5, T) (6, T)

P(head and number less than 3) =  
2

12
 =  

1

6

The outcomes that give a head and a number less 

than 3 are highlighted.

Exercise 3E

Exam-Style Question

1 Three unbiased coins are tossed one at a time and the results are 

noted.  One possible outcome is that all the coins are heads.  This 

is written HHH.  Another is that the rst two coins are heads and 

the last one is a tail.  This is written HHT.

List the complete sample space for this random experiment.  

Find the probability that:  

a the number of heads is greater than the number of tails,

b at least two heads are tossed consecutively,  

c heads and tails are tossed alternately.

2 Draw the sample space diagram for the random experiment  

Two tetrahedral dice,  one blue and the other red,  are each 

numbered 1  to 4.  They are rolled and the result noted.

Find the probability that:

a the number on the red dice is greater than the number on the 

blue dice,

b the difference between the numbers on the dice is one,

c the red dice shows an odd number and the blue dice shows an 

even number,

d the sum of the numbers on the dice is prime.

An  unbiased  coin  is  

one that is  just as 

l ikely to land  heads up 

as tai ls up.
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Exam-Style Question

3 A box contains three cards bearing the numbers  

1 ,  2,  3.  A second box contains four cards with  

the numbers 2,  3,  4,  5.  A card is chosen at random  

from each box.

 Draw the sample space diagram for the random  

experiment.

Find the probability that:

a the cards have the same number,

b the larger of the two numbers drawn is 3,

c the sum of the two numbers on the cards is  

less than 7,

d the product of the numbers on the cards is at least 8,

e at least one even number is chosen.

4 Six cards,  numbered 0,  1 ,  2,  3,  4 and 5,  are placed in  

a bag.  One is drawn at random,  its number noted,  and  

then it is replaced in the bag.  Then a second card is  

chosen.

Draw the sample space diagram for the random  

experiment.

Find the probability that:

a the cards have the same number,

b the larger of the two numbers drawn is prime,

c the sum of the two numbers on the cards is  

less than 7,

d the product of the numbers on the cards is  

at least 8,  

e at least one even number is chosen.

5 Tilman plays a game with a dice called Come and Go.   

He rolls the dice.  If the score is 1  he moves up one  

metre.  If it is 2 he moves right one metre.  If it is 3 he  

moves down one metre.  If it is 4 he moves left one  

metre.  If it is 5 or 6 he stays where he is.

Tilman rolls the dice twice.  He makes two steps.

What is the probability that he is

a at the same point where he started,

b exactly 2 metres away from his starting point,

c more than 1  but less than 2 metres away from his starting point?

Product rule for independent events

When a dice is rolled and a coin is tossed,  as in Example 9 on the previous 

page,  the events are independent.  This is because the outcome of tossing 

the coin does not inuence the outcome of rolling the dice and vice versa.

Genetic fngerprinting

Genetic fngerprinting was developed  

in  1984 by Proessor Alec Jereys at 

the University o Leicester.  Each  one 

o us has a  unique genetic make-up 

which  is  contained  in  the DNA and  

which  is  inherited  rom our parents.  

The DNA can  be extracted  rom cel ls  

and  body uids and  analyzed  to  

produce the characteristics (seen  

below)  our genetic fngerprint .  

When  matching  fngerprints  i t is  

usual  to compare these bands.   

Some o these comparisons have 

been  used  as evidence to convict 

criminals but the feld  is  under 

scrutiny due to i ts rel iance on  

probabi l i ty.  Usual ly between  10 

and  20 bands are examined  and  

compared.  Experimental  evidence 

has suggested  that the probabi l i ty o 

one band  matching by coincidence is 

1

4
 (al though  th is fgure is  subject to 

debate).  The probabi l i ty o two bands 

matching wi l l  thereore be 
1

16
.
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  Two events A  and B are independent if the occurrence of one 

does not the affect the chance that the other occurs.   

Here is the sample space for a dice and a coin.

1 2 3 4 5 6

H (1, H ) (2, H ) (3, H ) (4, H ) (5, H ) (6, H )

T (1, T) (2, T) (3, T) (4, T) (5, T) (6, T)

Let H stand for the event coin lands heads.   

From the diagram:

P(H) =  
6

1 2
 =  

1

2
 

Let L stand for the event dice score less than 3 .

P(L) =  
4

1 2
 =  

1

3

P(H   L) =  
2

1 2
 =  

1

6

But we can also note that 

P(H   L) =  P(H)   P(L)

=  
1

2
  

1

3
= 

1

6

  When two events A  and B are independent 

 P(A    B) =  P(A)   P(B)

 This is the product rule for independent events.

 This is also called the multiplication rule.

Sample space diagrams can help you visualize the number of 

possible outcomes,  but you dont always need to draw one.

Example 0

One bag contains 3  red and 2 white balls,  another bag contains  

1  red and 4 white balls.  A ball is selected at random from each bag,  

Find the probability that 

a  both the balls are red,    b  the balls are different colors,

c  at least one ball is white.

Answers

a  From the rst bag P(R
1
) =  

3

5

From the second bag P(R
2
) =  

1

5

Therefore P(R
1
   R

2
) 

=  
3

5
   

1

5
 =  

3

25

The events picking a red from the rst bag (R
1  
) 

and picking a red from the second bag (R
2   
) are 

independent events.  In R
1  
there are 3 red balls in 5.  

In R
2  
there is 1 red ball in 5.

The events R
1
 and R

2
 are independent,  so  

P( R
1
   R

2   
) = P(R

1   
)  P(R

2   
).

There are two 

outcomes where the 

coin  is heads and   

the dice score is less 

than 3.

{  Continued  on  next page
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b  From the rst bag P(R
1
) =  

3

5

From the second bag P(W
2
) =  

4

5
Therefore P(R

1
   W

2
) 

=  
3

5
  

4

5
 =  

12

25

From the rst bag P(W
1
) =  

2

5

From the second bag P(R
2
) =  

1

5
Therefore P(W

1
   R

2
) 

=  
2

5
  

1

5
 = 

2

25

P(different colors) =   

P(R
1
   W

2
) +  P(W

1
   R

2
)  

1 2

25

2

25
+  =  

1 4

25

If the balls are different colors,  this means either the 

rst one is red and the second one white or the rst one 

is white and the second one red.

These are mutually exclusive events.

c   P  (at least one white)  

= 1   probability that both are red

= 1   P(R
1
   R

2
) 

=  1   
3

25
 =  

22

25

For at least one of the balls is white we could 

calculate the probability that both are white,  the 

probability that the rst is white and the second red 

and the probability that the rst is red and the second 

is white.  

OR

 If at least one is white then it means that both cannot 

be red.

This is a common method of solving problems that 

involve the words   at least. . ..  Calculate 1  the 

complement of the event.

Exercise 3F

1 My wardrobe contains ve shirts with one blue,  one brown,  

one red,  one white and one black.  I reach into the wardrobe 

and choose a shirt without looking.  I replace this shirt and then 

choose another.  What is the probability that I will choose the red 

shirt both times? 

2 A card is chosen at random from a deck of 52 cards.  It is then 

replaced and a second card is chosen.  What is the probability of 

choosing a king and a ten? 

3 A large school conducts a survey of the food provided by the

school cafeteria.  It is found that 4
5
 of the students like pasta.  

Three students are chosen at random.  What is the probability 

that all three students like pasta?

For questions 2  and  

8, you  may need  to 

remind  yourself about 

playing cards  see 

page 73.
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Exam-Style Questions

4  Adam is playing in a cricket match and a game of hockey at the 

weekend.  

The probability that his team will win the cricket match is 0.75,  

and the probability of winning the hockey match is 0.85.  

Assume that the results in the matches are independent.  What is 

the probability that his team will win in both matches? 

5 Three events A,  B and C are such that A  and B are mutually 

exclusive and P  (A) =  0.2,  P  (C ) =  0.3,  P  (A    B) =  0.4 and  

P  (B   C) =  0.34.  

a Calculate P  (B) and P  (B   C ).

b Determine whether B and C are independent.

6 I toss a coin and roll a six-sided dice.  Find the probability that I 

get a head on the coin,  and dont get a 6 on the dice.

7 An air-to-air missile has probability 8

9
 

of hitting a target.  If ve 

missiles are launched,  what is the probability that the target is 

not destroyed?

8 Four cards are chosen from a standard deck of 52 playing cards 

with replacement.  What is the probability of choosing 4 hearts 

in a row?

Exam-Style Question

9 Given that P  (E  ) =  P  (F ) =  0.6 and P  (E   F ) =  0.24 

a write down P(E ),

b explain why E and F are independent,

c explain why E and F are not mutually exclusive,

d nd P(E   F  ).

10  Three bags each contain 4 red and 8 blue marbles.  One marble 

is randomly chosen from each bag.

What is the probability that the rst marble will be red,  the 

second marble blue and the third marble red?

11 A six-sided dice is numbered:  1 ,  2,  2,  5,  6,  6.  It is thrown three 

times.  What is the probability that the scores add up to 6?

Exam-Style Question

12 A  and B are independent events such that P(A) =  0.9 and  

P(B) =  0.3.  Find:

a P  (A    B)  b P  (A    B )  c P  (A    B).
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Exam-Style Question

13 Independent events G and H are such that P  (G   H  ) =  0.12 

and  P(G   H) =  0.42.  

Draw a Venn diagram to represent the events G and H.

Let P(G   H) =  x.

Find two possible values of x.

14 I throw four dice.  Find the probability that

a all four dice show a 6,

b all four dice show the same number.

15 Which is more likely:  rolling a six  on four throws of one dice,  

or rolling a double six  on 24 throws with two dice?

16 A program produces (independently) three random digits from 

0 to 9.  For example

 247  or  309  or  088  or  936

a Find the probability that none of the three digits is a 5.

b Find the probability that at least one digit is a 5.

For questions 2  and  

8, you  may need  to 

remind  yoursel about 

playing cards  see 

page 73.

Investigation   the Monty Hall di lemma

The ol lowing is  a  amous probabi l i ty puzzle based  on  the  

American  television  game show Lets Make a  Deal  .   

The name comes rom the shows original  host, Monty Hal l .

Suppose youre on  the game show 

and  youre given  the choice o three doors.  

Behind  one door is  the main  prize  

(a  car)  and  behind  the other two doors  

there are dud, unwanted  prizes.   

The car and  the unwanted  prizes are  

placed  randomly behind  the doors  

beore the show.

The ru les o the game are:  Ater you  have chosen  a  door, the door remains  

closed  or the time being.  Monty Hal l ,  who knows what is  behind  the doors, then   

opens one o the two remaining doors and  always reveals an  unwanted  prize.   

Ater he has opened  one o the doors and  shown  a  dud, Monty Hal l  asks the  

participants whether they want to stay with  their frst choice or to switch  to the  

last remaining door.  

What should  you  do? 

a Stick with  your frst choice.

b Switch  to the other remaining closed  door.

c I t does not matter.  Chances are even.

This is  the question  

you  considered  in  the 

d ice Investigation  on  

page 64.

1 2 3

We wi l l  revisit th is  

problem  at the end  o 

th is  chapter.
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3.4 Conditional probability

Here is the Venn diagram showing students who do archery and 

badminton.

A B

22 16 14

48

U

If we know that a particular student does badminton,  how does this 

affect the probability that they also do archery?

Altogether 30 students do badminton;  of these 1 6 also do archery.

We write the probability that a student does archery given that they 

do badminton as P A B|( ).

Note that 

P A B|( )  =  
( )

( )

n A B

n B
 =  

1 6

30
 =  

8

15

This is known as conditional probability  since the outcome of A  is 

dependent on  the outcome of B.

It also follows that P A B|( )  =  
P( )

P( )

A B

B
 =  

1 6

1 00

30

1 00

 

=  
1 6

30
 =  

8

15
 

  In general for two events A  and B the probability of A  

occurring given that B has occurred can be found using  

P A B|( ) =  
P( )

P( )

A B

B
.

Rearranging the formula gives  

P(A    B) =  P A B|( )    P(B).

  If A  and B are independent events,

 A B|( )  =  P(A),  P B A|( )  = P(B),  P A B| ( )  = P(A)

 and P B A| ( )  =  P(B).

Recal l  that or 

independent events  

P(A    B)  =  P(A)    P(B).  

By defnition  or 

independent events, A  

and  B,  the probabi l i ty 

o A  occurring 

given  that B  has 

occurred  wi l l  equal  

the probabi l i ty o A  

occurring, since A  is  

not aected  by the 

occurrence o B.  
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Example 

Of the 53  staff at a school,  36 drink tea,  1 8 drink coffee,  and  

1 0 drink neither tea nor coffee.  

a  How many staff drink both tea and coffee? 

One member of staff is chosen at random.  Find the probability that:

b  he drinks tea but not coffee,

c  if he is a tea drinker he drinks coffee as well,

d  if he is a tea drinker he does not drink coffee.

Answers

a  
T C

10

36  x x 18  x

U 

Let n (T   C ) =  x 

so

36  x +  x +  18  x +  10 = 53

64  x =  53

x =  1 1

Therefore P(T   C ) =  
1 1

53

b  P(T   C ) =  
25

33
 

c  P(C| T ) =  
P(C T)

P(T)


 =  

1 1

53

36

53

 

=  
1 1

53

53

56

11

36
=

d  P(C | T )  =  
P(C T)

P(T)

 
 =  

25

53

36

53

  

=  
25

53

53

36

25

36
=

Draw a Venn diagram to show the 

information

n( T   C ) is the number who drink 

both tea and coffee.

53 is the total number of staff on the 

Venn diagram.

Solve for x.

Since x = 11 and total = 53.

36  11 = 25

P (C     T ) =  P (T   C )

Exercise 3G

Exam-Style Questions

1  There are 27 students in a class.  1 5 take Art and 20 take Theater.  

Four do neither subject.  How many students do both subjects? 

One person is chosen at random.  Find the probability that

a he or she takes Theater but not Art,  

b he or she takes at least one of the two subjects,

c he or she takes Theater,  given that he or she takes Art.
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2  For events A  and B it is known that:  P(A    B ) =  0.35;   

P(A) =  0.25;  P(B) =  0.6.  Find 

a P(A    B)  b P(A| B) c P(B | A).

3  48% of all teenagers own a skateboard and 39% of all teenagers own 

a skateboard and roller blades.  What is the probability that a teenager 

owns roller blades given that the teenager owns a skateboard?

4 A number is chosen at random from this list of eight numbers:  

 1   2  4  7  1 1   1 6  22  29

 Find:

a P  (it is even |  it is not a multiple of 4)

b P  (it is less than 1 5 |  it is greater than 5)

c P  (it is less than 5  |  it is less than 1 5)

d P  (it lies between 10 and 20 |  it lies between 5  and 25).

5  In my town 95% of all households have a desktop computer.  61% of all 

households have a desktop computer and a laptop computer.  What is 

the probability that a household has a laptop computer given that it has 

a desktop computer?

6  The probability that a student takes Design Technology and Spanish is 

0.1 .  The probability that a student takes Design Technology is 0.6.  What 

is the probability that a student takes Spanish given that the student is 

taking Technology?

7  U and V are mutually exclusive events.  P  (U) =  0.26;   

P  (V) =  0.37.  Find

a P  (U and V) b P  (U |V) c P  (U or V).

8  A teacher gave her class an IB Paper 1  and an IB Paper 2.  35% of the 

class passed both tests and 52% of the class passed the rst test.  What 

percentage of those who passed the rst test also passed the second test? 

9  A jar contains black and white marbles.  Two marbles are chosen without 

replacement.  The probability of selecting a black marble and then a 

white marble is 0.34,  and the probability of selecting a black marble on 

the rst draw is 0.47.  What is the probability of selecting a white marble 

on the second draw,  given that the rst marble drawn was black?

Exam-Style Question

10  The table below shows the number of left- and right-handed table-tennis 

players in a sample of 50 males and females.  

Left-handed Right-handed Total

Male 5 32 37

Female 2 11 13

Total 7 43 50

A  table-tennis player was selected at random from the group.  Find the 

probability that the player is:

a male and left-handed,  b right-handed,

c right-handed,  given that the player selected is female.
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11  J and K are independent events.  Given that P(J |K) =  0.3  and 

P(K) =  0.5,  nd P(J) .

12  Your neighbour has two children.  You learn that he has a son,  

Sam.  What is the probability that Sams sibling is a brother? 

This is  not as obvious 

as i t might seem!

Investigation   the Monty Hall problem 

revisited!

Take a  typical  si tuation  in  the game.  Suppose the  

contestant has chosen  Door 3  and  Monty Hal l  reveals  

that there is  an  unwanted  prize behind  Door 2.  

What is  the conditional  probabi l i ty that the car is   

behind  Door 1?

Let A  stand  or the condition  that there is  a  car  

behind  Door 1  and  the contestant has chosen  Door 3.   

Let B  stand  or the condition  that

Monty Hal l  has revealed  that there is  a  dud  behind  Door 2  given   

that the contestant has chosen  Door 3.

The probabi l i ty o A  and  B (P(A    B))  is  just 
1

3

1

3

1

9
 =  because i   

the car is  behind  Door 1  and  the contestant has chosen  Door 3   

Monty Hal l  has to show what is  behind  Door 2.  

The problem is  the computation  o the probabi l i ty o being shown   

a  dud  behind  Door 2  given  that the choice was Door 3.  This  

si tuation  can  arise in  two ways:  

1 when  the car is  behind  Door 1  

2 when  the car is  behind  Door 3.  

The frst way has a  probabi l i ty o 
1

9
, as shown  above.  

In  the second  way, the host could  reveal  either what is  behind   

Door 1  or Door 2.  I  he is  equal ly l ikely to choose either o these  

doors then  the probabi l i ty o showing what is  behind  Door 2  is  
1

2

1

9
=

1

18
 .   

Thereore the probabi l i ty o there being revealed  an  unwanted  prize  

behind  Door 2  when  the contestant has chosen  Door 3  is  

1

9
+
1

2

1

9
=

3

18
  

Th is is  P (B),  the probabi l i ty o B.

We want the conditional  probabi l i ty,  P A B|( ) .  This is  given  by 

P A B|( )  =  
P

P

( )

( )

A B

B


 =  

1

9

3

18

 =  
2

3
.

This means that the conditional  probabi l i ty that the car is  behind   

Door 3  given  that the contestant has chosen  Door 3  and  has  

been  shown  that there is  an  unwanted  prize behind  Door 2  is  only 
1

3
.   

Thereore i t is  worthwhi le to switch!  

1 2 3

Analysis o 

the monty Hal l  

problem  using 

conditional  

probabi l i ty
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3.5 Probability tree diagrams

Tree diagrams are useful for problems where more than one event 

occurs.  It is sometimes easier to use these than to list all the possible 

outcomes.  It is important to read the question carefully and 

distinguish between the different types of problems.  

With replacement  and repeated events

Example 12

The probability that Samuel,  a keen member of the school Archery Club,   

hits the bullseye is 0.8.  Samuel takes two shots.  Assume that success with  

each shot is independent from the previous shot.

Represent this information on a tree diagram.

Find the probability that Samuel 

a  hits two bullseyes 

b  hits only one bullseye

c  hits at least one bullseye.

Answers

HIT

MISS

0.8

0.2

  

HIT

MISS

0.8

0.2

HIT

MISS

0.8

0.2

HIT

MISS

0.8

0.2

a  We require P(H and H).

  So P(H and H)  =  0.8   0.8  

=  0.64 

The rst section of the tree diagram represents Samuel's rst 

shot.  He will either hit the bullseye or miss it.  The probability 

that he misses is 1  0. 8 = 0. 2.

The outcome is on the end of the branch,  the probability is  

beside the branch.

The second shot will also either hit or miss the bullseye.

There are therefore four possible outcomes of this experiment: 

a hit followed by a hit (H and H),  

a hit followed by a miss (H and M),  

a miss followed by a hit (M and H),

a miss followed by a miss (M and M).

Since a hit with the rst shot is independent of getting a hit with 

the second shot we can multiply the probabilities together (the 

product rule).  Multiply along the top two branches.  

b   P(H and M) +  P(M and H)  

=  (0.8   0.2) +  (0.2   0.8)  

=  0.32

c  P(at least one bullseye) 

 =  1   (0.2   0.2) 

 =  1   0.04

 =  0.96

Only one hit could be either a hit on the rst or a hit on the 

second and missing the other one.

These two events,  (H and M) and (M and H) are mutually 

exclusive: they cant both happen at the same time.  Multiply 

along each branch (as again events are independent) and then 

add between them (as 2 outcomes are mutually exclusive).

Here we need 1  P(miss the bullseye both times)

So we have 1  P(M and M)
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Exercise 3H

1 Lizzie is attempting two exam questions.  The probability  

that she gets any exam question correct is 2
3
.

a Copy and complete the diagram.

b What is the probability that she will get  

only one of them correct?

c What is the probability she will get at least  

one correct?

2 When Laura and Michelle play in the hockey  

team the probability that Laura scores is 1
3
 and  

that Michelle scores is 1
2
.  

 Draw  a tree diagram to illustrate this information and use  

it to nd the probability that neither will score in the next game.

Exam-Style Question

3 There are equal numbers of boys and girls in a school and it is 

known that 1
10

 of the boys and 1
10

 of the girls walk in every day.

 Also  1
3
 of the boys and 1

2
 of the girls get a lift.

 The  rest come by coach.

 Determine

a the proportion of the school population that are girls who 

come by coach,

b the proportion of the school population that come by coach.

4 Determine the probability of getting two heads in three tosses of 

a biased coin for which P(head) =  
2
3
.

5 A 10-sided dice has the numbers 110 written on it.  It is rolled 

twice.  Find the probability that:

a exactly one prime number is rolled,

b at least one prime number is rolled.

Exam-Style Question

6 The probability of a day being windy is 0.6.  If its windy the  

probability of rain is 0.4.  If its not windy the probability  

of rain is 0.2.

a Copy and complete the tree diagram.

b What is the probability of a given day being rainy?

c What is the probability of two successive days not being rainy?

Correct

Correct

Incorrect

2

3

2

3

In  question  3  there 

wi l l  be two branches 

in  the frst section  and  

three branches rom 

each  o these in  the 

second  section.

Windy

Rain

Rain
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Without replacement  and conditional probability

Example 13

A bag contains 5  green and 6 red balls.  If two balls are  

taken out successively,  without replacement,  what is the  

probability that

a  at least one green is chosen,

b   red is picked on the rst pick given that at least one green is chosen?

Answers

Since a red ball has been taken  

initially there will be 5  red balls  

(and 5  green balls) left

R

G

R

G

R

G

6

10

6

11

5

11

5

10

5

10

4

10

a   P(at least one green)  

=  1   P(both red)

= 1
6

11

5

10
 







 
= 1

3

11


 

=
8

1 1

b   P(red followed by green)

= 
P red on 1 st and at least one green

P at least one green

( )
( )

 =  

6

11

5

10

8

11


1

2
 =  

3

1 1

8

1 1

 =  
3

8

Draw a tree diagram.  The 

probabilities on the second  

section of branches depend on  

what has happened in the rst 

section.

It is quicker to calculate the 

probability in this way than it is to 

work out the probability that the 

ball is a green on the rst pick,  or a 

green on the second pick or a green 

on both picks.  

When red is picked rst,  the 

probability of the second being  

green is 
5

10
,  so multiply these 

probabilities.

Some tree diagrams do not have the same classic  shape as the we 

have seen so far.

This means that 

the probabi l i ty o 

the second  draw is 

dependent on  the 

results o the frst 

draw, since a  bal l  has 

been  removed  ater 

the frst draw.
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Example 4

Toby is a rising star of the school Tennis Club.  He has found that  

when he gets his rst serve in the probability that he wins that point  

is 0.75.  When he uses his second serve there is a 0.45 chance of  

him winning the point.  He is successful at getting his rst serve  

in on 3  out of 5  occasions and his second serve in on 3  out of 4 

occasions.

a   Find the probability that the next time it is Tobys turn to serve he 

wins the point.

b   Given that Toby wins the point,  what is the probability that he got 

his rst serve in?

Answers

In

Win

Lose

In

Out

Win

LoseOut

0.25

0.55

0.45

0.75

2

5

3

5

3

4

1

4

a   P (win) =  (get rst serve in and  

win) +  (miss rst serve,  get  

second serve in and win)

 3

5

2

5

3

4
0.75 + 0.45  
















 =  0.45 +  0.135

 =  0.585

b  P(1 st serve in| win point) 

 =  
P 1 st serve in and win point

P win point

( )
( )

= = 0.769 (3 sf)

3

5
0.75

0.585









On this tree diagram,  it is 

not necessary to continue the 

branches once the point has been 

won.

Multiply along the branches.

Both of these values have been 

found in part a.

This answer has been given 

to 3 sf as the exact answer 

(fractional) is not obvious.

Exercise 3I

1 Three cards are drawn at random from a pack of playing cards.  

Each card is not replaced.  Find the probability of obtaining

a three picture cards  b two picture cards.

See page 73 for the 

ordinary pack of 52  

playing cards.
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Exam-Style Question

2 A pencil case contains 5  faulty and 7 working pens.  A boy and 

then a girl each need to take a pen.  

a What is the probability that two faulty pens are chosen?

b What is the probability that at least one faulty pen is chosen?

c If exactly one faulty pen is chosen,  what is the probability that 

the girl chose it?

3 In a bag are 4 red balls,  3  green balls and 2 yellow balls.  A ball 

is chosen at random,  and not replaced.  A second ball is then 

chosen.

a Find P(the balls are both green).  

b Find P(the balls are the same color).

c Find P(neither ball is red).

d Find P(at least one ball is yellow).

4 Four balls are drawn at random,  one after the other and without 

replacement,  from a bag containing the following balls:

 5  red,  4 blue,  3  orange,  2 purple.

 Find  the probability that you obtain one ball of each color.

5 A club has 10 members,  of which 6 are girls and 4 are boys.  One 

of the members is chosen at random to be President of the club.

a Find the probability that the chosen President is a boy.

b Two people are chosen at random to represent the club in a 

competition.  Find the probability that one boy and one girl 

are chosen.

6 Billy answers on average 5  problems correctly out of 7.  Natashas 

average is 5  questions out of 9.  They both attempt the same 

problem.   

a What is the probability that at least one of the students 

answers the question correctly?

b If the question is answered correctly,  what is the probability 

that Billy got the correct answer?

c If the question is answered correctly,  what is the probability 

that Natasha got the correct answer?

d If there was at least one correct answer,  what is the probability 

that there were two?

Even  i  the  question  

does not ask or i t 

you  may fnd  i t useu l  

to  use a  tree d iagram 

to  answer some o 

these questions.

Extension material on CD: 

Worksheet 3 -  Conditional 

probability
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Review exercise

1 A two-digit number between 10 and 99 inclusive is written down 

at random.  What is the probability that it:

a is divisible by 5,  b  is divisible by 3,

c is greater than 50,  d  is a square number?

2 In a class of 30 students,  1 8 have a dog,  20 have a cat and 3  have 

neither.  A student is selected at random.  What is the probability 

that this student has both a cat and a dog?

Exam-Style Questions

3 For events C and D it is known that:  

P  (C ) =  0.7 P  (C     D ) =  0.25 P  (D) =  0.2.

a Find P  (C   D ).

b Explain why C and D are not independent events.

4 The two events A  and B are such that P(A) =  0.6,  P  (B) =  0.2 and

 P(A| B) =  0.1 .  

 Calculate the probabilities that:

a both of the events occur,

b at least one of the events occur,

c exactly one of the events occur,

d  B occurs given that A  has occurred.

5 A group of 100 students are asked which of three types of TV 

programme,  drama,  comedy and reality,  they watch regularly.

 They  provide the following information:

 15  watch all three types;

 18  watch drama and comedy;

 22  watch comedy and reality TV;

 35  watch drama and reality TV;

 10  watch of none these programmes regularly.

 There  are three times as many students who watch drama only 

than comedy only and two times as many who watch comedy 

only than reality TV only.   

a If x is taken as the number of students who watch reality TV 

only,  write an expression for the number of students who 

watch drama only.

b Using all the above information copy and complete the  

Venn diagram.

c Calculate the value of x.  



Drama Comedy U

Reality

x
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Review exercise

1 Let P(C ) =  0.4,  P(D) =  0.5,  P(C | D) =  0.6.

a Find P(C and D).

b Are C and D mutually exclusive? Give a reason for your 

answer.

c Are C and D independent events? Give a reason for your 

answer.

d Find P(C or D).

e Find P(D | C).

2 Jack does 3

5
 of the jobs around the house and Jill does the rest.  If 

35% of Jacks jobs are nished properly and 55% of Jills jobs are 

nished properly,  nd the probability that a job done around the 

house will be done:

a properly,

b by Jill if it was not done properly.

Exam-Style Questions

3 Max travels to school each day by bicycle,  by bus or by car.  

The probability that he travels by bus on any day is 0.6.  The 

probability that he travels by bicycle on any day is 0.3.

a Draw a tree diagram which shows the possible outcomes 

for Maxs journeys on Monday and Tuesday.  Label the tree 

clearly,  writing in the probabilities of each outcome.

b What is the probability that he travels

 i  by bicycle on Monday and Tuesday,

 ii  by bicycle on Monday and by bus on Tuesday,

 iii  by the same method of travel on Monday and Tuesday?

c Max traveled to school by bicycle on Monday and Tuesday.  

What is the probability that he does not travel to school by 

bicycle on Wednesday and Thursday and Friday?

d What is the probability that in any three days Max travels 

twice by car and once by bus or twice by bicycle and once  

by car?

4 A bag contains 6 red apples and 10 green apples.  Without 

looking into the bag,  Maddy randomly selects one apple.

a What is the probability that it is red?

 The  apple is red and Maddy eats it.  Next the bag is passed to Janet.  

Without looking into the bag,  she randomly selects one apple.

b What is the probability that it is green?

 The  apple is green and Janet replaces it in the bag.  Next the bag  

is passed to Tarish.  Without looking into the bag,  he randomly  

selects two apples.

c What is the probability that they are both red?
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Exam-Style Question

5 On a walk I count 70 rabbits,  42 are female,  34 are not eating  

carrots and 23  are female and not eating carrots.

 Draw  a Venn diagram and hence nd the number that are both 

female and eating carrots.

a What is the probability that a rabbit is male and not eating carrots?

b What is the probability that a rabbit is female given that it is 

eating carrots?

c Is being female independent of eating carrots? Justify your answer.

CHAPTER 3 SUMMARY

Denitions

 An event is an outcome from an experiment.

  An experiment is the process by which we obtain an outcome.  

  A random experiment  is one where there is uncertainty  

over which event may occur.

  The theoretical probability of an event A  is 

( )

( )
P( )

n A

n U
A

  where n(A) is the number of ways that event A  can  

occur and n(U) is the total number of possible outcomes.

 If the probability of an event is P,  in n trials you would  

expect the event to occur n   P times.

 You can use relative frequency as an estimate of probability.

  The larger the number of trials,  the closer the relative  

frequency is to the probability.

Venn diagrams

 As an event,  A,  either happens or it does not happen 

 P(A)  + P  (A )  = 1

 P  (A )  = 1   P  (A)

 For any two events A  and B 

  (A    B) =  P  (A) +  P  (B)  P  (A    B).

 In general,  if A  and B are mutually exclusive,  then  

P  (A    B) =  0 and P(A    B) =  P(A) +  P(B).

A
U

A B

P(A)

P(A  B)

P(B)

U

A

P(A)

B

P(B)

Continued  on  next page
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Sample space diagrams and the  
product rule

 Two events A  and B are independent if the  

occurrence of one does not the affect the chance that  

the other occurs.

 When two events A  and B are independent 

 P(A    B) =  P(A)   P(B)

 This is the product rule for independent events.

 This is also called the multiplication rule.

Conditional probability

 For two events A and  B the  probability of A occurring  given  that B  

has occurred can be found using 

 P A B|( )  = P
P

( )

( )

A B

B



 If A  and B are independent events,  P A B|( )  =  P(A),  P B A|( )  =  P  (B),   

P A B| ( )  =   P  (A) ,  P B A| ( ) =  P  (B)

 In general for two events A  and B the probability of A  occurring  

given that B has occurred can be found using  

P A B|(  =  
P( )

P( )

A B

B
.
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98 Theory of knowledge:  Probability  uses and abuses 

Probability  uses and abuses
Math textbook probability problems often involve picking colored balls 

from a bag  how useful is that in real life? But probability has some 

surprising uses  such as nding answers to sensitive questions.  

People also misuse or misunderstand probability,  by relying on their 

intuition rather than calculating the odds.

Theory of knowledge

Asking sensitive questions 

How do you  get the truth  rom a  survey that 

asks a  sensitive question?

A headteacher wants to know how many o 

the 600 students at her school  have 

cheated  in  examinations.  She is  not 

interested  in  whether a  specifc individual  

has cheated, she just wants an  overal l  

estimate or the whole school .

I  she sends a  questionnaire to each  

student asking:

she is  unl ikely to get honest answers.

The randomized response 
method

This rel ies on  each  student knowing that 

the headteacher doesnt know whether they 

are asking a  sensitive question  or a  

perectly harmless one.

Each  student in  

the survey  ips a  

coin  twice, 

showing no-one 

the result.

They then  ol low 

the instructions 

on  th is card.

  Why do people buy lottery tickets when  

the chances o winning are so smal l? 

  What is  the probabi l i ty o winning your 

national  lottery?

Have you  ever cheated in school exams?

 Yes    No

1  I  you  got a  head  with  

the frst  ip, answer the 

question:  Have you  

ever cheated  in  an  

exam?  honestly.

2   I  you  got a  tai l  with  the 

frst  ip, answer the 

question:  Did  the 

second   ip give a  tai l?  

honestly.

Head   

Answer 

question  1

Tai l   

Answer 

question  2

Answer 

 yes

Answer 

no

p

1  p
P(H)  = 

1  

2

P(T)  =  
1  

2

P(H)  =  
1  

2

P(T)  =  
1  

2

Head  

answer 

no

Tai l  

answer 

 yes

P(Yes to  Q1)  

= 
1  

2
   p  =  

p  

2

P(Yes to  Q2)  

= 
1  

2
   

1  

2
 =  

1  

4

Probabi l i ty o answer  yes

= P(Yes to  Q1)   

+  P(Yes to  Q2)

= 
p  

2
 +  

1  

4
 

The tree 

d iagram helps 

to estimate p,  

the raction  o 

students who 

have cheated  

in  an  exam.
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Probability and intuition   
the birthday problem

  In a class of 23  people,  what is the probability that two 

people share the same birthday? 

What do you think? 1%? Maybe 5%,  or even as much  

as 10%?

Lets do the math and work it out.

23 students means there are 253  possible pairs of students:

23   22  

2
 =  253

The probability of two people having different birthdays is
364  

365  =  0.997260

So for 253 possible pairs,  the probability that the two  

people in each pair have different birthdays is

( 364  365 )
253

 =  0.4995

So the probability that,  for the 253 pairs,  two people in a pair 

have the same birthday is 

1   0.4995 =  0.5005,  or 50.05%  just over half!

Chapter 3

  Would  students answer the question  

honestly?

  Are there any problems with  th is method  

o fnding the truth?

  Do you  rely on  intu ition  to help you  make decisions?

  Are there other areas o mathematics where your intu ition  has let you  down?

  What about in  other areas o knowledge?

Ignoring leap years 

 there are 364 out o 

365 birthdays that are 

d ierent .

There are 23 choices or 

the frst person  in  a  pair 

and  then  22  choices or 

the second.

The pair (Tim, Jane)  is  

exactly the same as the 

pair (Jane, Tim), so halve 

the total .

Suppose 220 students answer 

yes  out of 600 interviewed.

p   

2
 +   

1   

4
 =   

220  

600

 
p   

2
 =   

220  

600
  

1   

4
 

 
p   

2
 =  

7  

60

  p  =   
7  

30

The estimated number of 

students who have cheated in 

an exam is 600   
7  

30
 =  140

Provided everybody tells the 

truth when answering their 

question,  this method 

estimates the number of 

students who have cheated in 

an exam.

he truth?



Exponential 
and logarithmic 
functions

CHAPTER OBJECTIVES:

1.2  Elementary treatment of exponents and  logarithms

 Laws of exponents;  laws of logarithms;  change of base

2.6  Exponential  functions and  their graphs

 x a a x e
x x

 , ,> 0

 Logarithmic functions and  their graphs

 x x x x x x
a

 log , , ,> >0 0ln

 Relationship between  these functions

 a a x a x x
x x a

a

x x
a= = = >e

ln log
, log ; , 0

2.7 Solving equations of the form  ax  =  b,  ax  =  by

2.8  Appl ications of graphing ski l ls  and  solving equations to real -l i fe situations

You should  know how to:  

1 Evaluate simple positive exponents

 e.g.  Evaluate 3  4

 34 =  3    3    3    3  =  81

 e.g.  Evaluate 














 

 



     
  

    

 
 
 

2 Convert numbers to exponential form

 e.g.  Find n  given 2 n  =  1 28

 1 28 =  27 so n = 7

3 Transform graphs

  e.g.  Given the graph of y =  x 2 sketch the 

graph of y =  x 2 +  3

 y

x

y =  x
2

y =  x
2
 + 3

1 023 1 2 3

2

4

6

8

Skills check

1 Evaluate

a 












  b 















c 0.001 3

2 State the value of n  in these equations.

a 7 n  =  343 b 3 n  =  243

c 5 n  =  625 

3 Transform the graph of y = x 2 to give the 

graph of y =  (x   2) 2

4

Before you start
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Facebook,  the social media  

giant,  celebrated its sixth  

birthday in February 2010  

with more than 450 million  

users,  up from about 1 00  

million in August 2008  

and a huge increase from  

December 2004 when  

there were one million  

members.

This graph shows how the  

number of Facebook users  

has increased over time.  

Growth like this (certainly until February 2010) is exponential 

growth.  As you move along the curve its gradient increases with the 

growth rate.  The growth rate at any time is roughly proportional to 

the number of users at that time.  

y

U
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Dates

Facebook users

(Source:  http://www.facebook.com/press/info.

php?timeline)
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A good model for the data on Facebook users is 

 n  =  1 .32   1 .1 x

where n  is the number of users in millions,  and x is the number of 

months after December 2004.

You could use the equation n  =  1 .32   1 .1 x to estimate the number 

of users at any specied date or to nd the date at which a 

particular number of users was reached.

You will come across many other examples of exponential growth 

and its opposite,  exponential decay  (where the gradient decreases 

as you move along the curve).

You  could  also use 

the model  to make 

predictions about 

the uture growth  o 

Facebook.  This is  

cal led  extrapolation .

What are the 

problems with  using 

a  model  o th is  type 

to estimate uture 

growth? 

What other actors do 

you  need  to consider?

Investigation  folding paper

Malcolm  Gladwel l  posed  th is problem in  h is  book The Tipping Point.

Imagine taking a  large piece o paper, and  olding i t over again  and   

again, unti l  you  have olded  i t 50 times.

How h igh  do you  th ink the fnal  stack would  be?

1 Fold  a  sheet o paper (any size)  in  hal as many times as possible.

2  For each  old, complete th is table to show the number o olds,  

the number o layers and  the th ickness o the paper ormed.  

  You  can  assume that a  sheet o paper is  about 0.1 mm thick,  

that is  1   107 km.

 The frst ew entries have been  done

Number  

o olds

Number  

o layers

Thickness (km) As th ick as a  

0 1 1  107 Piece o paper

1 2 2  107

2 4 4  107 Credit card

3 8

4 16

5

6

7

8

9

3 How many olds would  you  need  to make the paper

 a  as th ick as the height o a  table?

 b just tal ler than  the height o a  man?

4 How thick would  the paper be ater 50 olds?
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You can probably get to about six or seven folds before you cant 

fold the paper any more.  At seven folds the paper is already about as 

thick as this textbook.  In fact after only 1 3  folds the paper is roughly 

the height of a table and after 1 5 folds it will be much taller than 

any man.  After 17 folds it is roughly 1 3  m thick,  roughly the height 

of a two-storey house!

After 50 folds the paper would be approximately 1 13  million km 

thick.  This is about the distance from the Earth to the Sun.

Paper folding is  an example of exponential growth.  The number 

of layers  of paper form a sequence.  The terms in  

the sequence are a function of the number of folds,  n,  where  

f (n)  =  2
n

.

f (n) is an exponential growth function.

In this chapter you will learn more about exponential functions and 

their inverses,  which are called logarithmic functions.  

4.1  Exponents

Exponents are a shorthand way of representing the repeated 

multiplication of a number by itself.

The expression 35,  for example,  represents 3    3    3    3    3.  

The 3  in this expression is the base  number and the 5  is the 

exponent.  

Other names for exponent are power  and index.

You can also use a variable as the base,  for example,

x 4  =  x   x   x  x

Laws of exponents
Multiplication

Simplify x 5   x 3

x5   x3 =  (x   x   x   x   x)    (x   x   x)

 =  x   x   x  x  x   x   x   x

 =  x 8

So x 5   x 3  = x (5 +  3) =  x 8

  a m  a n = a m + n

Does i t depend  on  

how big the paper is  

to start with? Try i t.

I t is  quicker to write x4 

than  x   x   x   x

Remove brackets.

Notice that in  x 5   x 3 

the two base variables 

are the same.  

You  cannot simpl ify 

x 
5   y 3,  for example, 

using th is law.

x 
5   y 3 =  x 5 y 3
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Division

Simplify x5   x3

x5   x3 =  
   

 

    

  
 =  

       

    
 =  x   x = x2

So x5   x3 =  x(53)

 =  x2

  am  an = amn

Raising to a  power

Simplify (x 5)3

(x 5)3 =  (x   x   x   x   x)   (x   x   x   x   x)   (x   x   x   x   x) 

 =  x   x   x   x   x   x   x   x  x   x   x  x   x  x  x

 =  x15

So =  (x 5)3 =  x 53 =  x15

  (am)n  =  amn

Example 

Expand (2xy 2)3

Answer

(2xy 2)3 =  (2xy 2)   (2xy 2)   (2xy 2)

=  23   x 3    (y 2)3  =  8x 3y 6

You dont need to show this line of 

working.

Apply the power of 3 to every term in 

the bracket.

Exercise 4A

1 Simplify

a x3   x2 b  3p2   2p4q2 c  








        d  (x3y2)(xy4)

2 Simplify

a x5   x2 b  2a7   2a3  c  2a7   (2a)3 d  
 
 







3 Simplify

a (x3)4  b  (3t 2)3  c  3(x3y2)2  d  (y 2)3

The power zero

Simplify x2   x2




 





 
= =

 

But 







=

Therefore x 0 =  1

Cancel  common  

factors.

Notice that you  

cant simpl i fy x5    y3 

because the bases 

are not the same.

Dont forget you  have 

to raise the numbers 

in  the bracket to the 

power as wel l  as the 

x- and  y-terms.

Remember to  multiply 

the constants 

(numbers)  together as 

wel l  as the variables.
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  a 0  = 1

Any base raised to the power of zero is equal to 1 .

Fractional exponents 

Simplify  









Using Law 1     
+

 

   

    
   

But        

so  =




Similarly    








    and     

          

and so  
 





   
 =



Roots

Simplify 


Since x 6 =  x2   x2   x2



 =    

      

=  x 2 

=
6

3x

     
 


 



= ( ) = ( ) =


Example 2

Without using a calculator,  evaluate:

a 36
1

2  b 
1

27

4

3







Answers

a 36 36 6
1

2 = =

b 
1

27

1

27

4

3

1

3

4







 = 




















 

















1

27

1

3

1

81

3

4

4

Since 

1

n na = a

Since a = a
m

n
mn( )

Anything to the power 

zero is  equal  to 1.

Zero to any power 

is  0.

So what about 00?

How should  we decide 

what th is is  equal  to?

Who should  decide?

You can  always 

assume that a 

is positive when  

considering even  roots 

of a.

Evaluate  means 

work out the value 

of .
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Negative exponents

Simplify x 3   x 5

x 3   x 5 =  
  

   

 

   

 =  


 

 =  





Also x 3   x 5 =  x 35 =  x 2

And therefore 


 =




 

   





 = 

Example 3

Without using a calculator evaluate

a 62  b 
3

4

2











Answers

a 6 2

2

1

6

 =  =
1

36

b 
3

4

1

3

4

2

2







 =











 =








1

9

16

=
16

9

Use a
n

n

1

a

 =

Exercise 4B

1 Evaluate 

a 9
1

2  b  1 25
1

3  c  64
2

3

d 8
2

3  e  
8

27

2

3







2 Evaluate

a 23 b   



  c   







d 
( )



  e  
















You  must learn  the 

laws for exponents 

as they are not in  the 

Formula  booklet.



Exponential and logarithmic functions106



Example 4

Simplify these expressions.

a 5d 0  b 6x 3    (2x 2)3  c 27a63
 d  

9

16

2

4

1

2v

w













Answers

a 5d 0  = 5   1  =  5

b 6 2 6 83 2 3 3 6

9

9

6

8

3

4

x x x x

x
x

 



 = 

= =

( )

Use a0 = 1.

Use ( ) = .a a
m n mn

Use am   an  = am   n.

Use nn m ma a
1

= ( ) .

Use  a
1

a

n

n


= .  

c 27 63

1

3 6a a

a

= 27 = 27

= 3

6

1

3

2

a( ) ( )
1

3

d 
9

16

16

9

16

9

4

3

2

4

1

2 4

2

1

2

4

1

2

2

1

2

2

v

w

w

v

w

v

w

v









 =











= =



( )

( )

Exercise 4C

1 Simplify these exponential expressions.

a 




( )  b  
 
 c  

 

 
 d  


 
 
 



 




  



 e  
 
 















2 Simplify these expressions.  

a 





















 b  
 



 




 c  




 



 







4. Solving exponential equations

Exponential equations are equations involving unknowns   

as exponents,  for example,  5
x

 =  25.  

You can write an exponential equation in the form a
x
 =  b

y
.

Example 5

Solve 3x 1  =  35x

Answer

3 3

1 5

1 4

1 5

1

4

x x

x x

x

x

 =
 =
 =

= 

Both sides of the equation are  

powers of 3 so the two exponents are 

equal.

Here simpl ify  

means write  these 

expressions using only 

positive exponents.

In  th is  exercise, 

make sure your 

answers have positive 

exponents. 

Chapter 4 107



Example 6

Solve 33x  +  1  =  81

Answer

3 81

3 3

3 1 4

3 3

1

3 1

3 1 4

x

x

x

x

x

+

+

=

=

+ =

=

=

Write 81 as a power of 3.

Equate exponents.

Exercise 4D

1 Solve these equations for x.

a 2x =  32 b  312x =  243

c 3 27
2

2x x
=  d  52x1    25 =  0

e 71 1

49

 =x

2 Solve these equations for x.

a 3x3 =  32x b  53x =  25x2

c   







+
=  d  223x  =  4x1

EXAM-STYLE QUESTION

3 Solve      +
=

Example 7

Solve 3 = 24
3

5x


Answer

3 = 24x

3

5

x

3

5 = 8

x




3

5

5

3 5

3= 8( ) 

x = 23

5

3( )


x =  25

x=
32

1

Divide both sides by 3.

Multiply the exponent by its 

reciprocal since    =
a

b

b

a
1

Replace 8 with 2 3.

For th is  example and   

many of the fol lowing 

questions you  need   

to learn  these powers.

20 = 1          30 =  1

21 = 2          31 =  3  

22 =  4         32 =  9

23 = 8         33 =  27

24 = 16       34 =  81 

25 = 32        35 =  243

26 = 64

27 = 128

50 = 1          70 =  1

51 = 5          71 =  7

52 = 25       72 =  49

53 = 125     73 =  343 

54 = 625
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Exercise 4E

1 Solve these equations for x.

a 2x 4 =  1 62 b  x 5   32 =  0

c x 2 =  1 6 d  8x 3 =  (8x)3

e 27x 2 =  81x f 27x 3 =  64

2 Solve these equations for x.

a 



 =  b  





 =

c 



=



   d 



 =

e 



=







 f  








=

3 Solve these equations for x.

a x
-

3

2  =  1 25 b  








 =  216

c 




  =  1 92 d  








 =  1 6

4. Exponential functions

Graphs and properties of exponential functions

  An  exponential function  is a function of the form

 f (x) =  a x

where a  is a positive real number (that is,  a  >  0) and a    1 .

Investigation  graphs of exponential functions 1

Using a  GDC, sketch  the graphs o these exponential  unctions.  

a y =  3  x

b y =  5  x

c y =  10 x

Look at your three graphs.  

What can  you  deduce about the exponential  unction,  

f (x)  =  a x,  when  a  >  1? 

Think about the 

domain, range, 

intercepts on  the 

axes, asymptotes, 

shape and  behavior o 

each  graph  as x tends 

to infnity.

Whatever positive value a  has in the equation  

f (x) =  a x,  the  graph  will always have the same  

shape.

f (x) =  a x is an exponential growth function.

We could  also write  

f :  x    ax

x

y

0

(0,  1 )

f(x)  =  a  

x

1
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  The domain of f (x) =  ax is the set of all real numbers.  

The range  is the set of all positive real numbers.

The curve does not intercept the x-axis.

The graph approaches closer and closer to the x-axis as the 

value of x decreases.

The y-intercept is 1 .

The graph of f passes through the points 








 


,  (0,  1 )  

and (1 ,  a).

The graph increases continually.  

Now look at the graphs of exponential functions when the base a  is 

between 0 and 1 .

Investigation -  graphs of exponential functions 2

Using a  GDC sketch  the graphs of these  

exponential  functions.  

a y =  3x

b y =  5x

c y =  10x

What can  you  deduce about the exponential  function, f (x)  =  ax,   

when  a  >  1,  from  these three graphs?

y =  3 x i s  the 

equivalent of y
x

= 1

3
 or 

y

x

= 







1

3
 so the base 

is  between  0 and  1.

Whatever positive value a  has,  the graph of f (x) =  ax

will always have this shape.

x

y

0

(0,  1 )

f(x)  =  ax

1

f (x) =  a  x is an exponential decay function.
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The natural exponential function

The base e is one that you will come across often in  

exponential functions.  

Investigation  compound interest

When  you  invest money i t earns interest.   

We use th is ormula  A C
r

n

n t

= 1 + 






  to  calculate the interest,

where A  is  the fnal  amount (capital  +  interest),  C is  the capital ,   

r is  the interest rate expressed  as a  decimal ,  n  is  the number  

o compoundings in  a  year, and  t is  the total  number o years.

What happens i  you  start compounding more and  more requently?

1 1 is  invested  at an  interest rate o 100% or 1  year.  

 a  How much  wi l l  you  have i  th is is  compounded  yearly? 

  P =  1,  r =  100% = 
100

100
 =  1,  n  =  1,  t =  1 

  A C= +





1

1

1

1

 =  2  (since r = 1 and  n  =  1)

 b How much  wi l l  you  have i  th is is  compounded  quarterly?

  C =  1,  r =  100% = 1, n  =  4,  t =  1

  A = + =





1 2 44140625

1

4

4

.

2 Copy and  complete the table.

Compounding Calculation Final  amount (write  

a l l  fgures on  calculator)

Yearly 1
1

1

1

+





 2

Hal-Yearly 1
1

2

2

+





 2.25

Quarterly 1
1

4

4

+





 2.44 140 625

Monthly

Weekly

Dai ly

Hourly

Every minute

Every second

Chapter 4 111



The nal amount increases as the interval between  

compoundings decreases but each separate increase is  

smaller and the nal amount converges on a value.  This  

value is called e .

The value of e is approximately 2.71828 and it is an exceptionally 

important number in mathematics which has applications in many  

subject areas.

e is an irrational  number.  

Mathematics sometimes throws out some surprising and 

beautiful results.  

Here is  one such  result.

To 20 decimal  places e = 2.718 281 828 459 045 235 36

There is  no obvious pattern  to  th is chain  o numbers.

However look at th is series, which  gives a  value o e:

e = 1 + + + + + + . . .
1

1

1

2 1

1

3 2 1

1

4 3 2 1

1

5 4 3 2 1         

You might wonder about the connection  between  this series and  the value o e.

[See the Theory o Knowledge page at the end  o th is  chapter or thoughts 

and  d iscussion  on  beauty in  mathematics. ]

   The graph of the exponential function f (x) =  ex is a graph of 

exponential growth and the graph of f (x) =  e  x is a graph  

of exponential decay.

x

y

0

(0,  1 )

f(x)  =  e 

x

1

   
x

y

0

(0,  1 )

y =  ex

1

Transformations of exponential functions

Now you know the general shape of the graph of an exponential 

function,  you can use the rules for transformations of graphs from 

Chapter 1  to help you sketch graphs of other exponential functions.

An  i rrational  number 

cannot be expressed  

exactly as a  raction  or 

a  decimal .

Jacob Bernoul l i  

(16541705) was 

one o the great 

mathematicians o 

the Swiss Bernoul l i  

ami ly.  When  he was 

looking at the problem  

o compound  interest, 

he tried  to  fnd  the 

l imit o 1
1+








n

n

 as n  

tends to infnity.  He 

used  the binomial  

theorem to show that 

the l imit had  to l ie  

between  2  and  3.  This 

is  considered  to be 

the frst approximation  

ound  or e.
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   f (x)   k translates f (x) through k  

units vertically up or down

 f (x   k) translates f (x) through k  

units horizontally to the left  

or right

f (x) reects f (x) in the x-axis

f (x) reects f (x) in the y-axis

pf (x) stretches f (x) vertically with  

scale factor p

f (qx) stretches f (x) horizontally  

with scale factor 




Example 8

The diagram shows the sketch of f (x) =  2
x

On the same axes sketch the graph of g (x) =  2
x2

2 2 x

y

013

2

4

6

8

31

Answer

2 2 x

y

013

2

4

6

8

3

(0,  1 )

4 51

(0,    )
1

4

You nd g (x) by translating  

f (x) through 2 units to the right.

The graph of g (x) will pass through 

the point 0,
1

4







 .

Both graphs get closer and closer to 

the x-axis as the value of x decreases.

y =  f(x)  +  2

y =  f(x)

y =  f(x +  2)

y =  f(x)

y =  f(x)
y =  f(x)

y =  f(x) y =  f(x)

y =  2f(x)

y =  f(x)

y =  f(2x)

y =  f(x)
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Exercise 4F

1 Given the graph of f (x),  and without using a calculator,  sketch  

the graph of g (x) on the same set of axes showing clearly any  

intercepts on the axes and any asymptotes.

a f (x) =  2x g (x) =  2x +  3  b  f (x) =  3x g (x) =  3 x

 

2 2 x

y

013

2

4

6

8

31
2

4

6

10

8

 

2 2 x

y

013

2

2

4

6

10

8

4

6

8

31

c  


  = 










  



  = 











 d  f (x) =  ex g (x) =  e x+1

 

2 2 x

y

013

2

2

4

6

10

8

4

6

8

31

 

2 2 x

y

013

2

2

4

6

10

8

4

6

8

31

e  


  = 










  



  = 










 f f x

x

( ) 





=

1

e
 g x

x

( ) 





=

1

e

2

  

2 2 x

y

013

2

2

4

6

10

8

4

6

8

31

 

2 2 x

y

013

2

2

4

6

8

10

4

6

8

31

2 State the domain and range of each g(x) function in question 1 .
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4.4 Properties of logarithms

Look at this equation:   23 =  8

2 is the base and 3  is the exponent or logarithm.

So we say that the logarithm  of 8 to the base 2 is 3  and write this  

as log
2 
8 =  3

In general,  given that a  >  0:

  If b =  ax then log
a  
b =  x

or,  if b is a to the power x,  then x is the logarithm of b,  to base a.

Being able to change between these two forms allows you to  

simplify log statements.

Example 9

Evaluate log
5
 125

Answer

x =  log
5
 1 25

5x  =  1 25

5x  =  53

x =  3

Write x = the log statement.

Change equation to exponent form.

Equate exponents.

Example 0

Evaluate log 
64
 4

Answer

x =  log
64
 4

64x  =  4

(43)x  =  41

3x =  1

x =  
1

3

Change equation to exponent form.

Write 64 as 4 3

Equate the exponents  

and solve for x.

Exercise 4G

1 Evaluate these expressions.

a 

  b  


  c  log

2
64 d  




2 Evaluate these expressions.

a log
3

1

81
 b 






  c  

  d  
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Example 

Evaluate log
4
 4

Answer

x =  log
4
 4

4x  =  4

x =  1

Write x = log statement.  

Change equation to exponent  

form.

Equate exponents (4 = 41).  

In general,  the log to base a  of any number a = 1 .

  log
a
 a  =  1

Example 2

Evaluate log
5
 1

Answer

x =  log
5
 1

5x  =  1

x =  0

Write equation in exponent form.

Any number raised to the power 0 is equal to 1  so the log of 1  in  

any base is 0.

  log
a
 1  =  0

Exercise 4H

1 Evaluate

a log
6
 6 b log

10
 1 0 c  log

n
 n

d log
8
 1  e  log

2
 1   f log

b
 1

Some log expressions are undened   this means that  

you cant nd solutions for them.

1 What happens when you try to evaluate the expression

 log
3
 (27)?

First write the log equation.

 x =  log
3
(27)

 Then rewrite the equation in exponent form.

 3
x
 =  27

 This equation has no solution.  

 You can only nd logarithms of positive  numbers.

  log
a  
b  is undened for any base a  if b is negative.
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2 What is the value of log
3
 0?

 First write an equation.

 x =  log
3
 0

 Rewrite in exponent form.

  3
x
 =  0

 This equation has no solution.  

  log
a
 0  is undened.

Example 1 3  illustrates another property of logarithms.

Example 3

Evaluate log
2
 25

Answer

x =  log
2
 25

2x  =  25

x =  5

Write log equation.

Rewrite in exponent form.

Solve.

  log
a
(an) =  n

Summary of properties of logarithms

Given that a  >  0

 If x =  ab  then log
a
 x =  b

 log
a
 a  =  1

 log
a
 1  =  0

 log
a
 b is undened if b  is negative

 log
a
 0 is undened

 log
a
 (an) =  n

Example 4

Find the value of x if log
2 
x =  5

Answer

log
2 
x =  5

25 =  x

x =  32

Rewrite in exponent form.  

Solve.

Exercise 4I

1 Write these equations in log form.

a x =  29 b x =  35  c x =  1 04 d  x =  ab

2 Write these equations in exponent form.

a x =  log
2
8 b x =  log

3
27  c x =  log

10
1000 d  x =  log

a
b
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3 Solve these equations.

a log
4
 x =  3  b log

3
 x =  4  c log

x
 64 =  2

d log
x
 6 =  




 e  log

2
 x =  5

4.5 Logarithmic functions

Investigation  inverse functions

What kind  of function  would  undo an  exponential  function   

such  as f x
x

:  2 ?

a Copy and  complete th is table of values for the function  y =  2
x

x 3 2 1 0 1 2 3

y
1

8

  The inverse  function  of y =  2x wi l l  take al l  the x- and   

y-values and  switch  them.   

b Copy and  complete th is table of values for the inverse  

function  of y =  2
x
.   

x
1

8

y 3

c Using these tables of values sketch  a  graph  of both  y =  2
x  

and  i ts inverse function  on  the same set of axes.

d What do you  notice?

f :  x    2x means that 

f is  a  function  under 

which  x i s  mapped   

to 2x.

Now lets nd the equation of the graph of the inverse function.

   To nd an inverse  of a function algebraically,  switch x and y 

and then rearrange to make y the subject.

To get the inverse function,  f 1,  of      :

Write y = 2
x

 x = 2
y
                  Switch  x and y 

log
2 
x =  ylog

2 
2          Take logs to the base 2 of both sides

so y =  log
2 
x             Since log

2 
2 =  1

So   


 

  Generally if      then   


  

y =  log
a  
x is the inverse of y =  ax.

f x
x

:  2  is  another 

way of writing y =  2
x

y is  the exponent that 

the base 2  is  raised  

by in  order to get x

Log is  short for 

logarithm.
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The graph of y =  log
a  
x is a reection of y =  ax  

in the line y =  x.

  A logarithmic function,  f ( x) =  log
a  
x,  has these properties:  

the domain is the set of all positive real numbers

the range is the set of all real numbers

the curve does not intercept the y-axis

the y-axis is a vertical asymptote

the x-intercept is 1

the graph is continually increasing.

Transformations of logarithmic functions

Again once you know the general shape of the graph of a  

logarithmic function you can use what you learnt in Chapter 1   

to consider the graphs of other logarithmic functions.

Exercise 4J

1 Given the function f ( x) =  log
a  
x describe  

the transformation required in each case  

to obtain the graph of g(x) 

a g ( x) =  log
a
 (x)   2

b g ( x) =  log
a
 (x   2) 

c g ( x) =  2log
a
 x 

EXAM-STYLE QUESTION

2 Sketch the graph of y =  2log(x   1 ) without using a calculator.  

  Include on your graph the intercepts with the two axes  

(if they exist).

3 Sketch the graph of y =  log
2
(x +  1 ) +  2 clearly labeling any 

asymptotes on the graph.

4 The sketch shows the graph of y =  log
a
 x.   

Find the value of a.

5 Given that f (x) =  log
3
 x nd f 1(2)

x

y

0

(0,1)

y =  a  
x

y =  x

y =  log a 
x

(1 ,0)

John  Napier (1550

1617) is  credited  with  

much  of the early 

work on  logarithms.  

Would  you  say that he 

invented  logarithms or 

discovered  them?

x

y

0
(1 ,  0)

y =  log a 
x

When  no base is  given  

the logarithms are 

base 10.  

x

y

0 (1 ,  0)

(27,  3)
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Logarithms to base 10

y =  log
10
 x is the inverse of y =  1 0x.  This is an important logarithm 

as it is one of the only ones that you can use the calculator to nd.  

Base 10 logs are called common logs and you can omit the base  

and just write log
 
x for log

10
 x.

There is a  log  key on the calculator.

Example 5

Use a calculator to evaluate log
 
2 to 3  dp.

Answer

log 2 =  0.301  to 3  dp.

1 . 1

log
1 0

(2 )

* Loga ri thm s

0 . 3 01 03

1 / 9 9

Natural logarithms

The natural  logarithm,  log
e
 x (log to the base e),  is the other  

important logarithm.  

You write ln x for log
e
 x.  There is an ln  key on the calculator

Example 6

Use a calculator to evaluate 
ln4

ln2
 

Answer

ln 4

ln 2
2=

1 . 1 * Loga ri thm s

2 .

1 / 9 9

I n (4 )

I n (2 )

Exercise 4K

1 Use a calculator to evaluate these expressions correct  

to 3  signicant gures.

a log 3  b  4log 2 c  ln 

d 







 e  








 f log 





g (log 3)2 h  log 32

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

Make sure you  close 

the brackets after 

the 4 otherwise 

the calculator wi l l  

calculate ln
4

2In
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   y =  ln x is the inverse of the  

exponential function y =  ex

0 x

y

(0,  1 )

y =  e 
x

y =  x

y =  In  x

(1 ,  0)

This relation gives us three important results:

  log
a
(ax) =  x and aloga x =  x

ln(e  x) =  x and e  lnx =  x

log
 
(10 x) =  x and (10log x) =  x

Example 17

Solve these equations,  giving your answers to 3  signicant gures.

a e x  =  2.3  b  ln x =  1 .5  c  10 x  =  0.75  d  log x =  3

Answers

a e x  =  2.3

 ln(e x) =  ln2.3

 x =  0.833(3  sf)

b ln x =  1 .5

 e lnx  =  e 1 .5

 x =  0.223(3  sf)

Write in natural log form.

Use ln (e x)  = x and evaluate.

Use (e lnx)  = x and evaluate.

Use log(10 x)  = x and evaluate.

Use 10 log  x = x and evaluate.

c 10 x  =  0.75

 log(10x) =  log 0.75

 x =  0.125(3  sf)

d  log x =  3

 10log x  =  1 03

 x =  1 000

Example 18

Given that f (x) =  
1

3
 e2x,  nd f  1(x).

Answer

f (x) =  
1

3
e2x

y =  
1

3
e2x

x =  
1

3
e2y Interchange x and y.

{  Continued  on  next page
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3x =  e2y

ln(3x) =  ln e2y

ln(3x) =  2y
1

2
 ln(3x) =  y

So f 1(x) =  
1

2
 ln(3x),  x >  0

Use ln(ex) =  x.

Solve for y.

Exercise 4L

1 Solve these equations giving answers to 3  sf where necessary.

a ex =  1 .53  b  ex =  0.003 c  ex =  1

d ex =  



 e  5ex =  0.15

2 Solve these equations giving answers to 3  sf where necessary.

a 10x =  2.33  b  1 0x =  0.6 c  1 0x =  1  d  1 0x =  




3 Find x if 

a log x =  2 b  log x =  1  c  log x =  0 d  log x =  5.1

4 Without using a calculator evaluate these expressions.

a 5
log 1 25  b  5lo g 4

5  c     d  eln4

5 Without using a calculator evaluate these expressions.

a ln e5 b  log 1 00 c  ln1  d  ln e e  ln 




EXAM-STYLE QUESTIONS

6 Given that f (x) =  e2x1  nd f 1  (x) and state its domain.

7 Given that f (x) =  e0.25x,  2  x   4,  state the domain and  

range of f 1

8 Given that f (x) =  ln 3x,  x >  0,  nd f 1(x).

9 Given that f (x) =  ln(x   1 ),  x >  1 ,  and g(x) =  2ex nd (g   f )(x)

. Laws of logarithms

We can deduce the laws of logarithms from the exponential  

equations,  x =  a p  and y =  a q.

  


=  and  


=

then  


=   and  


= 

and    
   

=  =
+

so 

  = +

and hence   
  
  = +
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This equation is true for logarithms in any base so

   log x + log  y = log xy

      



  

   
=  =



                  so 





 = 

     and hence   
  




 = 

  log x  log  y = log
x

y

                           
   
= = 

                 so 



 =

    and hence  





  =

  n  log x = log  x n

We can also derive this key result from the third law.

  



  
         

  


 =1 

All these laws are true for logarithms in any base and so the bases  

can be omitted.  You must learn these laws as they are not in the  

Formula booklet.

Example 19

Express log 5 +  log 36 log 10
2 2 2

1

2
  as a single logarithm.

Answer

log 5 +  log 36  log 10

= log 5 + log 36   log 10

= log 5 

2 2 2

2 2

1

2
2

2

1

2




++ log 6  log 10

= log 30  log 10

= log 3 

2 2

2 2

2





 =

 +   =  

=    

n

a a
n log x  log x

log x log y log xy

x
log x log y

y


Notice that  

log xy   log x   log y 

and  that log
log

log

x

y

x

y
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Exercise 4M

1 Express as single logarithms:

a        b  log 24  log 2 c  2log 8  4log 2

d 



   e  3log x  2log y f log x  log y  log z

g            +  

2 Express as single logarithms:

a     
 
  


   b  

 
   

 
  




      

c     
 
    

  d  2ln3   ln18

e 3ln2  2 f 
  




      

3 Find the value of each expression (each answer is an integer).

a     
 
   b  log

2
 24  log

2
3 c       

 

d     
 
   e   




      

Example 0

Given that a  =  log
5
 x,  b =  log

5
 y and c =  log

5
 z,

write log5 2 3

x

y z









  in terms of a,  b  and c.

Answer

log = log log

  = log (log + log

5 2 3 5 5

2 3

5

1

2
5

2

5

x

y z
x y z

x y z









 

  
33

5 5 5

)

 = log 2log 3log

= 2 3

1

2

1

2

x y z

a b c

 

 

Exercise 4N 

EXAM-STYLE QUESTION

1 Given that p  =  log
2 
a  and q =  log

2 
b,  nd an expression in terms  

of p  and/or q for:

a log
2
ab b  log

2
a3 c  





d 


  e  
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2 Let x = log P,  y =  log Q and z =  log R.  

 Express 


















  in terms of x,  y and z.

3 Write these expressions in the form a + blog x  

where a  and b  are integers.

a log10x b  



 c     d  



 

EXAM-STYLE QUESTIONS

4 Given that 









 write y in the form y =  pa  +  q

 where p and q are integers to be found.  

5 Write 
 







 in the form a  +  blog

3
 x where a  and b  are 

integers.    

6 Show that e  xln2  = 2  
x

Notice that question 6 in Exercise 4 N demonstrates the general 

result

ax =  exlna

Change of base

Sometimes you need to change the base of a logarithm and 

there is a formula that enables you to do this.

Suppose y =  log
b
 a  and you want to change the log to base c.

If y =  log
b
 a  then a  =  by.

Start with a  =  by.

Take logs to base c of both sides:

 log
c
 a = log

c
 by

 log
c
 a = ylog

c
 b

  






= 



But = log soy a
b

  Change of base formula:

 













=

You can use this formula to evaluate a logarithm or to change  

a logarithm to any base.

This formula  is  useful  

as most calcu lators 

only give logs to base 

10 or e.
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Example 

Use the change of base formula to evaluate log 
4
9 to 3   

signicant gures.

Answer

log 9 =

          = 1 .58 (3 sf)

4

log9

log4
Change the log to base 10.

Use calculator to evaluate

answer.

Example 

log
x
 3  =  a  and log

x
 6 =  b.

Find log
3
 6 in terms of a  and b.

Answer

log 6
3

=
log 6

log 3

         =

x

x

b

a

Use the change of base formula.

Exercise 4O

1 Use the change of base formula to evaluate these expressions  

to 3  signicant gures.

a log
2
7 b  













  c  log

3
(0.7)

d log
7
e e  log

3
77

2 Given that log
3
 x =  y,  express log 

9
 x in terms of y.

EXAM-STYLE QUESTION

3 If log
a
 2 =  x and log

a
 6 =  y,  nd in terms of x and y:

a log
2
 6 b  log

6
 2 c  log

2
 36

d log
a
 24 e  log

6
 12 f log

2
 3

4 Use your GDC to sketch these graphs.

a y =  log
4
 x b  y =  2log

5
 x

5 Given that log
4
 a  =  b  express y in terms of b.

a y =  log
4
 a2  b  y =  log

16
 a

c  =  


  d   =  

 

For base 10 logs, the 

10 is  omitted.
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4.7 Exponential and logarithmic equations

Solving exponential equations

You can use logarithms to solve exponential equations.   

In Section 4.2 you solved exponential equations where the base  

numbers were the same or could be made the same.  In this section  

you will learn how to solve equations where the base numbers  

are different.

Example 23

Solve 5
x
 =  9

Answer

5
x
 =  9

log 5
x
 =  log 9

x log 5  =  log 9

x =
log9

log5

x =  1 .3652

x =  1 .37 (3  sf)

Take logs of both sides.

Now bring down the exponent.  

Rearrange the equation.

Check whether the question requires 

an exact answer

Example 24

Solve 6x  =  3
x + 1

 giving your answer in the form 
ln

ln

a

b
 

where a  and b  are integers.

Answer

6x  =  3x + 1

            

           

           

ln ln

ln ( ) ln

6 3

6 1 3

1x x

x x

=

= +

+

xx x

x x

x

ln ln ln

ln ln ln

(ln ln ) ln

6 3 3

6 3 3

6 3 3

= +

 =

 = 

                  

                 

x

x

=

=



ln

(ln ln )

ln

ln

3

6 3

3

2

Take natural logs of both sides.

Bring down the exponents.

Multiply out brackets.

Collect x-terms together.

Factorize and divide.

lna lnb ln
a

b
 =

Choose base 10 or 

natural  logs so that 

you  can  use your GDC.
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Example 5

Solve e3x  =  51x,  giving an exact answer.

Answer

e3x  =  51   x

ln e3x  =  ln 51   x

3x =  (1 x) ln 5

3x =  ln 5   x ln 5

3x +  x ln 5  =  ln 5

x (3  +  ln 5) =  ln 5

x =
ln5

(3 + ln5)

Use natural logs since ln e x = x

Bring down the exponents.

Multiply out brackets.

Collect x-terms together.

Factorize and divide.

Exercise 4P

1 Solve these equations to nd the value of x to 3  signicant gures.

a 2
x
 =  5  b  3

x 
 =  50 c  5

x
 =  1 7 d 7

x+1
 =  1 6

e 
 

 
 

 

 



 f 2
2x1

 =  3.2   103 g  ex =  6 h 



  = 

EXAM-STYLE QUESTION

2 Solve these equations to nd the value of x to 3  signicant gures.

a 2
x+2

 =  5
x 3

 b  32x  =  42x 5 c    



= +  d 7
x
 =  (0.5)x 1

e e3x 1  =  3x f 4e3x 2 =  244 g  35e
0.001x =  95

Example 6

Solve 3    6
x 1

 =  2   3x+2,  giving your answer in the form x
a

b
=

ln

ln
,  

where a,  b   

Answer

ln (3    6
x   1 )  =  ln (2   3x +  2)

ln 3  +  ln (6x  1) =  ln 2 +  ln(3
x +  2)

ln 3  +  (x  1 ) ln 6 =  ln 2 +  (x +  2)ln 3

ln 3  +  x ln 6  ln 6 =  ln 2 +  x ln 3  +  2ln 3

x ln 6  xln 3  =  ln 2 +  2ln 3  +  ln 6  ln 3

x(ln 6  ln 3) =  ln 2 +  ln 9 +  ln 6  ln 3

  x = =

ln
108

3

ln
6

3

ln36

ln2

















Take natural logs  

of both sides.

Collect x-terms  

and factorize.

You cant simplify this any 

further 
ln

ln
ln

a a

b b


Leave your answer

in  log form  since 

an  exact answer is  

required.
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Exercise 4Q

EXAM-STYLE QUESTIONS

1 Solve these equations to nd the value of x to 3  signicant gures.

a   

=  b  4   3

x
 =  5

2x  1   c  3    2x =  4   5x

d 5   2
x  1

 =  3    72x e  3
x
4

x   1
 =  2   7

x +  2

2 Solve these equations to nd the value of x in the  

form 



=




,  where a,  b    

a 2
x +  2

 =  5
x  3

 b  5    3
x
 =  8   7

x

c 5   3x +  1  =  2   63  2x d  (6
x
)(2

x  1
)  =  2(4

x +  2
)

3 Solve for x

 a     



 
 =  b  4

x
  3(2

x
) =  0

Solving logarithmic equations

Some logarithmic equations can be solved by ensuring that both  

sides of the equation contain logarithms written to the same base.   

Then you can equate the arguments.

Example 7

Solve log ( ) log ( )
a a
x x2 3 4= +

Answer

log
a
(x 2) =  log

a
(3x +  4)

x2 =  3x +  4

x2   3x   4 =  0

(x   4)(x +  1 ) =  0

x =  4 or x =  1

Equate the arguments.

Solve the quadratic.

You must check that both solutions are possible.

Remember you cannot nd the logarithm of a negative number.  

Substituting x =  4 and x =  1  into both sides of the original equation  

gives the log of a positive number so here both solutions are possible.

Example 8

Solve ln( ) ln ln( )12 5 = + x x x  

Answer

ln(12   x) =  ln x +  ln(x   5)

ln(12   x) =  ln x (x   5)

ln(12   x) =  ln(x 2   5x)

12   x =  x 2   5x

x2   4 x   1 2 =  0

(x   6)(x +  2) =  0

x =  6 or x =  2

Equate arguments.

Solve the quadratic.

The argument is  the 

expression  inside the 

brackets.

{  Continued  on  next page
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When x =  6 

ln x and ln(x   5) are positive.  

When x =  2 

ln x and ln(x   5) are negative 

so x =  6 is the only solution.

Check solutions.

Exercise 4R

EXAM-STYLE QUESTION

1 Solve these equations for x.

a      
 

  =   b      + =  

c   
 

        d            
     + +  = +

e       
  

     = +

Sometimes it is easier to solve a log equation using exponents.

Example 29

Solve log
5
(x   2) =  3  

Answer

log
5
 (2x  1 ) =  3

53 =  2x  1

125 =  2x  1

2x =  1 26

x =  63

Since log
a
x = b   x = ab

Example 30

Solve log
2
 x +  log

2
(x   2) =  3

Answer

log log ( )

log [ ( )]

log (

2 2

2

2

2

2

2

2

x x

x x

x

+  =

 =



3

         3

         xx

x x

x

) =

 =

3

                      

                  

2 32 2

22

2

2 8

2 8 0

2 4 0

 =

  =

+  =

x

x x

x x

             

             ( )( )

                  or 

              is  the only s

x x

x

=  =

=

2 4

4 oolution

Using the rst law on page 123.

Since log
a
 x = b   x = a b

x must be positive.

Exponential and logarithmic functions130



Exercise 4S

1 Solve these equations for x.

a log
9
(x   2) =  2 b  log

3
(2x   1 ) =  3  c    



  =

2 Solve these equations for x.

a    
 

   + =  b  log
2
(4x   8)  log

2
(x   5) =  4

c log
7
(2x   3)  log

7
(4x   5) =  0

EXAM-STYLE QUESTIONS

3 Given that       
 x x A + + =

 nd an expression for A  in terms of x.  

 Hence or otherwise solve log
2
 x +  log

2
(2x +  7) =  2

4 Solve  
 


 + =

5 Solve  





 + =

.8  Applications of exponential and  
logarithmic functions

Exponential growth and decay

Models of exponential growth and decay use  

exponential functions.

You  wi l l  need  to  

change the base here 

frst.

Extension material on CD: 

Worksheet 4  -  Reduction  to  

linear form

Two areas o mathematics 

that appear to be completely 

d isconnected  might be exponentials  

and  probabi l i ty.  

But consider th is  problem

A group o people go to lunch  and  

aterwards pick up their hats at 

random.  What is  the probabi l i ty that 

no one gets their own  hat?

It can be shown that this probabil ity 

is 
1

e
.  

(You  might l ike to explore this once 

you have studied  probabil ity urther.)

Can  you  th ink o any other areas 

o knowledge that are surprisingly 

connected?

Here are just a  ew appl ications o exponential  growth   

and  decay models.  

Biology

  Growth  o micro-organisms in  a  cu l ture

  Human  population

  Spread  o a  virus

Physics

  Nuclear chain  reactions

  Heat transer

Economics

  Pyramid  schemes

Computer technology

   Processing power o  

computers

  I nternet trafc growth

 You  may wish  to 

pick one o these 

as the basis o 

your Mathematical  

Exploration.
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Exponential growth

Example 31

The population,  A(t ),  in thousands,  of a city is  modeled  

by the function A(t )  =  30e (0.02)t  where t is  the number  

of years after 2010.  Use this model to answer these  

questions:

a  What was the population of the city in 2010?

b  By what percentage is the population of the city increasing  

each year?

c  What will the population of the city be in 2020?

d  When will the citys population be 60 000?

Answers

a  A(0) =  30e0

 =  30

The population in 2010 was 

30 000.

b  A(1 ) =  30e(0.02)

 30

30

0 02

0 02

1 0202

e
e

            

( . )

( . )

. . . .

=

=

The population is increasing 

at 2.02% each year.

c A( )

. . . .

( . )1 0 30

36 642

0 02 1 0
=

=

e

       

In 2020 the population will be 

36 642

t is the number of years after  2010,  

so for 2010,  t = 0

Write an equation for the population 

one year after 2010.

Calculate the multiplying factor.

In 2020,  t = 10

d  e

   e

e

    

60 30

2

2

2 0 02

0 02

0 02

0 02

=

=

=

=

=

( . )

( . )

( . )ln ln

ln .

ln

t

t

t

t

t
22

0 02

34 657

.

. . . .    t =

The population will be 60 000 

after 34.65 years,  that is,  

during 2044.

When population is 60 000,   

A(t) = 60

Take logarithmics of each side.

Bring down the exponent.

Solve for t.
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Exponential decay

Example 3

A casserole is removed from the oven and cools according to the model 

with equation T (t) =  85e0.1 t,  where t is the time in minutes and T is 

the temperature in C.

a  What is the temperature of the casserole when it is removed from 

the oven?

b  If the temperature of the room is 25 C,  how long will it take for 

the casserole to reach room temperature?

Answers

a  T (0) =  85e0

 =  85

  The temperature of the 

casserole is 85 C

b 85 25

0 1

0 1

0 1

0 1

25

85

5

1 7

5

1 7

e  

   e =  =  

ln  e =  ln

  =  l









.

.

.

.

t

t

t

t

=

nn

           =  

         =  1 2 . 2  (3  sf)

5

1 7

1 22377 . . . .

t

The casserole will reach room 

temperature after 12.2 min.

When the casserole is removed from 

the oven,  t = 0 

T = 25 if the temperature of the 

room is 25 C.

Take logarithms of both sides.

Solve for t.

Exercise 4T

1 The sum of 450 is invested at 3.2% interest,  compounded  

annually.

a Write down a formula for the value of the investment  

after n  years.

b After how many years will the value rst exceed 600?

2 In the early stages of a measles epidemic there were 1 00  

infected people and each day the number rose by 10%.

a How many people were infected

 i  after 2 days ii  after a week?

b How long would it take for 250 people to be infected?
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3 Forest res spread exponentially.  Every hour that the  

re is left to burn unchecked 15% of the remaining  

area is burnt.  

  If 1 0 hectares are burnt and the re becomes out of control  

how long will it take until 1 0 000 hectares are burning?

4 Joseph did a parachute jump for charity.  After jumping out of the  

aircraft his velocity at time t seconds after his parachute opened  

was v m s1  where

 v = 9 +  29e0.063t

a Sketch the graph of v against t.

b What was Josephs speed at the instant the parachute  

opened?

c What was his lowest possible speed if he fell from a very  

great height?

d If he actually landed after 45 seconds what was his speed  

on landing?

e How long did it take him to reach half the speed he had  

when the parachute opened?

5 Two variables x and n  are connected by the formula x =  a    nb  

  When n  =  2,  x =  32 and when n  =  3,  x =  1 08.  Find the values  

of a  and b.

The American  geologist Charles Richter defned  the magnitude o an  

earthquake to be

 
M

I

S
= log

where M  i s  the  magnitude (as  a  decimal ),  I  i s  the  intensity o the 

earthquake (measured  by the  ampl i tude o a  seismograph  reading in  mm 

taken  100 km  rom  the epicenter o the  earthquake)  and  S  i s  the  intensity 

o a   standard  earthquake.  The intensity o a  standard  earthquake (S)  is  

0.001 mi l l imetres.   

Explore the Richter Scale urther.

Review exercise

1 Evaluate log
5
 287

2 Solve these equations.

a 3
2x+3

 =  90 b  5
x1
 =  3

3x
 c  2   3

2x
 =  5

x

Severity Richter  

Scale

Mild 04.3

Moderate 4.34.8

Intermediate 4.86.2

Severe 6.27.3

Catastrophic 7.3+
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3 Solve these equations.

a     +  =    

b log
5
(x +  6)  log

5
(x +  2) =  log

5
 x

c ln (4x  7) =  2 

d Solve   






 ( ) =
e Solve  


 


=

EXAM-STYLE QUESTIONS

4 The functions f and g are dened as

 f (x) =  e2x for all real x

   ( ) = 


  for x > 0

a State the ranges of f (x) and g (x).

b Explain why both functions have inverses.  

 Find expressions for the inverse functions f- 1  (x) and g1  (x).

c Find an expression for ( f  g)(x) and ( g  f )(x)

d Solve the equation ( f  g)(x) =  ( g  f )(x)

5 The number,  n,  of insects in a colony,  is given by n  =  4000e0.08t

 where t is the number of days after observation commences.

a Find the population of the colony after 50 days.

b How long does it take the population to double from when  

the observations commenced?

Review exercise

1 Solve 
 











+

= 







2 Find the exact value x satisfying the equation         + +=

 Give your answer in the form 







 

where a,  b   

3 Find the exact value of   
  




  + 



 

EXAM-STYLE QUESTION

4 Write    




    +   as a single logarithm.

5 Solve 

a 


   ( ) =  b   
+ ( ) =

 

c    

  =  d       


  



  +  =

EXAM-STYLE QUESTION

6 If m  =  log
x
4  and n  =  log

x
8,  nd expressions in terms of m  and n  for 

a log
4
8 b  log

x
2 c  log

x
16 d  log

8
32
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CHAPTER 4 SUMMARY

Exponents

Laws of exponents
   

   

 =
+

   
   

 =


   
  

=

 
 

  
 



     






      


    
    

 








=


Exponential functions
 An  exponential function  is a function of the form   

f (x) =  a x where a is  a positive real number (that is, a  >  0)  and a    1 .
 The domain  of the exponential function is the set of all real numbers.

 The range  is the set of all positive real numbers.

  The graph of the exponential function f (x) =  ex is a graph  

of exponential growth and the graph of f  (x) =  e x is a graph  

of exponential decay.

x

y

0

(0,  1 )

f(x)  =  e 

x

1

   
x

y

0

(0,  1 )

y =  ex

1

7 The function f is dened for all real values of x by f (x) =  e3(x1) +  2

  Describe a series of transformations whereby the graph of  

y =  f (x) can be obtained from the graph of y =  ex

EXAM-STYLE QUESTIONS

8 Find the inverse function f 1(x) if

a f (x) =  3e2x b  f (x) =  103x c  f (x) =  log
2
 (4x)

9 Solve these simultaneous equations for a  and b,  given that  

a  and b  are positive real numbers.

 log
a
64  + log

a
b = 8 log

ba
 =  1

2

 Continued  on  next page
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Logarithms

Properties of logarithms
 If 


   then 


 

 

 = 

 

 =

 
b is undened for any base a  if b  is negative

 

  is undened

   


 =

Logarithmic functions
  To nd an inverse  of a function algebraically,  switch x and y  

and then rearrange to make y the subject.

  Generally if      then   


     

y =  log
a  
x is the inverse of y =  ax.

 y =  ln x is the inverse of the exponential function y =  ex

x

y

0

(0,  1 )

y =  e  
x

y =  x

y =  In  x

(1 ,  0)

 log
a
(ax) =  x and aloga x =  x

 ln(e x) =  x and e  lnx =  x

 log (10 x) =  x and (10log x) =  x

Laws of logarithms
        =

    



 =

    
=

  


  



Change of base formula

 













=
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138 Theory of knowledge:  The beauty of mathematics

The beauty of mathematics

Theory of knowledge

The greatest mathematics has the simplicity and inevitableness of supreme poetry and 

music,  standing on the borderland of all that is wonderful in science,  and all that is 

beautiful in art. 

Herbert Westren Turnbull (18851961)   

The Great Mathematicians,  1929

Beautiful and simple solutions

Have you ever solved a problem in mathematics and been 

pleased with your solution? 

Was it just because it was correct,  or was it because your 

solution was efcient,  stylish,  even beautiful?

Look at these two solutions to the problem:

  Which solution is better?

They both give us the same right answer and yet somehow 

the second solution seems better.  Its more elegant and 

insightful than the rst one.

Expand and simplify (x + y + z)(x  y  z)

Solution 1

(x + y + z)(x  y  z)

=  x  xy  xz +  xy   y  yz +  xz  yz  z

=  x  2yz  y  z

= x  (y +  2yz + z)

=  x  (y + z)

Solution 2

(x + y + z)(x  y  z)

=  (x +  (y +  z))(x  (y +  z))

=  x  (y +  z)

Pure 

mathematics 

 is,  in its way,   

the poetry of 

logical ideas. 

Albert Einstein 

(18791955)
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Simple,  beautiful equations that model the world

The essence of mathematics is not to make simple things complicated,   

but to make complicated things simple. 

Stan Gudder,  Professor of mathematics,  University of Denver

 Boyle's Law explains why bubbles increase in  size as they rise to the surface.

Isnt it startling that the universe can be described 

using mathematical equations such as these? 

These equations have helped to put man on the 

moon and bring him back,  develop wireless 

internet and understand the workings of the 

human body.

  These are just ve equations  which is your 

favorite?

  Is it possible that mathematics and science will 

one day discover the ultimate theory of 

everything:  

  A theory that fully explains and links 

together all known physical phenomena?

  A theory that has predictive power for the 

outcome of any experiment that could be 

carried out?

Now wouldnt that be wonderful?

Here are some famous  equations

Einsteins  equation:  E =  mc2                 

Newtons  second law:  F =  ma  

Boyles  law:  V =  
k  

p
 

Schrdingers  equation:  H  =  E

Newton' s  law  of universal gravitation:  F =  G
m1 m2

 

r
2

  



Rational 

functions

CHAPTER OBJECTIVES:

2.5  The reciprocal  function  x
x


1
,  x   0,  i ts graph  and  self-inverse nature 

 The rational  function  x
ax b

cx d


+

+

 and  i ts  graph

 Vertical  and  horizontal  asymptotes

 Applying rational  functions to real -l i fe situations

You should  know how to:  

1 Expand polynomials.

 e.g.  Multiply the polynomials 

 2(3x  1 ) and 3x (x2 +  1 ):

 2(3x  1 ) =  6x + 2

 3x (x2 +  1 ) =  3x3 +  3x

2 Graph horizontal  

and vertical lines.

  e.g.  Graph the lines  

y =  x,  y =  x,  x =  2,   

x =  1 ,  y =  3  and  

y =  2 on the same  

graph.

3 Recognize and describe  

a translation.

  e.g.  Find the translations  

that map y =  x2 onto  

A  and B.

  A  is a horizontal shift  

of 2 units to the right.   

Function A  is y = (x  2)2.

  B is a vertical shift of 3   

units up.  Function  

B is y =  x2 +  3.

y

0 x
123 1 2 3

4

2

2

4

y =  x
y =  x

y =  3

y =  2x =  1

x =  2

y

0 x
24 2

A

B
y =  x2

4 6

4

6

8

10

12

2

Skills check

1 Expand the polynomials.

a 4(2x  5) b  6(2x  3)

c x (x2 +  7) d  x2(x + 3)2

e x (x  3)(x + 8)

2 Draw these lines on one graph.  

 x = 0,  y = 0,   

 x = 3,  x = 2,   

 y = 3,  y = 4

3 Describe the  

transformations  

that map

  y =  x3  onto functions  

A  and B and write  

down the equations  

of A  and B.

y

0 x1 1

A

By =  x3

2 3 4 5

4

6

8

2

2

4

6

8

5

Before you start
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If you have an MP3 player,  do you know how many songs,  albums,   

sounds and so on can you t on it? The answer depends on the  

quality of the recording setting and the length of the song.  However,   

a rough idea is that a 4GB MP3 player will hold 1 36 hours or  

8160 minutes of music.  Thats approximately 

2000 songs of 4 minutes 

or 1000 songs of 8 minutes 

or 4000 songs of 2 minutes.

This leads us to the function 


=


 where s is the number of  

songs and m  is the number of minutes that a song lasts.

This function is an example of the reciprocal function,   



  = .   

In this chapter,  you will use a GDC to explore the graphs of  

reciprocal functions and other rational functions that can be 

expressed in the form  
 

 
  =

+

+

.  You will examine horizontal 

and vertical asymptotes for the graphs of these functions and the 

domain and ranges of the functions.
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  The reciprocal  of a number is 1  divided by that number.

For example,  the reciprocal of 2 is 

 

Taking the reciprocal of a fraction turns it upside down.  

For example,  the reciprocal of 



 is 1    




 =  1    




 =  





The reciprocal of 



 

 


 .  The reciprocal of 




 is 




 or 4.

  A number multiplied by its reciprocal equals 1 .

 For example 3    



 =  1

Example 1

Find the reciprocal of 2 
1

2

Answer

2 
1

2
 =  

5

2

Reciprocal of 
5
 =  

2

5

Write as an improper fraction.

Turn it upside down.

You can nd reciprocals of algebraic terms too.

  The  reciprocal  of x is 



 or x 1  and x 1    x =1

Zero does not have 

a  reciprocal  as 
1

0
 is  

undefned.  What does 

your GDC show or  

1    0?

Check:  
5

2

2

5
1 =

The reciprocal  o a  

number or a  variable  

is  a lso cal led  i ts 

multipl icative inverse.

5.1  Reciprocals

Investigation  graphing product pairs

Think o pairs o numbers whose product is  24.

E.g.  24  1, 12   2, 8  3, 3   8.  Copy the table  

and  add  some more pairs o numbers.

x 24 12 8 3

y 1 2 3 8

Show your pairs as coordinates on  a  graph  with  0   x   24  

and  0   y   24.

Now try the same idea  with  negatives, e.g.  12   2   

and  graph  these too.

Explain  what you  notice about 

 the value o x  as  y gets bigger

 the value o y as  x  gets bigger

 the end  behavior o your graph.  

End behavior  is  

the appearance o a  

graph  as i t is  ol lowed  

urther and  urther in  

either d irection.

Geometrical  quantities 

in  inverse proportion  

were described  as 

reciprocali in  a  1570 

translation  o Eucl id s  

Elements rom 300 BCE.
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Exercise 5A

1 Find the reciprocals.

a 2 b  3  c  3  d  1

e 



 f 




 g  




 h  3





2 Find the reciprocals.  

a 6.5 b  x c  y d  3x e  4y

f 





 g  






 h 




 i  




 j  





+







3 Multiply each quantity by its reciprocal.  Show your working.

a 6 b  



  c  









4 a  What is the reciprocal of the reciprocal of 4?

b What is the reciprocal of the reciprocal of x?

5 For the function xy =  24

a Find y when x is   i  48     ii  480     iii  4800     iv  48 000

b What happens to the value of y when x gets larger?

c Will y ever reach zero? Explain.

d Find x when y is    i  48    ii  480    iii  4800    iv  48 000

e What happens to the value of x when y gets larger?

f Will x ever reach zero? Explain.

. The reciprocal function

The reciprocal  function  is 

f (x) =  
k

x
 

where k is a constant.

Graphs of reciprocal functions all have similar shapes.  

The term reciprocal  

was in  common  use 

at least as ar back 

as the th ird  edition  

o Encyclopaedia  

Britannica  (1797)  to 

describe two numbers 

whose product is  1.

This is  the unction  

you  used  in  the 

Investigation  on   

page 142.

Investigation  graphs of reciprocal functions 
Use your GDC to draw al l  the graphs in  th is investigation.

1 Draw a  graph  o a x
x

( ) =
1
  b g x

x
( ) =

2
  c  h x

x
( ) =

3
 

 What is  the eect o changing the value o the numerator?

2 Draw a  graph  o a x
x

( ) =
1

  b  g x
x

( ) =
2

  c  h x
x

( ) =
3

 What is  the eect o changing the sign  o the numerator?

3 a  Copy and  complete th is table or f x
x

( ) =
4

x 0.25 0.4 0.5 1 2 4 8 10 16

f (x)

 b What do you  notice about the values o x and  f (x)  in  the table?

 c Draw the graph  o the unction.  d  Draw the l ine y =  x on  the same graph.

 e Refect f x
x

( ) =
4
 in  the l ine y =  x.  f What do you  notice?

 g What does th is tel l  you  about the inverse unction  f 1?
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Asymptotes

The graphs of the functions f (x),  g(x) and h(x) in the Investigation 

on page 143 all consist of two curves.  The curves get closer and 

closer to the axes but never actually touch or cross them.

The axes are asymptotes to the graph.

   If a curve gets continually closer to a straight line but  

never meets it,  the straight line is called an asymptote.

y = b is an asymptote to the function y = f (x)

As x , ( ) f x b

The symbol means approaches.

   The graph of any reciprocal function of the form y
k

x
=  has a 

vertical asymptote x =  0 and a horizontal asymptote y =  0

The graph of a reciprocal function is called a hyperbola.

    The x-axis is the horizontal  

asymptote.

    The y-axis is the vertical  

asymptote.

    Both the domain and range  

are all the real numbers  

except zero.

    The two separate parts of  

the graph are reections of  

each other in y = x

    y =  x and y =  x are lines of  

symmetry for this function.  

In Chapter 1  you saw that to draw the inverse function of f (x),   

you reect its graph in the line y =  x.  If you reect f (x) =  



  

in the line y =  x you get the same graph as for f (x).

   The reciprocal function is a self-inverse function.  

The equation of the function in the Investigation on page 142 is  

xy =  24.  It can be written as 


=


 and is a reciprocal function.   

It has a graph similar to the one shown above.

The horizontal  l ine 

y =  b  i s  a  horizontal  

asymptote of the 

graph  of y =  f(x).

The word  asymptote  

is  derived  from the 

Greek asymptotos,  

which  means not 

fal l ing together .

y =  f (x)

y = b

The reciprocal  function  

has many appl ications 

in  computer science 

algorithms, particularly 

those related to 

number theory.  You  

may wish  to investigate 

these further.

y

0 x246 2

y = x 

y = x 

4 6

4

6

2

2

4

6

y =  0, the x-axis, 

is an  asymptote.

x =  0, the y-axis,

is an  asymptote
y =

k

x 

The reciprocal 

function, f(x)  = 
1

x

, is  

one of the simplest 

examples of a  function  

that is self-inverse.  
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The design  of the Yas Hotel  in  Abu  Dhabi  (designed  by  

Asymptote Architecture)  is  based  on  mathematical  models.   

I t a lso has a  Formula  1  racetrack running through  the center  

of the hotel !

Example 2

For each function:

   write down the equations of the vertical and horizontal  

asymptotes

  sketch the graph

  state the domain and range.

a y
x

=
9  b  y

x
= +
9

2

Answers

a  Asymptotes are x =  0 and y =  0

 

y

0 x
246 2 4 6

10

15

20

5

5

10

15

20

  Domain x   ,  x   0,   

range y   ,  y   0

b  Asymptotes are x =  0 and y =  2

 

y

0 x
10203040 10 20 30 40

4

6

2

2

4

6

  Domain x   ,  x   0,   

range y   ,  y   2

The graph of f (x) + 2  

is the same as the graph of  

f (x) but shifted 2 units in  

the y-direction.  
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Exercise 5B 

1 Draw these on separate graphs.

a 


=

 b 


=


 c xy =  8

2 On the same graph show  
 

= =
 

   

3 a  Sketch the graph of  


  =  and write down its asymptotes.  

b Sketch the graph of  


  = +


  and write down its 

asymptotes.

4 Identify the horizontal and vertical asymptotes of these functions 

and then state their domain and range.

a 


=


 b  


= +


  c  


= 




5 The Corryvreckan,  the third largest whirlpool in the  

world,  is between the islands of Jura and Scarba off  

the coast of Scotland.  Flood tides and inow from the  

west and the roar of the resulting maelstrom can be  

heard 16 km away.

  The speed of the surrounding water increases as you  

approach the center and is modeled by 


=


 where s is  

the speed of the water in m s1  and d is the distance from  

the center in metres.

a Use your GDC to sketch the function with 0   d   50  

and 0   s   200.

b At what distance is the speed 10 m s1?

c What is the speed of the water 100 m from the center?

6 The force (F ) required to raise an object of mass 1 500 kg is 

modeled by 


=


 where l is the length of the lever in metres 

and the force is measured in newtons.

a Sketch the graph with         

b How much force would you need to apply if you had a 2 m 

lever?

c How long would the lever need to be if you could manage a 

force of  i  1 000 N  ii  2000 N  iii  3000 N?

You  need  to be able  

to do questions 3b  

and  4b  and  c  both  

analytical ly (using 

algebra  and  by 

sketching and using 

transformations)  and  

using your GDC.

I t may help to  draw 

the graphs.

N  is  the symbol  for 

the unit of force, the 

newton.

[  Arch imedes is  

 bel ieved  to  have  sa id  

Give me a place to  

stand,  and a lever 

long enough and I 

shall move the earth.
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5.3 Rational functions

Have you noticed the way the sound of a siren changes as a  

re engine or police car passes you? The observed frequency is 

higher than the emitted frequency during the approach,  it is 

identical at the instant of passing by,  and it is lower during the  

time it moves away.  This is called the Doppler effect.  The equation 

for the observed frequency of sound when the source is traveling 

toward you is:










=



where

 330 is the speed of sound in m s1

 f
1
 is the observed frequency in Hz

 f is the emitted frequency

 v is the velocity of the source toward you

f
1
 is a rational function.

  A rational function  is a function of the form  
 

 
 

 

 
=  

 where g and h  are polynomials.

In this course g(x) and h(x) will be restricted to linear functions  

of the form px +  q so we can investigate rational functions f (x) 

where

 
 

 
  =

+

+

Example 3

A vehicle is coming towards you at 96 km h1  (60 miles per hour) and 

sounds its horn with a frequency of 8000 Hz.  What is the frequency of 

the sound you hear if the speed of sound is 330 m s1? 

Answer

96 km h1  =  96 000 m h1

96 000 m h1   =  
96 000

3600
 =  26.7 m s1

Observed frequency =

=

=





330

330

8700Hz (3 sf)

f

v

330 8000

330 26 7.

Convert kilometres per hour to 

metres per second.

Since 1 hour = 3600 seconds

Sound  requency is  

measured  in  hertz 

(Hz),  the number o 

waves per second.

h (x)  cannot be zero 

since a  value d ivided  

by zero is  undefned.

The units o speed  

must al l  be  the same 

in  the equation.  You  

can  round  numbers 

to get an  approximate 

answer.
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Investigation  graphing rational functions 1

a Use your GDC to show sketches o y y y
x x x

=

+

1

2

1

3
, , =  =

1



 

and  y =  
2

3x +
.

b Copy and  complete the table.

Rational   

unction

Vertical   

asymptote

Horizontal   

asymptote

Domain Range

y
x

=
1

y
x

=



1

2

y
x

=

+

1

3

y
x

=

+

2

3

c What eect does changing the denominator have on   

the vertical  asymptote?

d What do you  notice about the horizontal  asymptotes?

e What do you  notice about the domain  and  the value o  

the vertical  asymptote?

f What do you  notice about the range and  the value o the  

horizontal  asymptote?

Rational functions of the form y
k

x b
=



A rational function 


 
=



,  where k and b  are constants,   

will have a vertical asymptote when the denominator equals zero,  

that is,  when x =  b.

The horizontal asymptote will be the x-axis.  

Example 4

a  Identify the horizontal and vertical asymptotes of y
x

=



1

3
b  State the domain and range.  

c  Sketch the function with the help of your GDC.  

Answers

a   The x-axis ( y = 0) is the 

horizontal asymptote.

 x =  3  is the vertical asymptote.

Since the numerator will never be 0,   

the graph of this function never 

touches the x-axis.

The denominator is zero  

when x = 3.

1

0
 is  undefned.  We wi l l  

consider th is  in  more 

detai l  in  the Theory o 

Knowledge section  at 

the end  o the chapter.

You  may wish  to 

explore the concept  

o infnity.

{  Continued  on  next page
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b  Domain x   ,  x   3  

 Range y   ,  y   0

c y

0 x
246 2 4 6 8 10 12

4

6

8

2

2

4

6

8

1

x  3
y =

Exercise 5C

1 Identify the horizontal and vertical asymptotes of these functions  

and state their domain and range.

a 


=

+




 b 


=




 c 


=








 d 


=

+





e 


= +

+




  f 


=

+




  g 


= +






  h  


= 



+






2 Sketch each function with the help of your GDC and state  

the domain and range.  

a 


=

 b 


= +






 
 c 


=

+









d 


= +








 
e 


= 

+






 
f 


= +




g  = 


  h  


=



 i  


= +





 


3 When lightning strikes,  the light reaches your eyes virtually  

instantaneously.  But the sound of the thunder travels at  

approximately 331  m s1 .  However,  sound waves are affected by  

the temperature of the surrounding air.  The time sound takes to  

travel one kilometre is modeled by 


=

+



  
 where t is the  

time in seconds and c is the temperature in degrees Celsius.

a  Sketch the graph of t for temperatures from 20 C to 40 C.

b If you are one kilometre away and it is 3 seconds before you hear  

the thunder,  what is the temperature of the surrounding air?

4 a   On the same set of axes,  sketch y =  x + 2 and 


=

+




  

Compare the two graphs and make connections between the  

linear function and its reciprocal function.

b Now do the same for y =  x +  1  and 


=

+





You  should  use 

algebra  (th is  is  cal led  

using an  analytic 

method )  to do 

question  1, al though  

you  may want to check 

your answers with  a  

GDC.

Use your GDC with  

the correct viewing 

window.
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Rational functions of the form y ax b
cx d

=
+

+

   Every rational function of the form 
 

 
=

+

+

 has a graph 

called a hyperbola.

The graph of any rational function 
 

 
=

+

+

 has a vertical and a 

horizontal asymptote.

   The vertical asymptote occurs at the x-value that makes the 

denominator zero.  

  The horizontal asymptote is the line 



=

To nd the horizontal asymptote rearrange the equation to make 

x the subject.

y

y cx d ax b

cyx ax b dy

x

ax b

cx d

b dy

cy a

=
+

+

=

=

=




+ +

 

( )

The horizontal asymptote occurs when the denominator is zero,  

that is,  when

cy a y
a

c
= =or

y

0 x
2468 2 4 6 8

2

3

4

1

1

2

3

x =
d

c

y =
a

c

Investigation  graphing rational functions 2

a Use your GDC to show sketches of 

 y y y y
x

x

x

x

x

x

x

x
= = = =

+

+

+ +



+3

1

3

2

3

2 1

3
, ,  and   

b Copy and  complete the table.

Rational   

function

Vertical  

asymptote

Horizontal   

asymptote

Domain Range

y
x

x
=

+ 3

y
x

x
=

+

+

1

3

y
x

x
=

+

2

3

y
x

x
=



+

2 1

3

c What do you  notice about the horizontal  asymptotes?

d What do you  notice about the domain  and  the value of the vertical   

asymptote?

Rational functions150



Example 5

For the function y
x

x
=

+



1

2 4

a  sketch the graph 

b  nd the vertical and horizontal asymptotes 

c  state the domain and range.

Answers

a y

0 x
248 6 2 4 6 8

2

3

4

1

1

2

3

x + 1

2x  4
y =

b  Vertical asymptote x =  2

  Horizontal asymptote y =  
1

2

c  Domain x x , 2

 Range y y ,
1

2

When 2x  4 = 0,  x = 2

a = 1,  c = 2,  y=
a

c

Exercise 5D

1 Identify the horizontal and vertical asymptotes of these functions 

and then state the domain and range.

a 



=

+






 b  




=

+



 

 
 c  




=
 +

 

 

 
 d  




=



+

 

 

2 Match the function with the graph.

a 


=

 b  




=

+






 c y

x

x
=





1

3
 d  


=







i  y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6

 ii  y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6
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iii  y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6

 iv 

3 Sketch each function using your GDC and state the domain  

and range.  

a 



=

+

+




 b 




=

+ 
 c 




=







 

d 



=

+



 

 
 e 




=
 +



 

 
 f 




=

+ 



g 



=





 
 h 




=

 




 i  




=





 

 

4 Write a rational function that has a vertical asymptote at  

x =  4 and a horizontal asymptote at y =  3

5 Chris and Lee design T-shirts for surfers and set up a T-shirt  

printing business in their garage.  It will cost $450 to set up the  

equipment and they estimate that it will cost $5.50 to print  

each T-shirt.  

a Write a linear function C (x) giving the total cost of producing x  

T-shirts.  Remember to take the set-up cost into account.  

b Write a rational function A (x) giving the average cost  per  

T-shirt of producing x of them.

c What is the domain of A (x) in the context of the problem?  

Explain.  

d Write down the vertical asymptote of A (x).

e Find the horizontal asymptote for A(x).  What meaning does  

this value have in the context of the problem? 

Exam-Style Question

6 Youngs rule is a way of calculating doses of medicine for children  

over the age of two,  based on the adult dose.  

Take the age of the child in years and divide by their age  

plus 1 2.  Multiply this number by the adult dose.   

This is modeled by the function 



=

+
 where c is the childs  

dose,  a  is the adult dose in mg and t is the age of the child in  

years.

y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6

Check your answer 

by using your GDC to 

graph  the function.

Sketch  the function.
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a Make a table of values for ages 2 to 12 with an adult dose  

of 100 mg.

b Use your values from a  to draw a graph of the function.

c Use the graph to estimate the dose for a 7 


-year old.

d Write down the equation of the horizontal asymptote.

e What does the value of the horizontal asymptote mean for  

Youngs rule?

7 The average cost of electricity per year for a refrigerator is $92.

a A new refrigerator costs $550.  Determine the total annual  

cost for a refrigerator that lasts for 1 5  years.  Assume costs  

include purchase and electricity.

b Develop a function that gives the annual cost of a  

refrigerator as a function of the number of years you own  

the refrigerator.

c Sketch a graph of that function.  What is an appropriate  

window? Label the scale.

d Since this is a rational function,  determine its asymptotes.

e Explain the meaning of the horizontal asymptote in terms of  

the refrigerator.

f A company offers a refrigerator that costs $1200,  but says that  

it will last at least twenty years.  Is this refrigerator worth the  

difference in cost?

Review exercise

Exam-Style Question

1 Match the function with the graph.

 

i ii iii

iv

      

  


         



     

 

 













 



   = =
+



 










               v vi













+

+

a y

0 x
248 6 2 4 6 8

4

6

2

2

4

6

 b  y

0 x
24 2 4 6 8 10

4

6

8

2

2

4

6

 Extension material on CD: 

Worksheet 5 -  Continued 

fractions and aysmptotes
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Exam-Style QuestionS

c y

0 x134 2 1 2 43

4

6

8

2

4

2

 d  y

0 x2 2 4 6 8

4

6

2

2

4

6

e y

0 x26 2 4 6

4

6

2

2

4

6

4

 f y

0 x210 6 48 2 4

4

6

2

2

4

6

2 Given a  


  =

 b  


  =

+




 c  




  =

+







i  Sketch the function.  

ii  Determine the vertical and horizontal asymptotes of the function.  

iii  Find the domain and range of the function.  

3 For each of these functions,  write down the asymptotes,   

domain and range.  
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4 A group of students want to give their teacher a voucher for a  

weekend at a health spa.  The voucher costs $300.  

a If c represents the cost for each student and s represents  

the number of students,  write an equation to show the cost  

in terms of the number of students.

b Draw a graph of the function.

c Explain any limitations on the range and domain of  

this function.  

5 The function f is given by

  f (x) =  
 









+

,  x   ,  x   2

a i  Find the horizontal asymptote of the graph of y =  f (x)

 ii  Find the vertical asymptote of the graph.

 iii   Write down the coordinates of the point P at which the  

asymptotes intersect.

b Find the points of intersection of the graph with the axes.

c Hence sketch the graph of y = f (x),  showing the asymptotes  

by dotted lines.

Review exercise

Exam-Style Question

1 Sketch each function with the help of your GDC.  State the  

domain and range.

a  


  = 


   b  


  = +


   c  


  =








d  


  = 






  e 


 


  =

+




 f  


  = 



+






2 An airline ies from London to New York,  which is a  

distance of 5600 km.  

a Show that this information can be written as 


=


  

where s is the average speed of the plane in km h1   

and t is the time in hours.

b Sketch a graph of this function with 0  s   1200  

and 0  t   20.

c If the ight takes 1 0 hours,  what is the average speed  

of the plane? 
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Exam-Style Questions

3 People with sensitive skin must be careful about the  

amount of time spent in direct sunlight.  The relation






=
+  

 where m  is the time in minutes and s is the sun scale value,  gives  

the maximum amount of time that a person with sensitive skin  

can spend in direct sunlight without skin damage.

a Sketch this relation when         

b Find the number of minutes that skin can be exposed when

 i  s =  1 0  ii  s =  40  iii  s =  1 00

c What is the horizontal asymptote? 

d Explain what this represents for a person with sensitive skin.

4 The city mayor is giving out face masks during a u outbreak  

in Bangkok.  The cost (c) in Thai baht for giving masks to m   

percent of the population is given by






=


 



a Choose a suitable scale and use your GDC to help sketch  

the function.

b Find the cost of supplying 

 i  20% ii  50% iii  90%  

of the population.

c Would it be possible to supply all of the population using  

this model? Explain your answer.

5 The function f (x) is dened as

f (x) =  
 

+


,  x   




a Sketch the curve of f for 3   x   5,  showing the asymptotes.

b Using your sketch,  write down

 i  the equation of each asymptote

 ii  the value of the x-intercept

 iii  the value of the y-intercept.

Rational functions156



CHAPTER 5 SUMMARY

Reciprocals 

 The reciprocal  of a number is 1  divided by that number.  

  A number multiplied by its reciprocal equals 1 .  

For example 3    



 =  1

 The reciprocal  of x is 



 or x 1  and x 1    x =1

The reciprocal function

 If a curve gets continually closer to a straight line but  

never meets it,  the straight line is called an asymptote.

 The graph of any reciprocal function of the form 

 y =  



 has a vertical asymptote x =  0 and a horizontal  

asymptote y =  0

 The graph of a reciprocal function is called a hyperbola.

   The x-axis is the horizontal asymptote.

   The y-axis is the vertical asymptote.

    Both the domain and range are all the real numbers  

except zero.

    The two separate parts of the graph are reections  

of each other in y =  x

   y =  x and y =  x are lines of symmetry for this function.

 The reciprocal function is a self-inverse function.

Rational functions 

 A rational function  is a function of the form  
 

 
 

 

 
=   

where g and h  are polynomials.

 Every rational function of the form 
 

 
=

+

+

 has a graph  

called a hyperbola.

  The vertical asymptote occurs at the x-value that makes  

the denominator zero.

  The horizontal asymptote is the line 



=

y

0 x2468 2 4 6 8

2

3

4

1

1

2

3

x =
d

c

y =
a

c

y =  0, the x-axis, 

is an  asymptote.

y

0 x246 2

f

y = x 

y = x 

4 6

4

6

2

2

4

6

x =  0, the y-axis,

is an  asymptote

Chapter 5 157



158

 The Rhind  Mathematical  Papyrus dated  

1650 BCE contains a  table of Egyptian  

fractions copied  from  another papyrus 

200 years older!

Theory of knowledge:  Number systems

Theory of knowledge

Egyptian fractions

The ancient Egyptians only used 

fractions with a numerator of 1 ,

for example:  
1  

2
,  

1  

3
,  

1  

4
 etc.

This meant that instead of 
3  

4
 they wrote

 
1  

2
 +  

1  

4
 .  Their fractions were all in the

form 
1  

n
 and are called unit fractions.  

Numbers such as 
2 

7
 were represented as

sums of unit fractions (e.g.  
2 

7
 =  

1  

4
 +  

1  

28
 ).

Also,  the same fraction could not be used

twice (so 
2 

7
 =  

1  

7
 +  

1  

7
 was not allowed).

For example,  
5 

8  would be 
1  

2
 +  

1  

8
 

  Write these as unit fractions.

5 

6
       

5  

8
       

2  

5
       

6  

7
  

In  algebra:  
3 

4x
 =  

1  

2x
 +  

1  

4x

  Write each  algebraic expression  as 

an  Egyptian  fraction.

 
4 

3x
      

5  

4x
      

7 

4x
      

23  

24x
  

 Where do you  th ink th is could  be 

useful?

 What are the l imitations of these 

fractions?

 Is  i t possible to write every fraction  

as an  Egyptian  fraction?  

How do you   

know?

{ In  an  Inca   

qu ipu, the  

knots in  the  

strings  

represent  

numbers
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Is there a diference between  
zero and nothing?

More than 2000 years ago,  Babylonian and Hindu cultures  

had systems for representing an absence of a number.  In  

the ninth century CE,  the Islamic mathematician and  

philosopher Muhammad al-Khwarizmi remarked that if,   

in a calculation,  no number appears in the place of tens,   

a little circle should be used to keep the rows.  The Arabs  

called this circle sifr (empty).  The name sifr eventually  

became our word zero.  

  Does this mean that zero was nothing? 

  Who frst used  zero?

  What was used  beore that? 

  Make a  l ist o al l  o the subsets o {0, 1,  2,  3}.

  Notice that one subset is  {0} and  another is  {  }.

  Now try th is.  Solve the equation  9  + x =  3 and  the equation  3x =  0.

  We have 1 CE and  1 BCE.  What about a  year zero?

  The ancient Greeks were not sure what to do with  zero and  they questioned  how 

nothing could  be something.  Zenos paradoxes (a  good  topic to research)  depend  in  

some part on  the tentative use o zero.

  How did  the Mayan  and  Inca  cu ltures understand  zero?

  Where is  zero in  the decimal  system? Is  i t positive or negative?

  What happens i  you  d ivide zero by anything?

  What happens i  you  d ivide anything by zero?

  What happens i  you  d ivide zero by zero?

ative?

{ The Mayans used  a   

shel l  symbol  to  

represent zero.

 ng by zero?

 appens i  you  d ivide zero by zero?

{ The 

shel l  

repr

ayans used  a  

symbol  to 

sent zero.
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Patterns,   
sequences and 
series

CHAPTER OBJECTIVES:

1.1  Arithmetic sequences and  series;  sum  o fnite arithmetic series;   

geometric sequences and  series;  sum o fnite and  infnite geometric  

series.  Sigma notation.

 Appl ications

1.3  The binomial  theorem:  expansion  o a b
n+( ) , n ;   

Calculation  o binomial  coefcients using Pascal s  triangle and  
n

r











You should  know how to:  

1 Solve linear and quadratic equations and 

change the subject of a formula.

 e.g.  Solve the equation n(n   4) =  1 2 

 n2  4n  =  1 2

 n2  4n    1 2 =  0

 (n   6)(n  +  2) =  0

 n  =  2,  n  =  6

 e.g.  Make b  the subject of this formula.

 ac =  b    3

 b =  ac +  3

2 Substitute known values into formulae.

  e.g.  Using the formula A  =  3p4  10q,   

nd the value of A  if p  =  2 and q =  1 .5  

 A  =  3p4  10q

 A  =  3(2)4  1 0(1 .5)

 A  =  3(16)  1 5

 A  =  48  1 5

 A  =  33

Skills check

1 Solve each equation.

a 3x   5  =  5x +  7

b p(2  p) =  15

c 2n  +  9 =  41

2 Solve for k.

a 6m  +  8k =  30

b 2pk  5  =  3

3 If T =  2x (x +  3y),  then nd the value of  

T when 

a x =  3  and y =  5

b x =  4.7 and y =  2

4 Using the formula m  =  2x  y3,  nd the 

value of m  if

a x =  5  and y =  3

b x =  3  and y =  2

c x =  5 and  = 



6

Before you start

Patterns,  sequences and series160



The bacteria in this petri dish are growing and reproducing;  in this 

case the total mass doubles every two hours.  At 8 a.m.  the mass is 

measured as 3  grams,  so the total mass at 10:00 will be 6 grams,  the 

mass at 1 2:00 will be 1 2 grams,  and so on.

The mass of the bacteria in the dish forms a numerical pattern.   

This pattern could be used to predict the mass of bacteria in the dish 

after 8  hours,  1 2 hours or 24 hours.

In this chapter you will study mathematical patterns.  Patterns can 

help us make predictions about the near and distant future.  For 

example,  we can use patterns to:

 predict the population of a country in 20 years

 work out how long it will take to pay off a bank loan

 predict how long a natural resource will last

 calculate the total distance that a bouncing ball will travel

 calculate how long it will take for an investment to double  

in value.

[  Bacteria  growing  in  a  

petri  d ish
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6.1  Patterns and sequences

Investigation  saving money

Joel  decides to start saving money.

He saves $20 the frst week, $25 the second  week, $30 the th ird   

week, and  so on.

a   Copy and complete the table below to show how much Joel  saves each week,  

and how much he has saved in  total, or the frst 8 weeks.

Week  

number

Weekly  

savings

Total   

savings

1 20 20

2 25 45

3 30 75

4

5

6

7

8

b  How much  wi l l  Joel  save in  the 10th  week? In  the 17th  week?

c  How much  money wi l l  Joel  save in  total  in  the frst year?

d  How long wi l l  i t take or h im  to save a  total  o at least $1000?

e  Try to write a  ormula  or the amount o money Joel  saves  each  week.

Let M  represent the amount o money he saves each  week, and   

let n  represent the week number.

f  Try to write a  ormula  or the total  amount o money Joel  has saved.   

Let T represent h is total  savings, and  let n  represent the number  

o weeks.

In the investigation above,  the amounts of money Joel saves each  

week form a sequence.  The total amounts of money he has saved  

as time passes form a different sequence.

  A number sequence  is a pattern of numbers arranged in a 

particular order according to a rule.

Here are some number sequences.

8,  1 1 ,  14,  1 7,  

800,  400,  200,  100,  

1 ,  4,  9,  1 6,  25,  

5,  10,  1 5,  20,  25,  
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  Each individual number,  or element,  of a sequence is  

called a term.

In the sequence 8,  1 1 ,  14,  1 7,   ,  the rst term is 8,  the second term 

is 1 1 ,  the third term is 14,  and so on.

You can also use the notation u
n
 to denote the nth term of a 

sequence,  where n  is a positive integer.  

So for 8,  1 1 ,  14,  1 7,    you could say

u
1
 =  8,  u

2
 =  1 1 ,  u

3
 =  14,  and so on.

You can continue the pattern if you notice that the value of each 

term is three greater than the value of the previous term:  

 8,  1 1 ,  1 4,  1 7,  20,  23,  26

For this sequence,  you could write:  u
1
 =  8 and u

n+1
 = u

n  
+  3

This is called a recursive formula,  in which the value of a term 

depends on the value of the previous term.

In the sequence 800,  400,  200,  100,   ,  the value of each term is 

one-half the value of the previous term.

In this case,  u
1
 =  800 and  

 +
=







Example 1

Write a recursive formula for the n th term of each sequence.

a 9,  1 5,  21 ,  27,  

b 2,  6,  1 8,  54,  

Answers

a u
1
 =  9 and u

n+1  
= u

n  
+  6

b u
1
 =  2 and u

n+1  
= 3u

n

To get from one term to the next,  you 

add 6.

To get from one term to the next,  you 

multiply by 3.

Sometimes it is more useful to write a general formula for the nth 

term  of a sequence.  With a general formula,  you can nd the value 

of a term without having to know the value of the previous term.

In the sequence 1 ,  4,  9,  1 6,  25,    ,  each term is a perfect square.  

The rst term is 1 2,  the second is 22,  and so on.  A general formula 

for the nth term of this sequence is u
n 
= n2.

In the sequence 5,  1 0,  1 5,  20,  25,    ,  each term is a multiple of 5.  

The rst term is 5    1 ,  the second is 5    2,  and so on.

A general formula for the nth term of this sequence is u
n 
= 5n.

Sometimes, we use 

letters other than  u  to  

represent the terms of 

a  sequence.

For example, we might 

use a
n
,  t

n
,  or x

n
 to  

represent the nth  term 

of a  sequence.

Sometimes this is  

cal led  the general  

ru le for the nth  term .

Remember that n ,  

the term  number, wi l l  

a lways be a  whole 

number.  We could  not 

have a  3
4
 th  term, or a  

7.5th  term.
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Example 

Write a general formula for the n th term of each sequence.

a 4,  8,  1 2,  1 6,  

b 
1

3

1

6

1

9

1

12
, , , ,  

Answers

a u
n
 =  4n

b u
n
 =  

1

3n

Each term is a multiple of 4.

The denominators are the multiples 

of 3.

Exercise 6A

1 Write down the next three terms in each sequence.

a 3,  7,  1 1 ,  1 5,    b  1 ,  2,  4,  8,  

c 3,  4,  6,  9,  1 3,    d  5,   10,  20,  40,  

e 















      ,    f 6.0,  6.01 ,  6.012,  6.0123,  

2 Write down the rst four terms in each sequence.

a u
1
 =  10 and  

 +
= ( )
  b  u

1
 =  3  and  

 +
= +


 

c u
1
 =  




 and  

 +
= ( )




 d  u

1
 =  x and  




 
 

3 Write a recursive formula for each sequence.

a  2,  4,  6,  8,    b  1 ,  3,  9,  27,  

c 64,  32,  1 6,  8,    d  7,  1 2,  1 7,  22,  

4 Write down the rst four terms in each sequence.

a u
n
 =  3n  b  u

n
 =  6n  +  3

c u
n
 =  2n1  d  u

n
 =  nn

5 Write a general formula for the nth term of each sequence.

a 2,  4,  6,  8,    b  1 ,  3,  9,  27,  

c 64,  32,  1 6,  8,    d  7,  1 2,  1 7,  22,  

e 
1

2
,
2

3
,
3

4
,
4

5
,    f x,  2x,  3x,  4x,  

6 The sequence 1 ,  1 ,  2,  3,  5,  8,  1 3,    is known as the Fibonacci 

sequence.  

a Find the 15th term of the Fibonacci sequence.

 b  Write a recursive formula for the Fibonacci sequence.

. Arithmetic sequences

In the sequence 8,  1 1 ,  1 4,  1 7,   ,  the value of each term is three 

greater than the value of the previous term.  This sequence is an 

example of an  arithmetic sequence,  or arithmetic progression.

To fnd  the frst term  

substitute n  =  1;  to 

fnd  the second  term  

use n  =  2  and  so on.

[  Fibonacci ,  a l so  known  
as Leonardo  of Pisa   
(I ta l ian  c.  1175  c.  1250)

Patterns,  sequences and series164



  In an arithmetic sequence,  the terms increase or decrease by a 

constant value.  This value is called the common diference,   

or d.  The common difference can be a positive or a negative 

value.

For example:

8,  1 1 ,  1 4,  1 7,      In this sequence,  u
1
 =  8 and d =  3

35,  30,  25,  20,      In this sequence,  u
1
 =  35 and d =  5

4,  4.1 ,  4.2,  4.3,       In this sequence,  u
1
 =  4 and d =  0.1

c,  2c,  3c,  4c,       In this sequence,  u
1
 =  c and d =  c

For any arithmetic sequence,  u
n+1

 =  u
n  
+  d

We can nd any term of the sequence by adding the common 

difference,  d,  to the previous term.

In an arithmetic sequence:

 u
1  
=  the rst term

 u
2
 =  u

1
 +  d

 u
3
 =  u

2
 +  d = (u

1
 +  d) +  d =  u

1
 +  2d

 u
4
 =  u

3
 +  d =  (u

1
 +  2d) +  d =  u

1
 +  3d

 u
5
 =  u

4
 +  d =  (u

1
 +  3d) +  d =  u

1
 +  4d

 

 

 u
n
 =  u

1
 +  (n  1 )d

  You can nd the nth term of an arithmetic sequence using the 

formula:  u
n
 =  u

1
 +  (n  1 ) d

Example 3

a  Find the 12th term of the arithmetic sequence 1 3,  1 9,  25,  

b  Find an expression for the n th term.

Answers

a u
1
 =  1 3  and d =  6

 u
12
 =  1 3  +  (12  1 )6

 =  1 3  +  66

 u
12
 =  79

b u
n
 =  1 3  +  (n  1 )6 

 =  1 3  +  6n   6

 u
n
 =  6n  +  7

Find these values by looking at the 

sequence.

For the 12th term,  substitute  

n = 12 into the formula  

u
n
 = u

1
 + (n  1) d

For the nth term,  substitute the 

values of u
1
 and d into the formula 

u
n
 = u

1
 + (n  1) d

Examples of arithmetic 

progressions appear 

on  the Ahmes 

Papyrus, which  dates 

from  about 1650 BCE.
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Example 4

Find the number of terms in the arithmetic sequence  

84,  81 ,  78,   ,  12.

Answer

u
1
 =  84 and d =  3

u
n
 =  84 +  (n  1 )(3) =  12

84  3n  +  3  =  87  3n  =  1 2

3n  =  75

n  =  25 

There are 25 terms in the 

sequence.

Find these values by looking at the 

sequence.

Substitute the values of u
1
 and d into 

the formula u
n
 = u

1
 + (n  1)d

Solve for n.

Exercise 6B

1 For each sequence:

 i  Find the 15th term.

 ii  Find an expression for the nth term.

 a  3,  6,  9,    b  25,  40,  55,  

 c 36,  41 ,  46,    d  1 00,  87,  74,  

 e 5.6,  6.2,  6.8,    f x,  x +  a,  x +  2a,  

2 Find the number of terms in each sequence.

a 5,  10,  1 5,   ,  255 b  4.8,  5.0,  5.2,   ,  38.4

c 











        d  250,  221 ,  1 92,   ,  156

e 2m,  5m,  8m,   ,  80m  f x,  3x +  3,  5x +  6,   ,  19x +  27

Example 5

In an arithmetic sequence,  u
9
 =  48 and u

12
 =  75.  Find the rst term and 

the common difference.

Answer

 u
9
 +  3d =  u

12

 48 +  3d =  75

 3d =  27

 d =  9 

u
9
 =  u

1
 +  (9   1 )9 =  48

 u
1
 +  72 =  48

 u
1
 =   24

The rst term of the sequence  

is  24,  and the common 

difference is 9.

To get from the 9th term,  u
9 
,  to  

the 12th term,  u
12 
,  you would need 

to add the common difference 3 

times.

To nd the rst term,  use the 

formula.

I  a  sequence 

continues indefnitely 

and  there is  no fnal  

term, i t is  an  infnite  

sequence.

I  a  sequence ends, or 

has a   last term  i t is  

a  fnite  sequence.
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Exercise 6C

1 An arithmetic sequence has rst term 19 and 1 5th term 31 .6.

 Find the common difference.

EXAM-STYLE QUESTION

2 In an arithmetic sequence,  u
10
 =  37 and u

21
 =  4.  

Find the common difference and the rst term.  

3 Find the value of x in the arithmetic sequence 3,  x,  8,  

4 Find the value of m  in the arithmetic sequence m,  1 3,  3m   6,  

6. Geometric sequences

In the sequence 2,  6,  18,  54,  ,  each term is three times the previous  

term.  This sequence is an example of a geometric sequence,  

 or geometric progression.

  In a geometric sequence,  each term can be obtained by 

multiplying the previous term by a constant value.  This value 

is called the common ratio,  or r.

The common ratio,  r,  can be positive or negative.

For example:

 1 ,  5,  25,  1 25,       u
1
 =  1  and r =  5

 3,  6,  1 2,  24,       u
1
 =  3  and r =  2

 81 ,  27,  9,  3,       u
1
 =  81  and  =



 k,  k2,  k3,  k4,       u
1
 =  k and r =  k

For any geometric sequence,  u
n+1

 =  (u
n
)r.  You can nd any term of the  

sequence by multiplying the previous term by the common ratio,  r.   

For any geometric sequence:

 u
1
 =  the rst term

 u
2
 =  u

1
   r

 u
3
 =  u

2
   r =  (u

1
   r)   r =  u

1
   r2

 u
4
 =  u

3
   r =  (u

1
   r2)   r =  u

1
   r3

 u
5
 =  u

4
   r =  (u

1
   r3)   r =  u

1
   r4

 

 

 u
n
 =  u

1
   rn   1

  You can nd the nth term of a geometric sequence using the 

formula:  u
n
 =  u

1
(r n   1 )

Chapter 6 167



Example 6

Find the 9th term of the sequence 1 ,  4,  1 6,  64,  

Answer

u
1
 =  1  and r =  4

u
9
 =  1 (49  1)  =  1 (48)

 =  1 (65 536)

u
9
 =  65 536

Find these values by looking at the 

sequence.

For the 9th term,  substitute n = 9 

into the formula u
n
 = u

1
(r n   1)

Example 7

Find the 12th term of the sequence 7,  14,  28,  56,  

Answer

 u
1
 =  7 and r =  2

 u
12
 =  7((2)12  1)  =  7((2)11) 

 =  7(2048)

 u
12
 =  14 336

Find these values by looking at the 

sequence.

For the 12th term,  substitute  

n = 12 into the formula  

u
n
 = u

1 
(r n   1)

Exercise 6D

1 For each sequence,  nd the common ratio and the 7th term.

a 16,  8,  4,    b   4,  1 2,  36,  

c 1 ,  1 0,  1 00,    d  25,  1 0,  4,  

e 2,  6x,  1 8x 2,    f a7b,  a 6b 2,  a 5b 3,  

Example 8

In a geometric sequence,  u
1
 =  864 and u

4
 =  256 

Find the common ratio.

Answer

u
4
 =  u

1
(r 4  1 )  =  u

1
(r 3)

256 =  864(r 3)

r3 256

864

8

27
= =

r=
8

27
3

r =
2

3

Substitute n = 4,  u
1
 = 864,   

and u
4
 = 256 into the formula  

u
n
 = u

1
(r n   1)

Solve for r.
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Example 9

For the geometric sequence 5,  1 5,  45,  . . .  nd the least value of n  such 

that the nth term is greater than 50 000.

Answer

u
1
 =  5  and r =  3

u
n
 =  5    3n   1

n  =  1 0,  since u
10
 >  50 000

Find u
1
 and r by looking at the 

sequence.

Substitute u
1
 = 5 and r = 3 into the 

formula u
n
 = u

1
(r n   1)

You can use the GDC to help nd the 

value of n.  First,  enter the formula 

for u
n
 into a function.  Let the 

variable x represent n,  as shown.

Now look at the TABLE to see the 

values of the rst n terms.

The 9th term is 32 805,  and the 10th 

term is 98 415.

Exercise 6E

1 A geometric sequence has 2nd term 50 and 5th term 3.2.

 Find the rst term and the common ratio.

2 A geometric sequence has 3rd term 18 and 6th term 144.   

Find the rst term and the common ratio.

3 For each geometric sequence,  nd the least value of n  such  

that the nth term is greater than 1000.  

a 16,  24,  36,    b  1 ,  2.4,  5.76,  

c 112,  168,  252,  . . .  d  50,  55,  60.5,  . . .

4 A geometric sequence has rst term 9 and third term 144.   

Show that there are two possible values for the common ratio,   

and nd the two possible values for the second term.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.
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5 Find the value of p  in the geometric sequence 18,  p,  40.5,  

EXAM-STYLE QUESTION

6 Find the positive value of x in the geometric sequence  

7x  2,  4x +  4,  3x,  

.4 Sigma ()  notation and series

This section looks at ways to add the terms of a sequence.

Adding the terms of a sequence gives a series.

 u
1
,  u

2
,  u

3
,  u

4
,   ,  u

n
 is a sequence.

 u
1
 +  u

2
 +  u

3
 + u

4
 +    +  u

n
 is a series.

The Greek letter ,  called sigma,  is often used to represent sums of 

values.

  






=




 means the sum of the rst n  terms of a sequence.

 You read this the sum of all the terms u
i
 from i = 1  to i = n .

The arithmetic sequence 8,  14,  20,    has rst term 8 and  

common difference 6.  A general rule for the nth term of this 

sequence is u
n
 =  6n  +  2  

The sum of the rst ve terms of this sequence is  









+( )
=



This means the sum of all the terms 6n  +  2 from n  =  1  to n  =  5 .  

To calculate this sum,  substitute all the integer values of n  from 1   

to 5  into the expression 6n  +  2,  and add them:

  









+( )
=

  =   [6(1 ) +  2]  +  [6(2) +  2]  +  [6(3) +  2]  +  [6(4) +  2]   

+  [6(5) +  2]

 =  8 +  14 +  20 +  26 +  32 =  100 

Example 10

a Write the expression x
x

2

1

4

3( )
=

  as a sum of terms.

b Calculate the sum of these terms.

Answers

a x
x

2

1

4

3( )
=



 =   (1 2  3) +  (22  3)  

+  (32  3) +  (42  3)

 =  2 +  1  +  6 +  1 3

b 2 +  1  +  6 +  1 3  =  18

Substitute consecutive integers 

beginning with x = 1 and ending 

with x = 4

When  you  represent a  

sum  of values in  th is  

form, you  are using 

sigma notation.
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Example 

Evaluate the expression 2
3

8
a

a

( )
=



Answer

2
3

8
a

a

( )
=

  =   23 +  24 +  25 +  26 +  27 

+  28

 =   8  +  16 +  32 +  64  

+  1 28 +  256

 =  504

Substitute consecutive integers 

beginning with a = 3 and ending 

with a = 8 

Example 

Write the series 3  +  1 5 +  75 +  375 +  1875 +  9375 using sigma 

notation.

Answer

u
n
 =  3(5n   1 )  

3 5 1

1

6
n

n



=

( )( )

The terms are a geometric 

progression,  with rst term 3 and 

common ratio 5.

This series is the rst six terms of the 

geometric progression.

Exercise 6F

1 Write an expression for each series using sigma notation.

a 1  +  2 +  3  +  4 +  5  +  6 +  7 +  8 

b 9 +  16 +  25 +  36 +  49

c 27 +  25 +  23  +  21  +  19 +  17  

d 240 +  1 20 +  60 +  30 +  1 5 +  7.5

e 5x +  6x +  7x +  8x +  9x +  1 0x 

f 4 +  7 +  10 +  1 3  +    +  55

g 1  +  3  +  9 +  27 +    + 59 049 

h a  +  2a2 +  3a3 +  4a4 +  5a5 

2 Write each series as a sum of terms.

a  



8

1

3 1
n

n  b   
5

1

4
a

a 

  c  5 2
3

7
r

r

( )(
=

  d   
1 1

5

n

n

x




3 Evaluate.

a  
9

1

8 5
n

n


  b   
5

1

3
r

r 

  c   
7

2

1m

m


  d   
1 0

4

7 4
x

x




Evaluate  tel ls  you  to  

fnd  the value so the 

fnal  answer wi l l  be a  

number.

Remember, the word  

evaluate  tel ls  you  to  

fnd  the value, so you  

need  to give numerical  

answers.
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6.5 Arithmetic series

The sum of the terms of a sequence is called a series.  The sum of  

the terms of an arithmetic sequence is called an arithmetic series.

For example,  5,  1 2,  1 9,  26,  33,  40 is an arithmetic sequence,  

so 5  +  1 2 +  19 +  26 +  33  +  40 is an arithmetic series.

When a series has only a few elements,  adding the individual terms  

is not a difcult task.  However,  if a series has 50 terms or 100 terms  

it would be very time-consuming to add all these terms.  It will be  

helpful to nd a rule,  or formula,  for evaluating arithmetic series.

S
n
 denotes the sum of the rst n terms of a series.  For a series  

with n  terms,

 S
n
 =  u

1
 +  u

2
 +  u

3
 +  u

4
 +  u

5
 +    +  u

n

For an arithmetic series this would be:

 S
n
 =   u

1
 +  (u

1
 +  d ) +  (u

1
 +  2d ) +  (u

1
 +  3d ) +  (u

1
 +  4d ) +    + (u

1
 +  (n  1 )d)

If we reverse the order of the terms in the equation,  the value of the  

sum would be the same,  and it would look like this:

 S
n
 =  u

n
 +  (u

n
  d ) +  (u

n
  2d ) +  (u

n
  3d ) +  (u

n
  4d ) +    + u

1

Adding these two equations for S
n 
vertically,  term by term,

 2S
n
 =   (u

1
 +  u

n
) +  (u

1
 +  u

n
) +  (u

1
 +  u

n
) +  (u

1
 +  u

n
) +  (u

1
 +  u

n
) +    +  (u

1
 +  u

n
)

This is (u
1
 +  u

n
) added n  times,  so:

 2S
n
 =  n(u

1
 +  u

n
) 

Dividing both sides by 2 gives:

 


 
 
= +( )




Substitute   


+ ( )  for u
n
,
 
then 

       


 
= + +  + ( )( ) = ( )( )

 
  

  

  You can nd the sum of the rst n  terms of an arithmetic 

series using the formula:

  
 


= +( )




 or     



= + ( )( )


 



Carl  Friedrich  Gauss 

(17771885) is  oten  

said  to be the greatest 

mathematician  o the 

19th  century.  Find  out 

how Gauss worked  out 

the sum  o the frst 

100 integers.

Remember that n  

must be a  positive 

integer.

Start with  the fnal  

term  u
n
,  then  the next-

to-last term is u
n
  d,  

and  so on.
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Example  

Calculate the sum of the rst 1 5 terms of the series 

29 +  21  +  1 3  +  

Answer

u
1
 =  29 and d =  8

S
1 5

1 5

2
2 29 15 1 8= ( ) + ( ) ( )( )

= 7.5(58  1 12)

= 405

For the sum of 15 terms,  

substitute n = 15 into the formula 

S u n d
n

n
= + ( )( )

2
2 1

1

Example  

a Find the number of terms in the series  

1 4 +  1 5.5 +  17 +  18.5 +    +  50

b Find the sum of the terms.

Answers

a  u
1
 =  14 and d =  1 .5

 u
n  
=

 
50

 u
n
 =  14 +  (n  1 )(1 .5) =  12.5 + 1 .5n

12.5 + 1 .5n = 50

1 .5n  =  37.5

n  =  25

b  S
25

25

2
14 50= +( )

 =  1 2.5(64)

 =  800

Find these values by looking 

at the sequence.

To nd n,  substitute the 

values you know into the 

formula  

u
n
 = u

1
 + (n  1)d

Solve for n.

Substitute the rst term,  

the last term and the value 

of n into the formula 

S u u
n n

n
= +( )

2
1

Exercise 6G

1 Find the sum of the rst 12 terms of the arithmetic series  

3  +  6 +  9 +  . . .

2 Find the sum of the rst 1 8 terms of the arithmetic series  

2.6 +  3  +  3.4 +  . . .

3 Find the sum of the rst 27 terms of the arithmetic series  

1 00 +  94 +  88 +  . . .

4 Find the sum of the rst 16 terms of the series  

(2  5x) +  (3   4x) +  (4  3x) +  . . .
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EXAM-STYLE QUESTION

5 Consider the series 120 + 116 + 112 + . . .  +  28.  

 a  Find the number of terms in the series 

 b Find the sum of the terms.

6 Find the sum of the series 1 5  +  22 +  29 +    +  176

Example  

a Write an expression for S
n
,  the sum of the rst n  terms,  of the series 

64 +  60 +  56 +  

b Hence,  nd the value of n  for which S
n
 =  0

Answers

a  u
1
 =  64 and d =  4

S n
n

n
= +  ( ) ( ) ( )( )
2

2 64 1 4

=

=

n

n

n

n

2

2

1 28 4 + 4

1 32 4





( )

( )

S n nn = 66 2
2

b  66n    2n2  =  0

 2n(33   n) =  0

 n  =  0 or n =  33

 n  =  33

Substitute the values for 

u
1
 and d into the formula 

S u n dn

n
= + ( )( )
2
2 11

Set S
n
 = 0,  and solve for n.

(You can also solve this equation 

using your GDC. ) When we solve by 

factoring,  the equation usually has 

two solutions.

Since the number of terms must be a 

positive integer,  we disregard n = 0

Exercise 6H

1 An arithmetic series has u
1
 =  4 and S

30
 =  1425  

Find the value of the common difference.

EXAM-STYLE QUESTION

2 a Write an expression for S
n
,  for the series 1  +  7 +  1 3  +  

b Hence,  nd the value of n  for which S
n
 =  833

3 a   Write an expression for S
n
,  for an arithmetic series  

with u
1
 =  30 and d =  3.5

b Hence,  nd the value of n  for which S
n
 =  1 05

4 In January 2012,  a new coffee shop sells 500 drinks.  In February,   

they sell 600 drinks,  then 700 in March,  and so on in an arithmetic progression.

a How many drinks will they expect to sell in December 2012?

b Calculate the total number of drinks they expect to sell in 2012.

The word  hence in  

the question  tel ls  you  

to use your previous 

answer in  th is  part.
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5 In an arithmetic sequence,  the 2nd term is four times the 5th term,   

and the sum of the rst ten terms is 20.  Find the rst term and  

the common difference.

6 In an arithmetic series,  the sum of the rst 12 terms is equal to  

ten times the sum of the rst 3  terms.  If the rst term is 5,   

nd the common difference and the value of S
20
.

. Geometric series 

Just as an arithmetic series is the sum of the terms of an arithmetic  

sequence,  a geometric series  is the sum of the terms of  

a geometric sequence.

Adding the terms of a geometric sequence gives the  

following equation:

S
n
 =  u

1
 +  u

1
r +  u

1
r 2 +  u

1
r3 +    +  u

1
rn   2 +  u

1
rn   1

rS
n
 =  u

1
r +  u

1
r2 +  u

1
r3 +  u

1
r4 +    +  u

1
rn  1  +  u

1
rn

rS
n
  S

n
 =   u

1
 +  u

1
rn  =  u

1
rn   u

1

S
n
(r  1 ) =  u

1
 (rn   1 )





 


=

( )







  You can nd the sum of the rst n  terms of a geometric series 

using the formula:

 



 


=

( )






 or 

 













 


 ,  where r   1

Example 1 

Calculate the sum of the rst 1 2 terms of the series 1  +  3  +  9 +  . . .

Answer

u
1  
=  1  and r =  3

S
1 2

1 21 3 1

3 1
=

( )


=
531 440

2

= 265 720

Substitute the values of  

u
1
,  r and n into the formula 

S
n

n
u r

r
=

( )


1
1

1

Multiply both  sides o 

th is  equation  by r.

Subtract the frst 

equation  rom the 

second.

Factorize both  sides o 

the equation.

You  may fnd  i t more 

convenient to use the 

frst ormula  when   

r >  1,  as i t avoids 

using a  negative 

denominator.  
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Example 7 

a Find the number of terms in the series  

8192 +  6144 +  4608 +    +  1458.

b Calculate the sum of the terms.

Answers

a u
1
 =  8192 and r = =6144

8192

3

4

1458 8192
3

4

1

= 







n

1458

8192

729

4096

3

4

1

= = 







n

729

4096

3

4

3

4

6

6

6

= = 







n   1  =  6

n  =  7

b S7

7

8192 1
3

4

1
3

4

=
 



















=









8192

14197

16 384

1

4

= 28 394 

Find r by dividing u
2
 by u

1
.

Substitute the values you know into 

the formula u
n
 = u

1
(r n   1)

3 6  = 729 and 4 6  = 4096

You could also solve this equation 

using logarithms  

(see Example 19).

Substitute the values of u
1
,  r 

and n into the formula 

Sn

nu r

r
=

( )


1 1

1

You can also calculate sums using 

the seq (and sum) functions on 

your GDC.

Exercise 6I

1 Calculate the value of S
12
 for each geometric series.

a 0.5 +  1 .5  +  4.5  +    b  0.3  +  0.6 +  1 .2 +  

c 64  32 +  16  8 +    d    +( ) + +( ) + +( ) +       

2 Calculate the value of S
20
 for each series.

a  0.25 +  0.75 +  2.25 +    b  







+ + +

c 3  6 +  12  24 +    d           + ( ) + ( ) + ( ) +  

EXAM-STYLE QUESTION

3 For each geometric series:  

i  nd the number of terms 

ii  calculate the sum

a 1024 +  1536 +  2304 +    + 26 244 

b 2.7 +  1 0.8 +  43.2 +    +  2764.8

c 















+ + + +  

d 590.49 +  196.83 +  65.61  +    +  0.01

Geometric series 

are oten  seen  in  

the study o ractals, 

such  as the Koch  

snowfake.  

So ar we have looked  

at arithmetic and  

geometric sequences 

and  series.  Are 

there other types 

o mathematical  

sequences and  

series? How are they 

used?  

[ Koch  snowfake
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Example 18 

For the geometric series 3 3 2 6 6 2+ + + + . . . ,  determine the least 

value of n  for which S
n
 >  500

Answer

u
1
 =  3  and r =  2

S
n

n

= >
( )



3 2 1

2 1
500

n  =  1 3,  since S
13
 >  500

Substitute the known values

into the S
n
 formula.

Enter the S
n
 equation

into the GDC.

Remember:

On the GDC,  the X represents n,  

the number of terms,  and f1(x) 

represents S
n 
.

Look at the TABLE to see 

the sums of the rst n terms.

The sum of the rst 12 terms is 

approximately 456.29,  and the sum 

of the rst 13 terms is approximately 

648.29

When the sum of a geometric series includes an exponent n,   

you can use logarithms.  

Example 19 

A geometric progression has rst term of 0.4 and common ratio 2.  

Find the value of n  such that S
n
 =  26 214

Answer

S
n

n

= =
( )



0 4 2 1

2 1

.
26 214

0 4 2 1. n

( )  =  26 214
2n   1  =  65 535

2n  =  65 536 

n =  log
2
 (65 536)

n =
log

log

65 536

2

n  =  1 6

Express this using logarithms.

Use the change-of-base rule and your 

GDC to nd this value.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

An  old  Indian  able 

tel ls  us that a  prince 

was so taken  with  the 

new game o chess 

that he asked  i ts  

inventor to  choose 

h is  reward.  The man  

said  he would  l ike 

one grain  o rice on  

the frst square o 

the chess board, 

two grains on  the 

second, our on  the 

th ird  etc. ,  doubl ing the 

number each  time.  

This seemed  so l i ttle  

to ask that the prince 

agreed  straight away.  

Servants started  to 

bring the rice  and  

to the princes great 

surprise the grain  

soon  overowed  the 

chess board  to f l l  the 

palace.

How many grains o 

rice d id  the prince 

have to give the man? 
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Exercise 6J

1 For each series,  determine the least value of n  for which S
n  
>  400

a 25.6 +  38.4 +  57.6 +    b  1 4  42 +  126  378 +  

c 











+ + +     d  0.02 +  0.2 +  2 +  

2 A geometric series has third term 1 .2 and eighth term 291 .6

 Find the common ratio and the value of S
10
.

3 In a geometric series,  S
4
 =  20 and S

7
 =  546.5  

Find the common ratio,  if r >  1

EXAM-STYLE QUESTION

4 a  Find the common ratio for the geometric series 











+ + +   

b Hence,  nd the least value of n  such that S
n
 >  800

5 In a geometric series,  the sum of the rst three terms is 304,  and the  

sum of the rst 6 terms is 1330.  Find the sum of the rst seven terms.

6 In a geometric series,  the sum of the rst four terms is ten times  

the sum of the rst two terms.  If r >  1 ,  nd the common ratio.

.7 Convergent series and sums to innity

Hence  tel ls

you  to use your 

previous answer in  

th is part.

Extension material on CD: 

Worksheet 6  -  Finance

Investigation  converging series

Here are three geometric series.

a 2 + 1  + 0.5 +   b  75 + 30 + 12  + . . .

c 240  60 + 15  3.75 + . . .

1 For each  of these series:  

 i  Find  the common  ratio, r.

 ii   Use your GDC to calculate the values of S
10
,  S

15
,  S

20
.   

 Write the fu l l  values you  see on  your GDC screen.

2 Do you  notice any patterns? Why do you  th ink th is is  happening?

3 Now use your GDC to calculate the value of S
50
 for each  series.   

 Do you  th ink your calculator is  correct? Explain  why or why not.

For each of the series in the investigation you should  

have noticed that the values of S
10
,  S

15
 and S

20
 are very  

close.  This is because when a geometric  

series has a common ratio of | r|  <  1 ,  the difference  

between each term decreases (becomes closer to zero)  

as n  increases.  This means that,  as you add more terms,   

the value of the sum changes very little.  The sum is  

actually approaching some constant value as n gets very  

large.  We call geometric series such as these convergent series.

In the series 2 +  1  +  0.5 +  0.25 +   ,  you might suspect that the sum 

is approaching 4 as n  gets very large.

Paradox

Suppose you  are walking down  a  

30-metre hal lway.  Every ten  seconds, 

you  walk hal f the d istance to the end  

of the hal lway.  How long wi l l  i t take 

you  to reach  the end  of the hal lway? 

Wi l l  you  ever get there?
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If you try to nd S
50
 on the GDC,  you get:

 
 



 



    

 
  =  4(1   0.550) =  4

Is the sum actually 4? NO!  The GDC rounds the last digit of long  

decimals like 3.999 999 999 99 to t on its screen,  so all you see is  

the rounded value of 4.

Convergent series

The sum of the terms of a geometric series is 
 













 




As n  gets very large,  you can say that n  approaches innity,   

or n    .

If | r|  <  1 ,  then as n    ,  r n    0,  so 
 

 
 

 
 

 


 


 

We can write this as:

 

 

( )













=



 














 

,  or 



 =






This means that as n  gets very large (it approaches innity),  the  

value of the series is approaching 





.  The series is converging  to  

the value 





.  We write this as S


,  and call it the sum to innity.

  For a geometric series with | r|  <  1 ,  



 =






Example 20 

For the series 1 8 +  6 +  2 +   ,  nd S
10
,  S

15
 and S


.

Answer

u
1
 =  1 8 and r =  

1

3

S
10
 =  

1 8 1
1

3

1
1

10

 


















 

 26.999 542 75

S
15
 =  

1 8 1
1

3

1
1

3

15

 



















 26.999 998 12

S =









=18

1
1

3

27

 

Substitute u
1
 = 18 and r = 

1
 

into the formulae n
1
1

1
= 


u r

r

n
( )

 and 

S
u

r
 =


1

1

Write down all the digits from the 

GDC display.

IMPORTANT!

This is  on ly true or 

geometric  series, 

and  only when  |  r |  <  1.  

(Remember, i  |  r |  <  1,  

then  1 <  r < 1. )

We say The l imit o  

u r

r

n

1
1

1

( )


 as n  

approaches infnity is  

equal  to 
u

r

1

1 
 .
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Example   

The sum of the rst three terms of a geometric series is 148,  and the 

sum to innity is 256.

Find the rst term and the common ratio of the series.

Answer

S
u r

r
3

1

31

1
148= =

( )


S
u

r
 = =


1

1
256

u r

r
r

1

3

3
1

1
256 1

( )


( )= 

256 1 1483( ) =r

1 3 148

256

37

64
 = =r

r3 1
37

64

27

64
=  =

r = 3

4

u1

1
3

4

256









=

u1
1

4

256








=

4 256
1
u =

u
1
 =  64

This is the equation for S
3
.

Multiply both sides of this equation 

by (1  r 3)

The left side of this equation is now 

identical to the left side of the S
3
 

equation.

Set the right sides of these equations 

equal to each other.

Solve for r.

 

Substitute r =
3

4
 into the equation 

S
u

r
 = =


1

1
256  

Exercise 6K

1 Explain how you know if a geometric series will be  

a convergent series.

2 Find S
4
,  S

7
 and S


 for each of these series.

a 144 +  48 +  16 +  . . .   b  500 +  400 +  320 +  . . .

c 80 +  8 +  0.8 +  . . .  d    



 

3 A geometric series has  = 


 and S

3
 =  1 3.  Find S

5
.

EXAM-STYLE QUESTION

4 For a geometric progression with u
3
 =  24 and u

6
 =  3,  nd S


.

What real -l i fe  

situations might be 

modeled  by covergent 

series?
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5  In a geometric progression,  u
2
 =  12 and S


 =  64.  Find u

1
.

EXAM-STYLE QUESTION

6 A geometric series has a common ratio of 0.4 and a sum to  

innity of 250.  Find the rst term.

7 The sum of the rst ve terms of a geometric series is 3798,   

and the sum to innity is 4374.  Find the sum of the rst  

seven terms.

.8  Applications of geometric  
and arithmetic patterns

We see examples of geometric patterns in many real-life situations,   

such as compound interest and population growth.

If a person deposits $1000 in a savings account which pays interest at  

a rate of 4% annually,  and makes no other withdrawals or deposits,   

how much will be in the account after ten years?

When the interest is compounded annually (once per year),  the  

amount in the account at the end of each year will be 104% of the  

amount at the start of the year.  (Multiply the previous amount by  

1 .04.) The amount in the account after 10 years would  

be 1000(1 .04)10   $1480.24.

You can think of the amount of money in the account at the end of  

each year as a geometric sequence with u
1
 =  1000 and r =  1 .04:

 u
1
 =  $1000

 u
2
 =  $1000(1 .04) =  $1040

 u
3
 =  $1040(1 .04) =  $1081 .60

 u
4
 =  $1081 .60(1 .04)  $1124.86

 and so on.

Now consider what happens when interest is compounded  

more than once each year.

Let 

 A  =  the amount of money in the account 

r =  the interest rate (a percentage,  written as a decimal) 

n  =  the number of times per year that interest is compounded 

t =  the number of years 

p  =  the principal (initial amount of money) 

you can nd the amount of money in the account using the 

formula:

A p
r

n
= +








nt

In  questions l ike th is, 

the term  per annum  

is  sometimes used  

rather than  annual ly  

or once a  year .
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Example  

A person deposits $1000 in an account which pays interest at 4% APR,  

compounded quarterly.  Assuming the person makes no additional 

withdrawals or deposits,  how much will be in the account after ten 

years?

Answer

A = +







1 1

0.04

4

4(10)

000

= 1000(1 .01 )40

 $1488.86

Substitute the known values into the 

formula A p
r

n

nt

= +





1

This equation works because the 

annual interest rate (4%) is divided 

up into 4 parts,  one for each quarter,  

and so the quarterly interest rate is 

1%.  If interest is compounded four 

times every year (quarterly) for a 

period of 10 years,  this quarterly 

interest rate will be applied 40 times.

Population growth

Example 3

The population of a small town increases by 2% per year.  If the 

population at the start of 1980 was 12 500,  what is the predicted 

population at the start of 2020?

Answer

12 500(1 .02)40  27 600.496

The population of the town will 

be approximately 27 600

At the start of each year,  the 

population will be 102% of the 

previous years starting population.

From 1980 to 2020,  40 years will 

have passed.

In questions like Example 23,  you need to think of n  as the number  

of years,  rather than as a term number.

Exercise 6L 

1 In an arithmetic sequence,  u
6
 =  3u

4
 

Find u
1
 if u

8
 =  50

2    A plastic cup is 1 2 cm high.

When ve cups are stacked together,  the stack is 1 5  cm high.

a How high would a stack of 20 cups stand?

b How many cups would it take to make a stack at least  

1  metre high?

What other types 

o mathematics are 

useul  in  fnance?

APR means annual  

percentage rate .  4% 

APR is  the same as 

4% per annum.
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3     George deposits $2500 in an account which pays interest  

at 6% APR.  Assuming he makes no additional withdrawals  

or deposits,  how much will be in the account after 8  years if the

a interest is compounded annually

b interest is compounded quarterly

c interest is compounded monthly?

4     An arithmetic sequence is dened by u
n
 =  1 2n   7 and a 

geometric sequence is dened by v
n
 =  0.3(1 .2)n   1

Find the least number of terms such that v
n
 >  u

n

5    In a geometric sequence,  the rst term is 6 and the common 

ratio is 1 .5.  In an arithmetic sequence,  the rst term is 75 and the 

common difference is 1 00.  After how many terms will the sum 

of the terms in the geometric sequence be greater than the sum 

of the terms in the arithmetic sequence?

6     At the beginning of 2012,  a lake contains 200 sh.  The number 

of sh in the lake is expected to increase at a rate of 5% per year.  

What will be the number of sh in the lake at the beginning of 

2015?

7     The population of a city is 275 000 people.  The population is 

increasing at a rate of 3.1% per year.  Assuming the population 

continues to increase at this rate,  how long will it take for the 

population of the city to reach 500 000 people?

8     A series has the formula S
n
 =  3n2  2n

a Find the values of S
1
,  S

2
 and S

3
.

b Find the values of u
1
,  u

2
 and u

3
.

c Write an expression for u
n
.

9    
   

A series has the formula S
n
 =  2n + 2  4

a Find the values of S
1
,  S

2
 and S

3
.

b Find the values of u
1
,  u

2
 and u

3
.

c Write an expression for u
n
.

10 Two species of spiders inhabit a remote island.  The 

population of species A is  1 2 000 and is  increasing at a rate of 

1 .25% per month.  The population of species B is  50 000 and 

is  decreasing at a rate of 1 75  spiders each month.  When will 

the population of species A be greater than the population of 

species B? 1 1 .  Mohira invests $3000 in an account which pays 

3% annual interest,  compounded yearly.  

11  Mohira invests $3000 in an account which pays 3% annual 

interest,  compounded yearly.  Ryan invests $3000 in an account 

which also pays 3% annual interest,  but is  compounded 

monthly.  Assuming neither person has made any additional 

withdrawals or deposits,  how much more money does Ryan 

have in his account than Mohira has in hers after ten years?  

This question  uses 

v
n
,  rather than  u

n
,  to 

represent the nth  

term  of the geometric 

sequence.
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6.9  Pascals triangle and the binomial 
expansion

Now we will look at a famous mathematical pattern known as 

Pascals triangle.  Here are rows 1  to 7 of Pascals triangle.

1  1

1  2  1

1  3  3  1

1  4 6 4 1

1    5  10 10 5 1

1  6 15 20 15 6 1

1  7  21  35 35 21  7 1

Any number in Pascals triangle is the sum of the two  

numbers immediately above it.  

You generate the numbers in the triangle by starting at the top  

and adding pairs of numbers to get the next row.  But what if we  

wanted to nd the numbers in the 1 5th row? Or the 27th row?  

It would be very time-consuming to make a triangle that big!

Here are the numbers in the 4th row of the triangle,  1 ,  4,  6,  4,  1 .

These numbers can also be found using combinations,  or the  

n
C

r
 function on the GDC.

 
4
C

0
 =  1   

4
C

1
 =  4  

4
C

2
 =  6  

4
C

3
 =  4  

4
C

4
 =  1













 ,  or Cr

n,  represents the number of ways n  items can be  

taken r at a time.  For example,  suppose a bag contains 5  balls 

labeled A,  B,  C,  D and E.  If you reach in and take 2 balls from the 

bag,  there are 
 
 
 




 =  1 0 different combinations of balls you could 

select.

These combinations are AB,  AC,  AD,  AE,  BC,  BD,  BE,  CD,   

CE or DE.

You can nd the values of expressions like 












  without using  

a calculator.

  The number of combinations of n  items taken r at a time  

is found by:

 






  











( )
= 

 
,  where n!  =  n    (n   1 )   (n   2)       1

n
C

r 
is  commonly 

written  as 
n

r







,  or 

sometimes as C
r
n

!  i s  the factorial  

sign.  The expression  

n!  is  cal led  n  

factorial  .

Pascal s  triangle is 

named  after Blaise 

Pascal  (French, 

162362).

Can  you  predict what 

the numbers in  the 

8th  row wi l l  be?

Make sure you  know 

how to use the nCr 

function  on  your GDC.
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Example 

Find the value of 
7

5









  using the formula,  and check with your GDC.

Answer

 
 
 

 


7!

5! 7 5 !

7

5

= 
7 6 5 4 3 2 1

5 4 3 2 1 2 1

     
    

= 
7 6

2 1

42

2




=

= 21

7

5









  =  21

Using the calculator:

Substitute n = 7 and r = 5 

into the formula.

Cancel out like factors from  

the numerator and the denominator.

Remember,  we can also  

nd the value using Pascals  

triangle.

On the TI Nspire,  nCr is on the 

Probability,  Combinations menu.

Exercise 6M

Find each value using the formula,  and check with your GDC.

1 












  2  













  3  

7
C

3

4 
9
C

6
 5  













  6  















You  may see dots 

used  instead  of 

multipl ication  signs.  

For example:  

3    2    1  for 

3   2   1

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

Investigation  patterns in  polynomials

Expand  each  of the fol lowing expressions (write each  expression   

as a  polynomial ).

Time how long i t takes you  to do each  expansion.

1 (a  +  b)1  2  (a  +  b)2  3  (a  +  b)3 

4 (a  +  b)4  5  (a  +  b)5 6  (a  +  b)6

Look at your answers and  note any patterns you  see.

Do you  notice any simi larities to Pascal s triangle?  

Based  on  these patterns, predict what the expansion   

of (a  +  b)7  might be.
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Binomial expansion

We will look at what happens when we expand an expression like 

(a  +  b)n,  where n  is a positive integer.

In the Investigation on page 185,  you expanded these expressions.

 (a  +  b)1  =  a  +  b

 (a  +  b)2 =  a2 +  2ab +  b2

 (a  +  b)3 =  a3 +  3a2b  +  3ab2 +  b3

 (a  +  b)4 =  a4 +  4a3b  +  6a2b2 +  4ab3 +  b4

 (a  +  b)5 =  a5 +  5a4b  +  1 0a3b2 +  1 0a2b3  +  5ab4 +  b5

If you look closely at each expansion,  you will see some patterns:

1 The number of terms is one greater than the value of n.

2 The powers of a  begin with an,  and the powers of a  decrease by 1   

until you reach a0 (a0 =  1 ) in the last term.

3 The powers of b begin with b0 (b0 =  1 ),  and the powers of b   

increase by 1  until you reach bn  in the last term.

4 The coefcients are all numbers from Pascals triangle!

  The coefcients of (a  +  b)n  are numbers from the nth row  

of Pascals triangle.  You can nd these using the triangle,  or  

the formula for combinations,  or the nCr function on the GDC.

5 The exponents in each term add to the power of the binomial.

  For example,  in the expansion (a  +  b)3 =  a3 +  3a2b  +  3ab2 +  b3,   

the exponents in each term add to 3.

You can use these patterns to expand the expression (a  +  b)6.  

This expansion will have 7 terms.  

The powers of a will decrease,  the powers of b will increase.

The coefcients will be the 6th row of Pascals triangle 

(1 ,  6,  1 5,  20,  1 5,  6,  1 ).

Therefore,  (a  +  b)6 =  a6 +  6a5b +  15a4b2 +  20a3b3 +  15a2b4 +  6ab5 +  b6

These patterns and observations can help you to understand the  

general binomial theorem for expanding powers of binomials.

  The binomial theorem states that for any power of a binomial,  

where n    ,

 

 


 


 


 




   +( ) =








 +









 +









 + +




 

  

        



 



  You can also write the binomial expansion using sigma notation:

 



 

   





+( ) =








( ) ( )









=




n    
+ means that n is  

a  positive integer.

Combinations are 

used  in  many areas o 

mathematics beyond  

the binomial  theorem, 

including probabi l i ty.  

You  can  even  use 

combinations to 

calcu late your chance 

o winning the lottery!

For example, when   

n  =  4,  the expansion  

has 5  terms.

(a  + b)4 = a4 + 4a3b  +  

6a2b2 + 4ab3 + b4  

The coefcients 1, 4,  

6,  4,  1  are the 4th  row 

o Pascal s  triangle.

In  (a  +  b)5  the 

coefcients 1, 5,  

10, 10, 5, 1  are the 

5th  row o Pascal s  

triangle.
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Example 

Use the binomial theorem to expand (x +  3)5.  Write your answer in its simplest form.

Answer

x x x x x+( ) =








 +









 +









 +









3

5

0
3

5

1
3

5

2
3

5

3
3

5 5 0 4 1 3 2 2 3 ++








 +











5

4
3

5

5
31 4 0 5x x

=  (1)(x5)(1) + (5)(x4)(3) + (10)(x3)(9) + (10)(x2)(27) +
 
(5)(x1)(81) + (1)(1)(243)

= x5+  15x4 +  90x3 +  270x2 +  405x +  243

Substitute into the 

binomial theorem.

You should be able to 

nd these values both 

with and without your 

GDC.

Example  

Use the binomial theorem to expand (2x  5y)3.  Write your answer in its simplest form.

Answer

2 5
3

0
2 5

3

1
2 5

3

2
2

3 3 0 2 1

x y x y x y( ) =








( ) ( ) +









( ) ( ) +









 xx y

x y

( ) ( )

+








( ) ( )

1 2

0 3

5

3

3
2 5

= (1 )(8x3)(1 ) +  (3)(4x2)(5y) +  (3)(2x)(25y2) +  (1 )(1 )(125y3)

=  8x3   60x2y +  1 50xy2    125y3  

Be careful when you see 

an expression like (2x)3.  

The exponent needs 

to be applied to both 

the variable and the 

coefcient!

(2x)3 = 23x3 = 8x3

Exercise 6N

Use the binomial theorem to expand each expression.

1 (y +  3)5 2  (2b  1 )4 3  (3a  +  2)6  4  







+








5 (x +  y)8 6  (3a   2b)4 7  







+





  8  4 2

2
x

y
+














Sometimes,  you will not need the entire expansion of a power of  

a binomial.  You may simply be looking for one particular term.

Example 

Find the x3 term in the expansion of (4x  1 )9

Answer

9

6
1

3 6







( ) ( )4x

= ( ) ( ) ( )84 64 13x

= 5376x3

In order to get x3,  raise the rst term of 

the binomial,  4x,  to the third power.  So 

the second term of the binomial,  1,  

will be raised to the sixth power.  You 

could use 
9

3









  instead of 

9

6









  as these 

values are equal.
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Example 

In the expansion of (2x +  1 )n,  the coefcient of the x3  term is 80.  Find the value of n.

Answer

n
x n

3
2 1

3 3







( ) 

 = 80 3x

n

n
x x

!

! !3 3
8 1 803 3

( ) ( )








( ) ( ) =

n

n

!

! !3 3
8 80

( ) ( )








( ) =

n n n n n

n n

 ( )  ( )  ( )  ( ) 
 ( )  ( )  ( )  

(1 2 3 4

3 2 1 3 4
8

. . .

. . .
))  =  80

n n n n n

n n

 ( )  ( )  ( )  ( ) 
 ( )  ( )  ( )  

1 2 3 4

3 2 1 3 4

. . .

. . .
 =  10

n n n ( )  ( )1 2

6
 =  10 

n n n ( )  ( )1 2  =  60

n3   3n2  +  2n   60 =  0

n  =  5

You could have used 
n

n 










3

instead of  
n

3









,  as these values are equal.

Use the formula 
n

r

n

r n r









 ( )
= !

! !

As you only have to nd the coefcient,  you can 

leave off the x3.

Divide both sides by 8

Simplify by canceling out like factors from the 

numerator and the denominator.

You can solve polynomial equations such as this 

using a GDC.

Exercise 6O

1 Find the x5 term in the expansion of (x  4)7

EXAM-STYLE QUESTIONS

2 Find the y4 term in the expansion of (4y  1 )5

3 Find the a2b4 term in the expansion of (2a  3b)6

4 Find the constant term in the expansion of (x  2)9

5 In the expansion of (px +  1 )6,  the coefcient of the x3  term is 1 60.   

Find the value of p.

6 In the expansion of (3x +  q)7,  the coefcient of the x5 term is 81  648.   

Find the value of q.

EXAM-STYLE QUESTION

7 Find the constant term in the expansion of 
 
 
 











8 Find the constant term in the expansion of 
 
 
 












EXAM-STYLE QUESTION

9   In the expansion of (x +  1 )n,  the coefcient of the x3 term is  

two times the coefcient of the x2 term.  Find the value of n.

The  constant term  

is  just the numerical  

term  with  no variables.
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10 In the expansion of (x +  2)n,  the coefcient of the x3  term is two  

times the coefcient of the x4 term.  Find the value of n.

Review exercise

EXAM-STYLE QUESTIONS

1 Consider the arithmetic sequence 3,  7,  1 1 ,  1 5,  . . .

a Write down the common difference.

b Find u
71
 c  Find the value of n  such that u

n
 =  99

2 The rst three terms of an innite geometric sequence are 64,  1 6 and 4.

a Write down the value of r.  b  Find u
4
.

c  Find the sum to innity of this sequence.

3 In an arithmetic sequence,  u
6
 =  25 and u

12
 =  49

a Find the common difference.  

b Find the rst term of the sequence.

4 Consider the arithmetic sequence 22,  x,  38,  . . .

a  Find the value of x.  b  Find u
31
.

5 Evaluate the expression 









( )
=



6 Consider the geometric series 800 +  200 +  50 +  . . .

a  Find the common ratio.  b   Find the sum to innity.

7 Find all possible values of x such that this sequence is  

geometric:  x,  1 2,  9x,  . . .

EXAM-STYLE QUESTION

8 Find the x3 term in the expansion of (2x +  3)5

9 A grocery store has a display of soup cans stacked in a pyramid.   

The top row has three cans,  and each row has two more cans than  

the row above it.  

a If there are 35 cans in the bottom row,  how many rows are  

in the display?

b How many cans are in the display in total?

Review exercise

1 In an arithmetic series,  the rst term is 4 and the sum of the  

rst 25 terms is 1 000.

a Find the common difference.  b  Find the value of the 17th term.

EXAM-STYLE QUESTION

2  Consider the arithmetic sequence 3,  4.5,  6,  7.5,  . . .

a Find u
63
.  b  Find the value of n  such that S

n
 =  840
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3 In an arithmetic series,  the tenth term is 25 and the sum of  

the rst 1 0 terms is 1 60.

a Find the rst term and the common difference.

b  Find the sum of the rst 24 terms.

EXAM-STYLE QUESTIONS

4 In a geometric sequence,  the rst term is 3  and the sixth term is 96.

a Find the common ratio.

b Find the least value of n  such that u
n
 >  3000

5 In an arithmetic sequence,  the rst term is 28 and the common  

difference is 50.  In a geometric sequence,  the rst term is 1   

and the common ratio is 1 .5

  Find the least value of n  such that the nth term of the geometric  

sequence is greater than the nth term of the arithmetic sequence.

6 In a geometric series,  the 3rd term is 45 and the sum of the  

rst 7 terms is 2735.

 Find the rst term and the common ratio,  r,  if r  

EXAM-STYLE QUESTION

7 Find the term in x4 in the expansion of 















8 In the expansion of (ax +  2)8,  the x5 term has a coefcient of 



.   

Find the value of a.

9 At the beginning of 2010,  the population of a country was 3.4 million.

a If the population grows at a rate of 1 .6% annually,  estimate the  

countrys population at the beginning of 2040.

b If population growth continues at this rate,  in what year would  

the population of the country be expected to exceed 7 million?

CHAPTER 6 SUMMARY

Patterns and sequences

 A number sequence  is a pattern of numbers arranged in a particular order  

according to a rule.

 Each individual number,  or element,  of a sequence is called a term.

Arithmetic sequences

 In an arithmetic sequence,  the terms increase or decrease by a constant value.   

This value is called the common diference,  or d.  The common difference can be a 

positive or a negative value.

 You can nd the nth term of an arithmetic sequence using the formula:   

u
n
 =  u

1
 + (n  1 )d

Continued  on  next page
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Geometric sequences

 In a geometric sequence,  each term can be obtained by multiplying the previous 

term by a constant value.  This value is called the common ratio,  or r.   

 You can nd the nth term of a geometric sequence using the formula:  u
n
 =  u

1
(r n   1 )

Sigma () notation and series

 






=




 means the sum of the rst n  terms of a sequence.

You read this the sum of all the terms u
i
 from i = 1  to i = n .  

Arithmetic series

 You can nd the sum of the rst n  terms of an arithmetic series using the formula:

    
 

= +( )



  or    



= + ( )( )


 


Geometric series

 You can nd the sum of the rst n  terms of a geometric series using the formula:

  



 


=

( )






  or 




 


=

( )






,  where r   1 .  

Convergent series and sums to innity

 For a geometric series with  <  ,  



 =






Pascals triangle and the binomial expansion

 The number of combinations of n  items taken r at a time is found by:

 






  











( )
= 


,  where n!  =  n    (n   1 )   (n   2)       1

 The binomial theorem states that for any power of a binomial,  where n  ,

  

 


 


 


 




   +( ) =








 +









 +









 + +




 

  

    
   




 



 You can also write the binomial expansion using sigma notation:
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Pascal's triangle is named after the 

Frenchman Blaise Pascal,  who wrote 

about it in 1 654 in his Treatise on the 

Arithmetic Triangle.

However,  the properties of this pattern 

were known and studied by 

mathematicians in India,  China and 

other parts of the world for centuries 

before Pascal's time.

In China,  Pascal's triangle is called 'Yang 

Hui's triangle'  after a 1 3th century 

mathematician,  but it was known long 

before this.

In the 1 1 th century,  the Persian 

mathematician and poet Omar Khayym 

wrote of the pattern seen in Pascal's 

triangle.

  What is Tartaglia's triangle?

  How is Pascal's triangle used?

Theory of knowledge:  Whose idea  was it anyway?

Whose idea was it anyway?

Theory of knowledge

[ Blaise Pascal  (162362) 

 Omar Khayym  

(1048c.1131) 

This is  not the frst case o a  relatively 

long-standing mathematical  idea  being 

attributed  to a  particular person.  This 

has oten  happened  when  a  wel l -known  

mathematician  has publ ished  an  

important work, introducing a  

mathematical  idea  to the publ ic.   

Throughout the years, mathematicians 

have been  given  credit or mathematical  

d iscoveries or inventions.  

  Do you  th ink that many o these 

ideas have been  attributed  to the 

wrong person?  

Pascals triangle

1

1    1

1    2    1

1    3    3    1

1    4    6    4    1

1   5   10   10   5   1

1   6   15   20   15   6   1

oet Omar Khayym 

seen in Pascal's 

's triangle?

ian le used?

(

aaanngllee

 11

    1
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{ Fibonacci   

(c.1170c.1250)

Fibonacci:  patterns in 
nature

The I tal ian  mathematician  Fibonacci ,  

Leonardo of Pisa, introduced  the Fibonacci  

sequence in  h is  book Liber Abaci,  publ ished  

in  1202.

In  i t he set th is problem:

If you begin with a single pair of rabbits,  and 

each month each pair produces a new pair 

which becomes productive from the second 

month on,  how many pairs of rabbits will be 

produced in a year?

The diagram shows how the sequence grows.

1st month:  1  pair of original  two rabbits

2nd  month:   sti l l  1  pair as they are not yet 

productive

3rd  month:   2  pairs  original  pair and  the 

new pair they produce

4th  month:   3  pairs  original  pair,  pair 

they produced  in  3rd  

month, pair they 

produced  in  4th  

month

The number of pairs gives 

the Fibonacci  sequence

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 

89, 144, 233, ...

where each  term  is  the sum of the two preceding terms.

1

1

2

3

5

Number of 

pai rs

, , , ...

where each  term  is

  How are Pascal ' s triangle and  the 

Fibonacci  sequence related? Hint:  l ook at 

the sums of the d iagonals in  the triangle.

Fibonacci  was not the only mathematician  to  work with  th is pattern.

The numbers of the Fibonacci sequence are also frequently seen 

in nature.  The number of spirals in pinecones or in the heads of 

owers are quite often numbers from the Fibonacci sequence.

  Is it simply an accident that this well-known mathematical 

sequence appears in nature?

  Could it be that there is a relationship between  

mathematics and nature?

  What is the golden section? Where does it appear in nature?

.1250)

5
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.
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Limits and 

derivatives

CHAPTER OBJECTIVES:

6.1  Inormal  ideas o l imit and  convergence;  l imit notation;   Defnition  o derivative 

rom  frst principles as f x
h

f x h f x

h
 =



+ 





( ) l im

( ) ( )

0

  Derivative interpreted  as gradient unction  and  as rate o change;  Tangents and  

normals, and  their equations

6.2  Derivative o xn  (n    );  Dierentiation  o a  sum and  a  real  multiple o these 

unctions;  Derivatives o ex  and  ln  x;  The chain  ru le or composite unctions;  the 

product and  quotient ru les;  The second  derivative;  use o both  orms o notation, 

d

d

2

2

y

x
 and  f  (x)

6.3  Local  maximum and  minimum points;  Points o inexion  with  zero and  non-zero 

gradients;  Graphical  behavior o unctions, including the relationship between  the 

graphs o f,  f   and  f ;  Optimization  and  appl ications

6.6  Kinematic problems involving d isplacement s,  velocity v and  acceleration  a

7

Before you start
You should  know how to:  

1 Factorize an expression.

 e.g.  2x3 +  4x2 +  2x =  2x (x2 +  2x +  1 )

2 Expand binomials.

 e.g.  Expand (2x   1 )4.

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

(

2 1

2 1 2 1

2 1 2 1

1 4

6 4

1

4

4 0 3 1

2 2 1 3

x

x x

x x



=  + 

+  + 

+ 22 1

16 32 24 8 1

0 4

4 3 2

x

x x x x

) ( )

=  +  +

3 Use rational exponents to rewrite 

expressions in the form cxn.

 e.g.   
2
5

52
x

x=  ;  x x=
1

2

Skills check

1 Factorize:

a 9x4   1 5x3  +  3x b  4x2   9

c x2   5x +  6 d  2x2   9x   5

2 Expand each binomial.

a (x +  2)3 b  (3x   1 )4 c  (2x +  3y)3

3 Use rational exponents to rewrite each 

expression in the form cxn.

a 
1
6

x

 b  
4
3

x

 c  5 x

d x
57  e 

7

3
x

                 1

             1        1

          1      2     1

        1    3      3       1

    1     4     6      4    1
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If you pluck a string on a guitar and let it vibrate,  the sound gets 

quieter as time passes.  This can be modeled by the function 

f t
t

t
( )

sin
= ,  where t represents time.  As t becomes larger and larger,  

sin t

t
 becomes closer to zero  this is the limit value of the function.  

We write this as lim
sin

t

t

t

= 0.  Limits are a fundamental concept of 

calculus.  You will learn more about the sine function,  whose graph 

is a sine wave,  in a later chapter.  

Calculus is the branch of mathematics that takes algebra and 

geometry together with the limit process and looks at two types of 

problems.  Differential calculus uses limits to nd the rate at which a 

variable quantity is changing.  Integral calculus uses limits to solve 

problems that involve repeated change.  In this chapter we will learn 

to evaluate basic limits and then focus on differential calculus.
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Limits of sequences

The data you collected in the investigation forms a sequence,   

where u
1
 is the portion of the rectangle you have after round 1 ,   

u
2
 the portion you have after round 2,  and so on.  

Sequences like this are called convergent  because as the  

term number in the sequence increases,  the terms in the  

sequence approach a xed value known as the limit,  L,   

of the sequence.  We can write this as:  lim
n

n
u L



=   

Sequences that are not convergent are divergent.

What is the limit of the sequence formed in the investigation?

The notation  l im
n

n
u L



=  

is  read  as  the l imit as 

n  approaches infnity 

o u
n
 equals L .

7.  Limits and convergence

In this section you will investigate the concepts of limits and 

convergence and use limit notation.  The concept of limits is the 

basis of calculus.

Investigation  creating a  sequence

Work with  a  partner.  You  wi l l  need  one rectangular piece o paper,  

a  pair o scissors and  a  copy o th is table.

Round  

number

Portion  o the paper you  have at 

the end  o the round

Fraction                   Decimal  (3  s)

1

2

3

4

5

6

Round  1:  Cut the rectangular piece o paper into three pieces o  

roughly equal  size.  Take one piece each, leaving one piece on  the  

table.  Record  the portion  o the original  rectangle you  now have  

as both  a  raction  and  a  decimal  (to three signifcant fgures).

Round  2:  Cut the spare  piece o paper into three pieces o equal   

size.  Each  o you  add  one piece o th is to your portion  o the original   

rectangle.  Record  the total  portion  o the original  rectangle you  now  

have, in  the same way as beore.  

Repeat the same process or our more rounds.

1 As you  complete more and  more rounds o th is activity,  what can   

you  say about the portion  o the original  rectangle you  have?

2 I  you  repeat th is process orever, what can  you  say about the  

portion  o the original  rectangle you  have?

When  cutting the 

paper into three equal  

size pieces you  do not 

have to  be exact, just 

approximate.

As you  complete more 

and  more rounds o 

the activity you  could  

say the number o 

rounds approaches 

infnity.  Can  you  give 

an  example in  real  l i e 

that grows or develops 

l ike th is?

The ancient Greeks 

used  the idea  o 

l imits to fnd  areas, 

using the method  o 

exhaustion .  You  may 

wish  to research  th is.  
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Example 

Determine whether each sequence is convergent or divergent.   

If a sequence is convergent,  give the limit of the sequence.

a 0.3,  0.33,  0.333,  0.3333,    b  2,  4,  8,  1 6,  

c 
1

5

6

25

31

125

156

625

781

3125
, , , , , . . .  d  1 ,  1 ,  1 ,  1 ,  .  .  .

Answers

a Convergent;  lim
n

u
n



=
1

3

b Divergent

c Convergent;  lim
n

un


=
1

4

d Divergent

The pattern indicates  

that the sequence is  

approaching  

0. 333 3,  or 

.
0 3,  which  

is the decimal form of 
1

3
.

Each term in the sequence is larger than the previous 

term,  so they are not approaching a limit.

To compare fractions with different denominators,  

use a GDC to convert them to decimals: 0. 2,  0. 24,  

0. 248,  0. 2496,  0. 249 92,  

The values are approaching 0. 25 or 
1

4
.

The terms in the sequence are oscillating between 

two values and are not approaching a xed value.

Exercise 7A

Determine whether each sequence is convergent or divergent.   

If a sequence is convergent,  give the limit of the sequence.

1 1 ,  3,  5,  7,    2  3.49,  3.499,  3.499,  3.4999,  

3 
1

10

1

100

1

1000

1

10 000
, , , , . . .   4  

20

27

121

162

182

243

1093

1458

1640

2187
, , , , , . . .

5 3,  4,  3,  4,  3,  4,  

Limits of functions

lim ( )
x c

f x L


=  means that as the value of x becomes  

sufciently close to c (from either side),  the function,   

f (x),  becomes close to a xed value L.  If f (x) does not  

become close to a xed value L,  we say that the limit  

does not exist.

Other notations or 

recurring decimals 

include 0 3

You  can  use a  GDC to help fnd  the 

l imit o a  unction.

Graphically:  You  can  graph  the 

unction  and  examine the values o 

f (x)  when  x is  near c.

Numerically:  You  can  make a  table 

o values and  examine the values o 

f (x)  when  x is  near c.
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Example 2

Use a GDC to examine each function graphically and numerically.   

Find the limit or state that it does not exist.

a lim
x

x
 2

2
 b  lim

x

x

x



1

2 1

1
 c  lim ( )

x

f x
 0

;  where f x
x

x
( ) =



 <





1 0

1 0

for

for

Answers

a lim
x

x
 2

2

 So,  lim
x

x


=
2

2 4

Plot the graph of f (x) = x 2 using a  

GDC,  and look at the values of f (x)  

as x approaches 2 from the right  

and from the left.

Graphically,  f (x) approaches 4 as  

x approaches 2:

Numerically,  as x becomes close to  

2 from either side,  f (x) becomes close to 4.

  2 

x 1.8 1.9 1.99 1.999 2.001 2.01 2.1 2.2

f 1(x) 3.24 3.61 3.960 3.996 4.004 4.040 4.41 4.84

 4 

To build the table above using a GDC,  enter f1(x) = x 2.  Then set the independent 

variables to Ask.  Enter the values for x.

The graph and table are shown on the same screen.

For f (x) = x2 we can substitute and nd that 


 
2 2

x 2

lim x 2 4

y

x1 024 1 2 3 4

1

2

3

4

5

6

7

3

f(x)  =  x2

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

{  Continued  on  next page
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b  lim
x

x

x



1

2
1

1

 So,  lim
x

x

x




=

1

2
1

1
2

c  lim ( )
x

f x
 0

 where 

f x
x

x
( ) =



 <





1 0

1 0

for

for

  So,  lim ( )
x

f x
 0

 does 

not exist.

f (x) approaches 2 as x approaches 1:

Since division by zero is not dened,  f x
x

x
( ) =





2 1

1
 is undened  

when x  1 = 0 or x = 1.  Therefore there is a discontinuity in the graph  

when x = 1.  Notice that f x x
x

x

x x

x
( ) = =

( ) ( )
= +





+ 



2
1

1

1 1

1
1 ,  when x   1

Even though f x
x

x
( ) =





2
1

1
 is undened when x = 1,  the limit exists since as x 

becomes close to 1 from either side,  f (x) becomes close to 2.

  1  
x 0.8 0.9 0.99 0.999 1.001 1.01 1.1 1.2

f (x) 1.8 1.9 1.99 1.999 2.001 2.01 2.1 2.2

  2 

Note that lim lim

lim 1 1 1 2

1

2

1

1

1

1

1 1

1x x

x

x

x

x x

x

x

 







+ 


=

( ) ( )

= +( ) = + =

 

f (x) does not approach the same value as x  

approaches 0 from the left and right:

  0 

x 0.2 0.1 0.01 0.001 0.001 0.01 0.1 0.2

f (x) 1 1 1 1 1 1 1 1

Note that f (0) = 1,  but lim
0x

f x


( )  does not exist.

This is because f (x) is close to 1 for values of x to the right of x = 0 and f (x) is  

close to 1 for values of x to the left of x = 0.

y

x1 024 1 2 3 4

1

2

3

4

5

6

7

3

f(x)  =  
x2
 
 1

x
 
  1

y

x1 024 1 2 3 4

1

2

2

1

3
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Exercise 7B

Use a GDC to examine each function graphically  

and numerically.  Find the limit or state that it does  

not exist.

1 lim( )
x

x


+
3

2 1  2  im
x

x x x

x

 +
0

3 24

3 lim
x

x x

x

 +

2

2 3 2

2
 4  lim

x x 4

1

4

5 lim ( )
x

f x
1

;  where f x
x x

x x
( ) =

+ 

 + <





3 1

5 1

for

for

6 lim ( )
x

f x
2

;  where f x
x x

x x
( ) =

+ 

<





2 3 2

2

for

for

7.  The tangent line and  
derivative of xn

In this section we will work with secant,  tangent  

and normal lines.  We will dene the derivative of  

a function and learn some rules for nding derivatives  

of certain functions.

Extension material on CD: 

Worksheet 7 -  An  algebraic 

look at limits

Investigation  secant and tangent lines

Here is  the graph  of f (x)  =  x2 +  1

1 Copy the graph  to paper and  draw l ines AP,  BP,  CP,  DP,   

EP and  FP.  These l ines are cal led  secant lines  to  the  

graph  of f (x)  =  x2  +  1.

2 Copy and  complete the table.

Point Coordinates Line

Gradient  

or slope

P  

A AP

B BP

C CP

D DP

E EP

F FP

3 As points on  the curve get closer and  closer to point P,  what value  

does the gradient of the secant l ines seem to be approaching? 

4 Draw the l ine at point P that has the gradient you  found  in  question  3.   

Th is l ine is  cal led  the tangent line  to  the graph  of f (x)  =  x2  +  1  at P.

y

0 x
2 1 2

2

4

1

1

3

5

6

P

A

B

C D

E

F

Recal l  that the gradient 

of a  l ine through  the 

points (x
1
, y

1
)  and   

(x
2
,  y

2
)  is  

y y

x x

2 1

2 1





A secant line  to   

a  circle intersects  

the circle  twice.

A tangent line   

to  a  circle   

intersects the  

ci rcle  once.

A tangent l ine to a   

curve may intersect  

the curve more  

than  once.
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Lines have a constant gradient,  but other curves do not.  The 

gradient of a curve at a given point is the gradient of the tangent 

line to the curve at that point.  This is the concept that Sir Isaac 

Newton worked with when he wanted to nd the instantaneous 

velocity of a moving object whose velocity was always changing.  

Gradient of a  secant line

y

0 xx

f(x)
P(x, f(x))

Q(x + h, f(x + h))
f(x + h)

x +  h

h

y =  f(x)

The gradient of the secant line PQ is written as

f x h f x

x h x

f x h f x

h

( ) ( )

( )

( ) ( )+ 

+ 
=

+ 

Example 

Write an expression for the gradient of a secant line for f (x) =  x2 +  1  

Simplify your expression.

Answer

f x h f x

h

x h x

h

x xh h x

h

x

( ) ( ) ( )+  + +  +

+ + +  +

=
  ( )

=
( ) ( )

=

2 2

2 2 2

1 1

2 1 1

2 hh h

h

h x h

h

x h

+

+
=

( )

= +

2

2

2

Replace the x in x 2 + 1  

with x + h to write an  

expression for f (x + h)

Expand (x + h)2

Combine like terms.

Factorize.

Simplify.

Exercise 7C

Write an expression for the gradient of a secant line for each  

function.  Simplify your expression.

1 f (x) =  3x +  4

2 f (x) =  2x2   1

3 f (x) =  x2 +  2x +  3

[  Si r I saac Newton  

16421727,  Eng l ish  

mathematician ,  i s  one  

of the mathematicians 

credited  with   

developing  ca lcu lus.

The expression  
f x h f x

h

( ) ( )+ 
 is  known  

as the diference 

quotient.
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Gradient of a  tangent line and the derivative

Suppose that point Q slides down the curve and approaches point 

P.  The secant lines PQ will get closer to the tangent line at point  

P.  As Q gets closer to P,  h  gets closer to 0.  We can take the limit as 

h  approaches 0 of the gradient of the secant line to get the gradient 

of the tangent line:

lim
( ) ( )

h

f x h f x

h

+ 
0

   The function dened by lim
( ) ( )

h

f x h f x

h

+ 
0

 is known as the 

derivative  of f.  The derivative is dened by 

f x
h

f x h f x

h
 =



+ 
( ) lim

( ) ( )

0
  or  

d

d

y

x

f x h f x

hh
=

+ 

lim

( ) ( )

0

Example 4

Find the derivative of f (x) =  x 2 +  1  and hence nd the gradient of the 

tangent line when x = 3

Answer

f x

x h x

f x x

h

h

x h x

h
 =

  ( )

= +( ) = +

 =





+ +  +
( ) lim

lim

( )

( )

0

2 2

0

1 1

2 2 0

2

ff = =( ) ( )3 2 3 6

So the gradient of the tangent 

line when x = 3  is 6.

Simplify the quotient as shown in 

Example 3.

Evaluate the limit by substituting 0 

for h.

Exercise 7D

Use the denition of derivative to nd the derivative of f and hence 

nd the gradient of the tangent line at the given value of x.

1 f (x) =  2x   3;  x =  2

2 f (x) =  3x2 +  2x;  x =  3

3 f (x) =  x2   x +  2;  x =  1

y

0 xx

f(x)

y =  f(x)

P(x, f(x))

Q(x + h, f(x + h))
f(x + h)

x +  h

h

l im
( ) ( )

h

f x h f x

h

+ 
0

 is  not 

a  constant.  I t is a  

function  that gives the 

gradient of f at x.

f (x)  is  read  as:  the 

derivative of f,  or:   

f prime of x.  d

d

y

x

 is  read  

as the derivative of y 

with  respect to x  or  

d  y d  x .

Recal l  that slope is  
change in  

change in  

y

x

.  This  is  

expressed  as 

y

x
.  

0

d

d
l im
x

y y

x x 





 .

The derivative,  

f (x)  =  2x,  is  a   

function  that gives  

the gradient of the 

curve f(x)  =  x2 +  1   

at any point x.
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Some rules for derivatives

Investigation  the derivative of f (x)  =  xn

1 Use the defnition  o derivative to fnd  the derivatives o 

 f (x)  =  x2,  f (x)  =  x3 and  f (x)  =  x4 

2 Make a  conjecture about the derivative o f (x)  =  xn

  Express your conjecture in  words and  as a  unction.

3 Use your conjecture to predict the derivative o f (x)  =  x5  

Use the defnition  o derivative to see i  your prediction  was correct.

Recal l  the defnition  

o derivative is  

 =


+ 
f x

h

f x h f x

h
( ) l im

( ) ( )

0

.

We investigated only positive integer values for n,  but the following 

is true for any real number n.  

  Power rule

If f (x) =  x n,  then f (x) =  nx n1,  where n    .

Example 

Use the power rule to nd the derivative of each function.

a f (x) =  x12 b  f x
x

( ) =
1
3  c  f x x( ) =

Answers

a f (x) =  x12

f x x x


( ) = =12 121 2 1 1 1

b f x x
x

( ) = =


1
3

3

 
f x x x

x
( ) =  =  = 

  3 3
33 1 4

4

c f x x x( ) = =

1

2

f

x

x x x( ) = =

=

 1

2

1

2

1

2

1

2

1

2
1

1

2

1

2

or
x

Use the power rule.

Rewrite using rational exponents.

Use the power rule.

Simplify.

Rewrite using rational exponents.

Use the power rule.

Simplify.

Exercise 7E

Find the derivative of each function.

1 f (x) =  x5 2  f (x) =  x8 3  f x
x

( ) =
1
4

4 f x x( ) = 3  5  f x
x

( ) =
1
 6  f x x( ) = 35
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Using the power rule and the following two rules we can nd the 

derivative of many functions.  The process of nding the derivative 

of a function is called diferentiation.

  Constant rule

If f (x) =  c,  where c is any real number,  then f (x) =  0

  Constant multiple rule

If y =  cf (x),  where c is any real number,  then y   =  cf (x)

  Sum or diference rule

If f (x) =  u(x)   v (x) then f (x) =  u (x)   v (x)

Example 6

Differentiate each function.

a f (x) =  4x3 +  2x2   3  b  f x x( ) = +3 5 8

c f (x) =  (x   2) (x +  4) d  f x( ) =
+ 4x x

x

3 2
2 3

Answers

a f x x x

f x x x

x x

( )

( )

= + 

 = ( ) + ( ) 
= +

 

4 2 3

4 3 2 2 0

12 4

3 2

3 1 2 1

2

b f x x x( ) = + = +3 3 85

1

58

f x x x

x
x

 =  + =

=

 

( ) 3

or

3

5

3

5

3

4
1

5

5

1

5
1

5

4

5

45

0

  

c f x x x x x( ) ( )( )=  + = + 2 4 2 82

f x x x x = +   = + ( ) 2 2 1 0 2 22 1 1 1

Find the derivative of each term.  Note the derivative 

of the constant term is 0.

Rewrite using rational exponents.

Find the derivative of each term.  Note the derivative 

of the constant term is 0.

Simplify.

First expand so that the function is the sum or 

difference of terms in the form ax n.

Constant rule

The derivative of any constant is  zero.  The graph  of  the constant function   

f(x)  =  c  is  a  horizontal  l ine which  has a  gradient of zero.

Constant multiple rule

The derivative of a  constant times a  function  is  the constant times the 

derivative of the function.

Sum or diference rule

The derivative of a  function  that is  the sum  or d ifference of two or more 

terms is  the sum or d ifference of the derivatives of the terms.

{  Continued  on  next page
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d f x

x x x

x x

x

x

x

x

x x
( ) = = + 

= + 

+ 



4
3 2 3 2

2 1

2 3 4 2 3

4 2 3

f x x x x

x x x
x

x

 =  +     

= + + = + +

   



( ) ( )4 2 2 3 1

2 3 8 2

2 1 1 1 1 1

2

2

3

8

8

or

 

 
33 2

2

2 3+ +x

x

Rewrite so that the function is the sum or difference of 

terms in the form ax n.

Exercise 7F

Differentiate each function.

1 f x
x

( ) =
2
8

 2  f (x) =  5  3  f x x
x

( ) = 3

2

3

4 f (x) =   x 5 5  f (x) =  (x   4)2 6  f x x x( ) =  4 3

7 f x
x

( ) =
3

4 2
 8  f x

x
( ) =

( )

3

4
2
 9  f (x) =  12   x 4

10 f x x x x( ) = +( )3 4  11  f (x) = 3x 4  2x 2 + 5 12  f (x) = 2x 2 + 3x + 7

13 f x x x( ) = + +
2

3

1

32 1  14  f (x) =  2x (x2   3x) 15  f (x) =  (x 2 +  3x)(x   1 )

Equations of tangent and normal lines

The normal line  at a point on a curve is the line  

perpendicular to the tangent line at that point.  

Example  

Write an equation for each line.

a The tangent line to the curve f   (x) =  x 2 +  1  at the point (1 ,  2)

b The normal line to the curve f x x( ) = 2  when x =  9

c The tangent and normal lines to the curve f x x
x

( ) = +
27

2
2
  

when x =  3

d The tangent to f   (x) =  x3    3x 2   1 3x +  1 5 that is parallel to the 

tangent at (4,  21 )

Tangent l ine to curve

Normal  l ine to curve

y =  f(x)

[  Sparks created  by a  

grinding  wheel  are   

tangent to   
the wheel .

{  Continued  on  next page

[  Spokes on  a  b icycle  

wheel  are  normal  to  

the  rim .
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Answers

a f  (x) =  x 2 +  1

  f  (x) =  2x

m ftangent = 

=

=

( )

( )

1

2 1

2

  = y x2 2 1( )

b f x x

x

( ) =

=

2

2
1

2

f x x
x

 =


( )
1

2
1

 or 

m ftangent = 

=

=

( )9

1

9

1

3

m
normal

= 3

f( )9 2 9 6= =

  =  y x6 3 9( )

c f x x

x x

x
( ) = +

= +


27

2

27

2

2

2

f x
x

( ) = 1
27

3

m ftangent = 

= 

=

( )3

1

0

27

3
3

f( )
( )

3 3
27

2 3

9

2

2
= +

=

    Normal line is x =  3  and 

tangent line is y =  
9

2

To nd the gradient of the tangent 

line,  nd the derivative of f and 

evaluate when x = 1

Use the point (1,  2) and m = 2 to 

write the equation of the tangent 

line.

Rewrite the function using rational 

exponents.  

To nd the gradient of the tangent 

line,  nd the derivative of f and 

evaluate when x = 9.

Since the normal line is 

perpendicular to the tangent line,  

nd the gradient by taking the 

opposite reciprocal of the gradient of 

the tangent line.

Find a point on the normal line by 

evaluating f when x = 9

Use the point (9,  6) and m = 3 to 

write the equation of the tangent line.

Rewrite the function using rational 

exponents.

To nd the gradient of the tangent 

line,  nd the derivative of f and 

evaluate when x = 3

Since the gradient is 0,  the tangent line 

is horizontal,  so the normal line must 

be vertical.

Find a point on the lines by 

evaluating f when x = 3

The equation  of a  

l ine through  the point 

(x
1
,  y

1
)  with  gradient m  

is  y   y
1
 =  m(x   x

1
).   

(See Chapter 18, 

Section  3.11. )

The symbol    is  used  

to mean   therefore .

I f a  l ine has gradient 

m,  the gradient of  

the perpendicular  

l ine is  
1

m

.   

(See Chapter 18, 

Section  3.11. )

{  Continued  on  next page
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d  f (x) =  x3   3x2   1 3x +  1 5

f x x x =  ( ) 3 6 132

f =  

=

( ) ( ) ( )4 3 6 4 13

11

24

3 6 13 1 1

3 6 24 0

3 2 8 0

3 4 2 0

4 2

2

2

2

x x

x x

x x

x x

x

  =

  =

  =

 + =

= 

( )

( )( )

,

f( ) ( ) ( ) ( ) =     

+

=

2 2 3 2 13 2

15

21

3 2

  = +y x21 11 2( )

Find the gradient of the tangent line 

when x = 4

Set the derivative equal to 11  

to nd x-coordinates of points with 

parallel tangent lines.

Notice that one of the values,   

x = 4,  is the x-coordinate of the given 

point of tangency (4,  21).

The x-coordinate of the point of 

tangency for the parallel line is  

x = 2

Evaluate f at x = 2 to nd the 

y-coordinate of the point of  

tangency.

Use the point (2,  21) and m = 11 to 

write the equation of the tangent line.

Exercise 7G

1   Find the equations of the tangent and normal lines to the graph  

of f (x) =  x2  4x at the point (3,  3).  Graph the function and the 

lines by hand.

2 Find the equation for the tangent line to the curve at the given 

point.

a  f (x) =  x2 +  2x +  1  at (3,  4) b  f x x( ) = +2 4 at x =  1

c f x
x

x
( ) =

+
2 6

 at (3,  5) d  f x x
x

( ) = +
4 8

 at x =  1

3 Find the equation for the normal line to the curve  

at the given point.

a f (x) =  2x2  x  3  at (2,  3) b  f x
x x

( ) = 
4 1

2
 at x =  1

c f (x) =  (2x +1 )2 at (2,  25) d  f x x
x

( ) = 2 3

2

4
 at x =  1

Exam-Style Questions

4 Find the equations for all the vertical normal lines to the graph of 

f (x) =  x3  3x

5 The gradient of the tangent line to the graph of  

f (x) =  2x2 +  kx  3  at x =  1  is 1 .  Find the value of k.   

Recal l  that paral lel  

l ines have the same 

gradient.
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7.3 More rules for derivatives

You can use a GDC to evaluate a derivative of a function  

at a given value.  We know that the derivative of f x x x( ) = 
1

4

3 3   

is f x x = ( )
3

4

2 3 and so f =  =( ) ( )4 4 3 9
3

4

2  

Click |  | {  to display the templates.

Choose the rst-derivative template  

and enter the function,  variable and  

the value of x.

Since the calculator is using a secant  

line to approximate the value of the  

derivative,  it will not always be exact.

You can graph the function and nd  

its derivative by pressing m en u :  

Analyze Graph |  5:
d

d

y

x
 and choosing  

the point on the graph.

You can look at the graphs and a table of values  

for the function and its derivative.  To graph f and f  ,   

use the rst-derivative template to write the function.

   

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

To fnd  the derivative 

at a  specifc value 

o x,  use the context 

menu  o the point to 

show i ts  coordinates, 

and  then  edit the 

x-coordinate.  

Th is time there wi l l  be  no space to 

enter a  value  o x.  You  can  save time 

by entering f 1(x)  instead  o re-typing 

the equation.
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Investigation  the derivatives of ex and ln  x

1 Use a  GDC to graph  f (x)  =  ex and  the derivative of f(x)  =  ex   

Examine the graphs and  the table of values for the  

functions to make a  conjecture about the derivative of  

f(x)  =  ex

2 Use a  GDC to graph  f (x)  =  ln  x and  the derivative of f (x)  =  ln  x  

Examine the graphs and  the table of values for the functions to  

make a  conjecture about the derivative of f (x)  =  ln  x

  Derivative of ex

If f (x) =  ex,  then f (x) =  ex

  Derivative of ln x

If f (x) =  ln  x,  then f x
x

 =( )
1

Example 8

Find the derivative of each function.

a f (x) =  3ex  b  f (x) =  x2 +  ln x c  f (x) =  ln e3x

Answers

a f (x) =  3ex

 f  (x) =  3    ex  =  3ex

b f (x) =  x2 +  ln x

 f  (x) =  2x +  
1 2 1

2

x

x

x
 or 

+

c f (x) =  ln e3x = 3x

 f  (x) =  3

Use the constant multiple rule and the 

fact that the derivative of e x is e x

Find the derivative of each term.   

Use that fact that the derivative of  

ln x is 
1

x

Use the fact that the functions are 

inverses to simplify rst.

Then nd the derivative.

Exercise 7H

Find the derivative of each function.

1 f (x) =  4 ln x 2 f (x)  =  ex + x

3 f (x) =  ln e3
4

x
 +  ln x 4  f (x) =  e

ln 4
2

x
 +  3x +  1

5 f (x) =  2e  x +  ln x 6  f (x) =  5e  x +  4 ln e  x

Recal l  that y =  ex and   

y =  ln  x are inverses.

e ln  x =  x

ln  ex =  x

The letter e  is  used  

as the base of the 

exponential  function  

f (x)  =  ex,  in  honor 

of the Swiss 

mathematician   

Leonhard  Euler 

(170783).  
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Write an equation for each line in questions 710.

7 The line tangent to the curve f (x) =  4ex  7 at x =  ln 3

8 The normal line to the curve f x x( ) ln= ( )e
2

 at the point (3,  9)

9 The line tangent to the curve f (x) =  ln x at x =  e

10 The line normal to the curve f (x) =  2x2 +  eln x  3  at x =  2

 Find the exact value of the derivative at the given value of x  

in questions 11  and 12  and then use a GDC to nd an approximate 

value to check your work.

11 Find f (3) if f (x) =  2ex   5

12 Find f (8) if f (x) =  x3  +  ln x

How are exponential  

unctions used  in  

determining the 

concentration  o a  

drug in  a  patients 

body? 

Investigation   the derivative of the product of 
two functions

For steps 14 let u(x)  =  x4,  v(x)  =  x7  and  f(x)  =  u(x)v(x)

1 The unction  f can  be written  as f(x)  =  xn.  Find  n .

2 Find  f (x).

3 Find  u (x)  and  v (x).

4 Find  u (x)    v (x)

5 Is  f (x)  the same as u (x)    v (x)?

6 Using the three derivatives ound  in  steps 2  and  3,  

f l l  in  the blanks below to make a  true mathematical   

statement.

 f x x x =  +  =( ) _______ _______ _______
4 7

7 Complete the conjecture.

 I  f(x)  =  u (x)    v (x)  then  f x ( ) =  + ____ ____ ____ ___

8 Use the unction  f(x)  =  (3x +  1)(x2   1)  to reject or  

help confrm  your conjecture rom step 7.

The derivative o the sum o two 

unctions is  the sum o the derivatives 

o the two unctions.

I f (x) = u(x) + v(x) then f (x) = u(x) + v (x).  

Is  a  simi lar ru le  true or the product o 

two unctions?

The conjecture in  the investigation  

is  known  as the product ru le.  Many 

proos are straightorward, but the 

proo o th is  ru le uses a  creative step.  

You  can  research  the proo and  fnd  

an  example o a  clever step needed  to 

complete the proo.
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For functions like f (x) =  x4   x7 and f (x) =  (3x +  1 )(x2   1 )  you can 

rewrite the function and use the power rule to take the derivative.  

But for other functions such as f (x) =  (3x +  1 )(ln x) you would need 

a rule like the one developed in the conjecture to nd the derivative.   

The following rules are used to nd the derivative of the product or 

quotient of two functions.

  The product rule

If f (x) =  u(x)   v(x) then f (x) =  u(x)   v (x) +  v(x)   u(x)

  The quotient rule

If f x
u x

v x
( ) = ( )

( )
 then f x

v x u x u x v x

v x
 =( )     

[ ]
( ) ( ) ( ) ( )

( )
2

Example 9

Find the derivative of each function.

a f (x) =  (3x +  1 )(ln x) b  f (x) =  (x4 +  3x3  +  6)(2x   1 )

c f (x) =  
5 3

1
2

x

x

+

+
 d  f (x) =  

x
x

+



2

2 3e

Answers

a f x x x( ) ( ) (ln )= +3 1

First factor Second factor
  

 

f x x
x

 = + 





( ) ( )3 1

1

First 
factor

Derivative 
of second

 

  Second 
factor

Derivative 
of first

 



 

+ 

= + +

(ln ) ( )

ln

x

x
x

3

3 3
1

oor 
3 1 3x x x

x

+ + ln

b f x x x x( ) ( ) ( )= + + 4 33 6 2 1

First factor Second factor    

 

f x x x = + + ( ) ( ) ( )4 33 6 2

First 
factor

Derivative 
of secon

  
dd

Second 
factor

Derivative 
of first

 


 

+   +( ) ( )2 1 4 93 2x x x

  

= + + +

 + 

= +  +

( )

( )

2 6 12

8 4 18 9

10 20 9 12

4 3

4 3 3 2

4 3 2

x x

x x x x

x x x

f (x) = u(x)  v(x),  where u(x) = 3x + 1  

is the rst factor and v(x) = ln x is the second factor.

Apply the product rule.

f  (x) = u(x)   v (x) + v(x)   u (x)

f (x) = u(x)   v(x),  where  

u(x) = x4 + 3x3 + 6 is the rst factor  

and v(x) = 2x  1 is the second factor.

Apply the product rule.

f   (x) = u(x)   v (x) + v(x)   u (x).

Expand the brackets.

Simplify.

Product rule

The derivative o the 

product o two actors 

is  the frst actor times 

the derivative o the 

second  actor plus the 

second  actor times 

the derivative o the 

frst actor.

Quotient rule

The derivative o the 

quotient o two actors 

is  the denominator 

times the derivative 

o the numerator 

minus the numerator 

times the derivative 

o the denominator, 

a l l  by d ivided  by the 

denominator squared.

{  Continued  on  next page
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c f (x) =  
5 3

1
2

x

x

+

+
f    (x) =

  
( ) ( ) ( )x x2 + 1 5 5 + 3

Denominator
Derivative of
numerator N  

 

 
uumerator

Derivative of
denominator

2

12 2

Denomi

  



+

( )

( )

x

x

 

nnator squared
 

=
+  +

+

( ) ( )

( )

5 5 10 6

1

2 2

2 2

x x x

x

=
  +

+

5 6 5

1

2

2 2

x x

x( )

d f (x) =  
x

x

+



2

2 3e

f     (x) =  

( ) ( ) ( )2e 3 1 + 2

Denominator
Derivative of 
numerator N

x x

  

 

uumerator

Derivative of 
denominator

Denomi

2e

2e 3
2

 



( )
( )

x

x 

nnator squared

  

=
  +

( )
( ) ( )2 3 2 4

2 3
2

e e e

e

x x x

x

x

=
  

( )

2 2 3

2 3
2

x x x

x

e e

e

f(x) = 
u x

v x

( )

( )
,  where u(x) = 5x + 3 is the numerator 

and v(x) = x 2 + 1 is the denominator.

Apply the quotient rule.

f   (x) = 
v x u x u x v x

v x

( ) ( ) ( ) ( )

[ ( )]

    
2

Expand the numerator so that you can combine like 

terms.  Do not expand the denominator.

Simplify.

f (x) = 
u x

v x

( )

( )
,  where u(x) = x + 2 is the numerator and 

v(x) = 2ex  3 is the denominator.

Apply the quotient rule.

f   (x) = 
v x u x u x v x

v x

( ) ( ) ( ) ( )

[ ( )]

    
2

Expand the numerator so that you can combine like 

terms.  Do not expand the denominator.

Simplify.

Exercise 7I

Find the derivative of each function in questions 1  to 8.

1 f (x)  =  
x

x

2

4
 2   f (x)  =  (2x3  +  x2 +  x)(x2 +  1 ) 

3 f (x)  =  
ln x

x
 4   f (x) =  ex ln x  

5 f (x)  = 
x

x



+

2

4
 6  f (x)  = 

e

e

x

x +1

7 f (x)  = ex (5x3 +  4x) 8  f (x)  = 
2

1

2

3



+

x

x

Exam-Style Questions

9 The function f (x) =  xex has a horizontal tangent line at x =  k  

Find k.

10 Write the equations for the tangent lines to the graph of  

f (x) =  
x

x

+



1

1
 that are parallel to the line x +  2y =  1 0
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The product and quotient rules are not needed for all products and 

quotients.  It is sometimes more convenient to rewrite the function 

before differentiating.

Example 10

Find the derivative.  If it is more convenient to rewrite the function rst,  

do so.

a f x x x x( ) ( )= 4 22
 b  f x

x

x
( ) =

+



3 4

2
2

c f x
x

( ) =
9

43
 d  f x

x x

x
( ) =

+ +3 2 1
2

2

Answers

a f x x x x

x x x

x x

( ) ( )

( )

= 

= 

= 

4 2

4 2

4 2

2

1

2 2

5

2

3

2

 f x x x

x x

 =   

= 

 

( ) 4 2

10 3

5

2

3

2

5

2
1

3

2
1

3

2

1

2

b f x
x

x
( ) =

+



3 4

2
2

 

f x
x x x

x

x x x

x

 =

( )

=

( )

   + 



  +



( )
( ) ( ) ( ) ( )

( ) ( )

2

2
2

2 2

2

2 3 3 4 2

2

3 6 6 8

2
22

2

2
2

3 8 6

2

=

( )

  



x x

x

c f x x
x

( ) = =
9

43

4

39

f x x

x

x

 =  

=  = 

 



( ) 9

12

4

3

12

4

3
1

7

3

7

3

d f x

x x

x x

x

x

x

x

x x

( ) =

= + +

= + +

+ +

 

3 2 1

3 2 1

2

2

2

2 2 2

1 23 2

f x x x

x x

x

x

 =  

= 

 

  

( ) 0 2 22 3

2 3 3

2 2 2 2
 or 

Rewrite using rational exponents 

and expand.

Use the constant multiple and 

power rules to nd the derivative 

and simplify.

Use the quotient rule.

Rewrite using rational exponents.

Rewrite by separating terms and 

then use rational exponents.
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We have been using the prime  notation,  f (x),  to denote derivatives.  

We can use Leibniz notation,  
d

d

y

x
 or 

d

dx
f x[ ( )]  and we can also use 

variables other than x and y.  The notation 
d

d

y

x
 is read as the 

derivative of y with respect to x ,  or d y by d x ,  or simply d y d x .  

The notation 
d

dx
f x[ ( )]  is read as the derivative of f with 

respect to x .  

Example 

a Find 
d

dx
x x(ln )( )7 2[ ]  b  If s t t( ) ( )= 4 12 2 ,   nd 

d

d

s

t

c If A  =   r  2,   nd 
d

d

A

r
r =3

Answers

a  

d

dx
x x

x x
x

x x x

x

(ln )( )

(ln )( ) ( )

ln

7 2

7 7 2
1

7 7 2

[ ]

= +  







=
+ 

b s t t

t t

( ) ( )= 

=  +

4 1

16 8 1

2 2

4 2

 
d

d

s

t
t t= 64 163

c 
2

A r

 
d

2
d

A
r

r


 

3

d
2 (3 )

d

6

r

A

r










Use the product rule to  nd the 

derivative of (ln x)(7x   2) with 

respect to x.

Expand and use the power rule to 

 nd the derivative of s with respect 

to t.

Find the derivative of r2  with 

respect to r.

The bar tells you to evaluate the 

derivative when r = 3

Exercise 7J

Differentiate each function in questions 1  to 12.  If it is more 

convenient to rewrite the function  rst,  do so.

1 f x
x x

( ) = 2 5

3

3

 2  f x x x( ) ( )( )=  +2 25 5

3 f x xx( ) ( )= 2 2e  4 f x
x

x
( ) = 2

2

e

5 f x x

x
( ) ln= +e

3 4

45
 6  f x

x
x

( ) =
2

e

[  Gottried  Wi lhelm  
Leibniz  (1646 1716),  a  
German  mathematician ,  
debated  with  I saac 
Newton  over who  
was the  f rst  to  
develop  ca lcu lus.  
I t  i s  widely bel ieved  
that Leibniz  and  
Newton  independently 
developed  ca lcu lus at  
about the  same time.
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7 f x
x

x
( ) =

+

2

2 1

8 f x x x( ) ln= 3

9 f x
x x

x
( ) =

 +2 2 1

10 f x x x( ) ( )= +2 1

11 f x
x

x x
( ) =

 +2 2 1

12 f x x x x x( ) ( )( )=  + +3 23 2 3 5

Exam-Style Questions

13 Write the equation of the line normal to the graph 

of f x x x x( ) = e e  at x =  1

14 Write the equation of the tangent line to the graph of 

f x x x( ) ln= 3  at x =  1

15 If c n n n( ) . .=  + 4 5 3 5 22 ,   nd 
d

d

c

n

16 If A =
4

3
r 3,   nd 

d

d

A

r

17 If v t t t( ) =  +2 12 ,   nd 
d

d

v

t
t = 2

Exam-Style Question

18 
d

dt
e tt( )( )+ 3  can be written as e t kt ( )+ .  Find k.

.  The chain rule and higher order 
derivatives

The power rule alone will not give the correct derivative for 

x x= 2 3.  This is because the function is not a power of x,  but 

rather a power of another function v x x( ) = 2 .  The function f is a 

composite function,  ( )( )u v x  or u v x( ( ) ,  where u x x( ) = 3  and 

v x x( ) = 2

The symbol    is  used  

to show a  composite 

function.  I f u x x( ) = 3  

and  v x x( ) = 2 , then

f x u v x

u v x

u x

x

( ) ( )( )

( ( ))

=

=

= ( )

= ( )



2

2
3
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Investigation   nding the derivative of a  
composite function

1 Let f (x)  =  (2   x)3 

a Expand  f (x)  =  (2   x)3 Dierentiate each  term  to fnd  the  

derivative o f.

b You  can  also fnd  the derivative o f (x)  =  (2   x)3 by applying  

the power ru le to (2   x)3 and  multiplying by another actor.   

Compare the ol lowing to your answer in  step 1 and  fnd  the  

missing actor:  f (x)  =  3(2   x)2._____

2 Repeat the process or f (x)  =  (2x +  1)2

a Expand  f and  fnd  the derivative.

b Apply the power ru le to (2x  +  1)2  to fnd  the missing actor:   

f (x)  =  2(2x +  1)._____

3 Repeat the process or f (x)  =  (3x2  +  1)2

a Expand  f and  fnd  the derivative.

b Apply the power ru le to (3x2  +  1)2 to fnd  the missing actor:   

f (x)  =  2(3x +  1)._____ 

4 Make a  conjecture about fnding the derivative o a   

composite unction.  

5 Veriy that your conjecture works or f (x)  =  (x4 +  x2)3

I  u(x)  =  x2 and   

v(x)  =  2x +  1,  then

f x u v x

u x

x

( ) ( ( ))

( )

=

= +

= +( )

2 1

2 1
2

I  u(x)  =  x2 and   

v(x)  =  3x2 +  1, then

f x u v x

u x

x

( ) ( ( ))

( )

( )

=

= +

= +

3 1

3 1

2

2 2

To nd the derivative of a composite function we use  

the chain rule.

  The chain rule

If f (x) =  u(v(x)) then f (x) =  u  (v(x))   v(x) 

  The chain rule can also be written as:

If y =  f (u),  u  =  g (x) and y =  f (g(x)),  then 
d

d

d

d

d

d

y

x

y

u

u

x
= 

Example 

Each function is in the form f (x) =  u(v (x))

Identify u(x) and v(x),  then nd the derivative of f.

a f x x( ) ( )= +4 5 23 6  b  f x x( ) = +4 12  c  f x x( ) = e
2

Answers

a  f x x

u x x

v x x

f x x

( ) = 4(5 + 2)

( ) = 4

( ) = 5 + 2

( ) = 24(5 + 2)

3 6

6

3

3 5

D erivative


  o f 

outside function 
with  respect
to inside  
function
 

   
 ( )15 2

Derivative of 
inside function 
with  respect

to

x

x
 

 

 

= 360 (5 + 2)2 3 5x x

u is the outside function.

v is the inside function.

Apply chain rule.

Simplify.

Chain rule

The derivative o a  

composite unction  

is  the derivative o 

the outside unction  

with  respect to the 

inside unction  (inside 

unction  remains the 

same), multipl ied  by 

the derivative o the 

inside unction  with  

respect to x.

{  Continued  on  next page
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b f x x

x

u x x

v x x

f x x

( ) = 4 +1

= (4 +1 )

( ) =

( ) = 4 +1

( ) = (4 +1 )

2

2

1

2

1

2

2

2

1

2
1

2
De




rrivative of outside 
function with respect
to inside funct iion

Derivative 
of inside 

function with
respect

8
  

 ( )x

 

  to

=
4

(4 2 + 1 )

 or  
4

4 + 1
1

2
2

 x

x

x

x

x



c f x

u x

v x x

f x

x

x

x

x

( ) = e

= e

( ) = e

( ) =

( ) = e

2

2

2

( )

2

D erivative of 
outsi


( )

dde function  
with  respect to

inside function

Derivativ

2


 ( )x

ee  
of inside 

function  with

respect to 

= 2 e
2

x

x x



Rewrite using rational exponents.

u is the outside function.

v is the inside function.

Apply the chain rule.

Simplify.

u is the outside function.

v is the inside function.

Apply the chain rule.

Simplify.

Exercise 7K

Each function is in the form f x u v x( ) ( ( ))= .

Identify u(x) and v(x),  then nd the derivative of f.

1 f x x x( ) ( )= +3 24 5
 2  f x x x( ) ( )= + +4 2 3 12 3

3 f x x( ) ln( )= 3 5  4  f x x( ) = +2 33

5 f x x( ) = e4
 6  f x x( ) (ln )= 3

7 f x x( ) ( )= +9 2
2

3  8  f x x( ) = +2 324

9 f x x x( ) ( )= +5 33 4  10  f x x( ) = e4
3

You can nd the derivative of some functions more efciently by 

rewriting the function into a form where you can apply the chain rule.

Maria  Agnesi  (171899), an  I tal ian  mathematician,  

publ ished  a  text on  calculus that included  the methods of  

calculus of both  Isaac Newton  and  Gottfried  Leibniz.

Maria  also studied  curves of the form  y
a

x a
=

+

3

2 2
 whose  

graphs came to be known  as witches of Agnesi.  The function   

f x
x

( ) =
+

1

1
2

 in  Example 13 is  an  example of such  a  graph.
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Example 13

Use the chain rule to nd the derivative of f x
x

( ) =
+

1

1
2

 

Answer

f x

x

f x x x

x

x

x

( )

( )

( ) ( )

( )

=

= +

 =  + 

= 

+

+





1

1

2

1

2

2 1

2 2

2 2

1

1 1 2

Rewrite using rational exponents.

Apply the chain rule.

Simplify.

For some functions the chain rule must be combined with the 

product or quotient rule,  or the chain rule may need to be repeated.

Example 14

a f x x x( ) = 1 2
 b  f x x( ) ( )= e2 3 1

4

 c  f x
x

x
( ) ln=

+






2 1

Answers

a f x x x x x

f x x x x

( ) = 1 = (1 )

( ) = (1 ) 2

1

2

1

2

De

First factor

1

2

 

  


2 2

2


. ( )

rrivative of second factor

using chain rule

(1 )

  

+  x2

11

2

2

Second factor
Derivative of 
first factor

  

=

(1

1
  


.





x

xx

x

x

x

x

x

x

x

2

1

2

1

2

2

2

1

2

1

2

2

1

2

2

1

2

2

)

=

(1 )

(1 )

(1 )

=
+

+ (1 )

+ (1 )













2

2
.

((1 )

(1 )

=
1 2

(1 )

 or  
1 2

1

2

2

1

2

2

2

1

2

2

2













x

x

x

x

x

x

b  f x

u x

v x x

x

x

( )

( )

( ) ( )

( )=

=

= 

e

e

2 3 1

4

4

2 3 1

f x x ( ) = e2(3 1 )
4

Derivative of the
outside function
 with respeect to    the
inside function

Derivative of

8(3 1 ) (3)3

 
 x 

  the
inside function with

respect to 

= 24(3 1 ) e3 2(

 
x

x

  

 33 1 )4x

Rewrite using rational exponents.

Apply the product rule,  using the 

chain rule to nd the derivative of 

the second factor.

Simplify.

Find a common denominator.

Simplify.

The outside and inside functions 

are shown.  Note the inside function 

v(x) = 2(3x   1)4 is the composition 

of 2x4 and 3x   1.

Apply the chain rule to f and apply 

it again when nding the derivative 

of the inside function.

{  Continued  on  next page
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c  f x
x

x
( ) ln=

+






2

1

f x
x

x

( ) =
1

+ 1
2

Derivative of the 

outside function

with respect  to the

 inside function

Derivati

( + 1 ) 1 (2 )

+ 1

2

2
2




 

( )
x x x

x



vve of the 

inside function

with respect 

=
+ 1

2 2

x

x

x

x

  


++ 1 2

+ 1

=
1

( + 1 )

2

2
2

2

2





x

x

x

x x

( )

Apply the chain rule and use the 

quotient rule to nd the derivative 

of the inside function.

Simplify.

Exercise 7L

Find the derivative of each function in questions 1  to 10.

 1  f x x x( ) ( )= 2 4
2 3  2  f x x x

( ) = 2
e

 3  f x
x

( ) =
+
4

3
2  4  f x

x

x
( ) =

+2 1

 5  f x x x
( ) = + 

e e
2 2

 6  f x x( ) ln( )= 1 2
3

 7  f x x( ) ln(ln )= 2
 8  f x

x x
( ) =

+ 

2

e e

 9  f x
x x

( ) =
 
1

3 2
2

 10  f x x x( ) = +4 2
3

Exam-Style Questions

 11 For the the curve f x x x
( ) = 

e
2

2

 

a Find f (x).  b  Find f (2).

c Hence nd the equation of the tangent line to f when x =  2

12  Find the x-coordinate of the point(s) on the graph of 

f x x x( ) ln= 3
 where the tangent line is horizontal.

13 Let f x
x

( ) = 1

3
,  g x x( ) = 1 2  and h x f g x( ) ( )( )=    

Find h (x) and show that the gradient of h (x) is always positive.

 x f (x) g (x) f (x) g (x)

3 1 4 3 2

4 2 1 3 4

  In the table above,  the values of f and g and their derivatives  

at x =  3  and x =  4 are given.  

a Find the gradient of ( )( )f g x  when x =  3

b Find the gradient of 
1

2

[ ( )]g x
 when x =  4  
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Higher order derivatives

The derivative f (x)  or 
d

d

y

x
 is called the rst derivative   

of y with respect to x.  We are sometimes interested in  

the gradient of the rst derivative.  This is known as the  

second derivative  of y with respect to x and can be  

written as f (x)  or 
d

d

2

2

y

x
.  The third derivative of y with  

respect to x is written as f (x)  or 
d

d

3

3

y

x
.  The second and  

third derivatives are examples of higher order derivatives.

Example 15

a Find the rst three derivatives of f x x x x( ) = + +4 23

b If f x x = +( ) 2 4 ,  nd f x( ) .  c  If y x= 4 2e ,  nd 
d

d

3

3

1

x

x
x =

d If s t t t( ) =  + +16 16 322
,  nd 

d

d

2

2

s

t
.

Answers

a  f x x x x

f x x x

f x x

f x x

( )

( )

( )

( )

= + +

 = + +

 = +

 =

4 2

3

2

3

4 6 1

12 6

24

b  f x x

x

 = +

= +

( )

( )

2

2

1

2

4

4

f x x x

x

x

 = +

=



+

( ) ( ) ( )
1

2

4

2

1

2

2

4 2

c  y x= 4 2e

d

d

d

d

d

d

y

x

y

x

y

x

x x

x x

x x

=  =

=  =

=  =

4 2 8

8 2 16

16 2 32

2 2

2

2

2 2

3

3

2 2

e e

e e

e e

d

d

3

3

1

2 1 232 32
y

x
x =

= =e e( )

d  s t t t( ) =  + +16 16 322

d

d

d

d

s

t

s

t

t=  +

= 

32 16

32
2

2

The rst three derivatives are 

f x f x ( ), ( )  and f x ( ) .

Note that the rst derivative was 

given,  so you only differentiate once 

to get the second derivative.

Find the rst three derivatives using 

the chain rule.  

Then evaluate the third derivative 

when x = 1

Find the rst and then the second 

derivative of s with respect to t.

The second  derivative is  the derivative 

o the frst derivative.  Writing th is  

as 
d

d

d

dx

y

x







 helps you  see where the 

notation  
d

d

2

2

y

x
 comes rom.

The prime  notation  is  not very useu l  

or derivatives o order h igher than  

three.  For those derivatives we write 

f (n)(x).  For example, instead  o writing 

f (x)  we write f (4)(x).
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Exercise 7M

 1  Find the second derivative of f x x( ) = 4
3

2

 2  If f x x x x( ) = + + +3 2 15 4 ,  nd f x( ) .

 3  If C n n n( ) ( )= +
3 2 3e ,  nd 

d

d

2

2

C

n

 4 If 
d

d

y

x x
=
4
,  nd 

d

d

3

3

y

x

 5  If 
d

d

4

4

34
y

x
x= ln( ) ,  nd 

d

d

6

6

y

x

 6  If R t t t( ) ln( )=
1

2

2 ,  nd 
d

d

R

t
t = 1

Exam-Style Questions

 7   What is true about the nth derivative of y x x x= + + +
3 23 2 4,   

for n  4?

 8   Find the rst four derivatives of y x x
= +

e e  then write a 

generalization for nding d

d

n

n

y

x
 of this function.

 9   Find the rst four derivatives of y
x

=
1
 then write a generalization 

for nding d

d

n

n

y

x
 of this function.

10 Find the gradient of the slope of the function f x x( ) = 3 25

. Rates of change and motion in a line

The derivative gives the slope of a function.  It also gives the rate of  

change of one variable with respect to another variable.  In this  

section we will study  average and instantaneous rates of change   

and motion in a line.

Example 

A diver jumps from a platform at time t =  0 seconds.  The distance  

of the diver above water level at time t is given by 

s t t t( ) . .=  + +4 9 4 9 102
,  where s is in metres.

a   Find the average velocity  of the diver over the given time 

intervals.

i  [1 ,  2]       ii     [1 .5,  1 ]        iii    [1 .1 ,  1 ]       iv    [1 .01 ,  1 ]

b  Find the instantaneous velocity  of the diver at t =  1  second.

{  Continued  on  next page
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Answers

a Average velocity is the  

change in distance

change in time
 

(metres)

(seconds)

i  
s s( ) ( )

.
2 1

2 1
9 8




=  ms

1

ii  
s s( . ) ( )

.
.

1 5 1

1 5 1
7 35




=  ms

1

iii  
s s( . ) ( )

.
.

1 1 1

1 1 1
5 39




=  

m
1

s

iv  
s s( . ) ( )

.
.

1 01 1

1 01 1
4 949




=  

ms
1

b Instantaneous velocity  

v (t) =  s (t)

s t t =  +( ) . .9 8 4 9

s =  + =  
( ) . . .1 9 8 4 9 4 9

1
ms

The units for velocity are m s1.

Find the slopes of the secant lines 

s t s t

t t

( ) ( )
2 1

2 1




 on each interval.  Use a 

GDC to evaluate the slopes.

Find the slope of the tangent line to 

s at t = 1 

Note that the slopes of the secant lines 

in part a approach the slope of the 

tangent line in part b.

Example 17

During one month,  the temperature of the water in a pond is modeled 

by the function C t t
t

( ) = +


20 9 3e ,  where t is measured in days and C is 

measured in degrees Celsius.  

a Find the average rate of change in temperature in the rst  

1 5  days of the month.

b Find the rate of change in temperature on day 15.

Answers

a Average rate of change

=  




C C( ) ( )
.

1 5 0

15 0
0 0606 C/day

b Instantaneous rate of change:

 
C t t

t

t t

t t

 =  








+ 

=  +

 

 

( ) 9 9

3 9

3 3

3 3

1

3
e e

e e

 

C =   +

= 
  

 



( )

.

1 5 3 15 9

36

0 243

5 5

5

e e

e

C/day

On day 15 the temperature 

is dropping at a rate of 0.243 

degrees Celsius per day.

Find the slopes of the secant  

line on the interval [0,  15].  The  

units for 
change in temperature

change in time
 are 

C/ day .

Find the slope of the tangent line to 

C at t = 15.

The average rate 

of change of s,  or 

average velocity, is  the 

slope of a  secant l ine:

s t h s t

t h t

s t h s t

h

( ) ( )

( )

( ) ( )+ 
+ 

=
+ 

The instantaneous 

rate of change of s,  

or the velocity, is  the 

slope of a  tangent l ine:

v t
s t h s t

h
s t

h

( ) l im
( ) ( )

( )=
+ 

= 
0
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Exercise 7N

Use a GDC to help evaluate function values.

Exam-Style Question

1 A ball is thrown vertically upwards.  Its height in metres above the  

ground t seconds after it is thrown is modeled by the function 

h t t t( ) . . .=  + +4 9 19 6 1 42

a Find the height of the ball when t =  0 seconds and when t =  2 seconds.

b Find the average rate of change of the height of the ball from  

t =  0 seconds to t =  2 seconds.

c Find the instantaneous rate of change of the height of  

the ball when t =  1  second,  t =  2 seconds and t =  3  seconds.   

Explain what these values tell you about the motion of the ball.

2 The amount of water in a tank after t minutes is modeled by  

the function V t
t

( ) = 





4000 1

60

2

,  where V is measured in litres.   

Answer the following to the nearest whole number.

a Find the amount of water in the tank when t =  0 minutes and  

when t =  20 minutes.  

b Find the average rate of change of the amount of water in the  

tank from when t =  0 minutes to t =  20 minutes.  Explain the  

meaning of your answer.

c Find the instantaneous rate of change of the amount of water in the  

tank when t =  20 minutes.  Explain the meaning of your answer.

d Show that the amount of water in the tank is never increasing  

from t =  0 minutes to t =  40 minutes.  

3 The number of bacteria in a science experiment on day t is  

modeled by P (t) =  100e  0.25t

a Find the average rate of change of the number of bacteria  

over the interval 0 to 1 0 days of the experiment.

b Find the instantaneous rate of change of the number of  

bacteria at any time t.  

c Find the instantaneous rate of change of the number of  

bacteria on day 10.  Explain the meaning of your answer.

4 The cost (in dollars) of producing n  units of a product is modeled  

by the function C (n) =  0.05n2 +10n  +  5000

a Find the average rate of change of C with respect to n   

when the production level changes from n  =  1 00 units to  

n  =  1 05 units and when the production level changes from  

n  =  1 00 units to n  =  1 01  units.

b Find the instantaneous rate of change of C with respect to n   

for any number of units n.  

c Find the instantaneous rate of change of C with respect to n   

when n  =  1 00 units.  Explain the meaning of your answer.
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Motion in a line

If an object moves along a straight line,  its position  

from an origin at any time t can be modeled by a  

displacement function,  s(t).  The function  

s(t)  =  4.9t2 +  4.9t +  1 0 from Example 16 is an example  

of a displacement function.  The initial position  of the  

diver is the position when t =  0,  or s(0) =  10 metres.   

The origin is at water level,  so the diver is initially on a  

diving platform 10 metres above water level.

   The instantaneous rate of change of displacement is the 

velocity function,  

t s t
h

s t h s t

h
( ) lim ( )

( )
= = 



+  ( )
0

Example 18

A particle moves in a straight line with a displacement of s metres  

t seconds after leaving a xed point.  The displacement function  

is given by s (t) =  2t 3    21 t 2 +  60t +  3,  for t   0.

a Find the velocity of the particle at any time t.

b Find the initial position and initial velocity of the particle.

c Find when the particle is at rest.

d Find when the particle is moving left and when the particle is  

moving right.

e Draw a motion diagram for the particle.

Answers

a v t s t

v t t t t

( ) ( )

( ) ,

= 

=  + 6 42 60 02

b s( ) ( ) ( )

( )

0 2 0 21 0

60 0 3 3

3 2= 

+ + = m

v (0)  =  6(0)2   42(0) +  60 =  60 ms1

c 6 42 60 0

6 7 10 0

6 2 5 0

2 5

2

2

t t

t t

t t

t

 + =

 + =

  =

=

( )

( )( )

,

The particle is at rest at 2 seconds and 5  

seconds.

Velocity is the derivative of displacement.

The initial position is the displacement  

when t = 0.

The initial velocity is the velocity when t = 0.

The particle is at rest when velocity is 0.  

Set the velocity function equal to 0 and solve for t.

You  can  use a  horizontal  or vertical  

l ine to model  motion  in  a  l ine.   

For s(t)  >  0, the object is  to the right 

of the origin  or above the origin.  For 

s(t)  <  0, the object is  to the left of the 

origin  or below the origin.  The in i tial  

position  is  s(0).

For v(t)  >  0, the object 

is  moving to the right 

or up.

For v(t)  <  0, the object 

is  moving down  or to 

the left.

For v(t)  =  0, the object 

is  at rest.

The initial velocity  

is  v(0).

This is  an  area  of 

mathematics known  

as kinematics,  

which  is  about the 

motion  of objects.

{  Continued  on  next page
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d 

t0 2

+ +

5

signs of v

The particle is moving right for (0,  2) and 

(5,  ) seconds because v (t) >  0.  The particle is 

moving left for (2,  5) seconds because v (t) <  0.

e s

s

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2 21 2 60 2 3 55

5 2 5 21 5 60 5 3 28

3 2

3 2

=  + + =

=  + + =

m

m

 
s0 3 28 55

t =  0 t =  5
t =  2

Make a sign diagram for velocity.  Put the values 

when the particle is at rest on the diagram.  Choose a 

value in each interval and nd the sign of v(t).  

(0 ,  2) t = 1 v(1) = 6(1 2)(1 5) = (+)( )( ) = +   

(2 ,  5) t = 3 v(3) = 6(3 2)(3 5) = (+)(+)( ) =   

(5,  ) t = 6 v(6) = 6(6 2)(6 5) = (+)(+)(+) = + 

Find the displacement or position of the particle 

when the particle changes direction.

Use these positions and the initial position to  

plot the motion.  Although the motion is  

actually on the line,  we draw it above the line.

Exercise 7O

1 A particle moves on a line with displacement function  

s (t) =  t3   6t2 +  9t centimetres for t   0 seconds.

a Find the initial position and the initial velocity for the  

particle.

b Find when the particle is at rest.

c Draw a motion diagram for the particle.

Exam-Style Question

2 A ball is thrown vertically upwards.  The height of the ball in feet,  

t seconds after it is released,  is given by s (t) =  16t2 +  40t +  4 for  

t   0 seconds.

a Find the initial height of the ball.

b Show that the height of the ball after 2 seconds  

is 20 feet.

c There is a second time when the height of the ball is  

20 feet.

 i   Write down an equation that  t must satisfy when the height 

of the ball is 20 feet.

 ii  Solve the equation algebraically.

d i  Find 
d

d

s

t
.

 ii  Find the initial velocity of the ball.

 iii  Find when the velocity of the ball is 0.

 iv Find the maximum height of the ball.

3  A particle moves along a line with displacement function 

s t
t
t

( ) =
e
,  where s is in metres and t is in seconds.

a Show that t
t

t
( ) =

1

e


.

 b Hence nd when the particle is at rest.
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   The instantaneous rate of change of the velocity is the 

acceleration function,  a t v t s t
h

v t h v t

h
( ) lim ( ) ( )

( )
= =  = 



+  ( )
0

For a(t) >  0 the velocity of the object is increasing.

For a(t) <  0 the velocity of the object is decreasing.

For a(t) =  0 the velocity is constant.

Example 19

For the displacement function from Example 18,   

s(t) =  2t 3    21 t 2 +  60t +  3,  with s in metres and t   0 seconds,   

we found that v (t) =  6t 2   42t +  60.

a Find the average acceleration  of the particle from  

t =  1  seconds to t =  4 seconds.

b Find the instantaneous acceleration  of the particle at  

t =  3  seconds.  Explain the meaning of your answer.

Answers

a Average acceleration is  

change in velocity

change in time
 
(ms

(seconds)

 )

v v( ) ( )4 1

4 1
12




=   m s2

b Instantaneous acceleration  

a(t) =  v(t)

a t v t t

a

( ) ( )

( )

=  = 

=  

12 42

3 6 2ms

    

This means the velocity is  

decreasing 6 metres per second 

each second at time  

3  seconds.

The units for acceleration are m s2.

Use a GDC to evaluate.

Note that a negative acceleration 

does not mean an object in motion 

is slowing down.  It means that the 

velocity is decreasing.

Speed  is the absolute value of velocity.  Velocity tells us how fast an 

object is moving and  the direction in which it is moving.  Speed tells 

us only how fast it is moving.  To determine if an object in motion is 

speeding up or slowing down you can compare the signs of velocity 

and acceleration.

For more on  absolute 

value  see Chapter 18, 

Section  2.7.
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When velocity and acceleration have the same sign,  the object in 

motion is speeding up.  

When velocity and acceleration have different signs,  the object in 

motion is slowing down.

Investigation      velocity,  acceleration  
and  speed

1 Copy and  complete the tables.  Recal l  that acceleration  is  the  

change of velocity.  Speed  is  the absolute value of velocity.

a Velocity and  acceleration  are both  

positive.

 Let acceleration  be 2  m  s2.

Time  

(sec)

Velocity  

(m  s1)

Speed   

(m  s1)

 0 10 10

1 12

2

3

4

c Velocity and  acceleration  are both  

negative.

 Let acceleration  be 2  m  s2.

Time  

(sec)

Velocity  

(m  s1)

Speed   

(m  s1)

0 10 10

1 12

2

3

4

b Velocity is  positive and  acceleration  is   

negative.

Let acceleration  be 2  m  s2.

Time 

(sec)

Velocity  

(m  s1)

Speed   

(m  s1)

 0 10 10

1 8

2

3

4

d Velocity is  negative and  acceleration   

is  positive.

Let acceleration  be 2  m  s2.

Time  

(sec)

Velocity  

(m  s1)

Speed   

(m  s1)

0 10 10

1 8

2

3

4

2 State whether the object is  speeding up or slowing down.

 a  Velocity and  acceleration  are both  positive.

 b Velocity is  positive and  acceleration  is  negative.

 c Velocity and  acceleration  are both  negative.

 d  Velocity is  negative and  acceleration  is  positive.

3 Complete the statements:

 a   I f velocity and  acceleration  have the same sign  then  the  

object is  ___________________.

 b  I f velocity and  acceleration  have opposite signs then  the  

object is  ___________________.

I f the speed  of an  

object is  increasing, 

the object is  speeding 

up.

I f the speed  of an  

object is  decreasing, 

the object is  slowing 

down.
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Example 20

For the displacement function from Example 18,   

s(t) =  2t3   21 t2 +  60t +  3,  with s in metres and t   0 seconds,   

we found that v(t) =  6t2   42t +  60 and a(t) =  12t   42

a Find the speed of the particle at t =  3  seconds and determine 

whether the particle is speeding up or slowing down when  

t =  3  seconds.

b During 0   t   1 0 seconds,  nd the intervals when the particle is 

speeding up and when it is slowing down.

Answers

a v(3) =  6(3)2   42(3) +  60  

    =  12 m s1

speed =  | 12|  =  12 m s1

a(3) =  12(3)   42 =  6 m s2

The particle is speeding up at  

t =  3  seconds since v(t) <  0 and 

a(t) <  0.

b Compare the signs of velocity 

and acceleration.

0 2 5 10

signs of v

t

++++++++++++++++

0 3.5 10

signs of a

t

++++++++++++++

The particle is speeding up  

in the interval (2,  3.5) seconds 

because v (t) <  0 and a (t) <  0,  

and in the interval (5,  1 0)  

seconds because v (t) >  0  

and a (t) >  0.

The particle is slowing down  

in the interval (0,  2) seconds 

because v (t) >  0 and a (t) <  0,   

and in the interval (3.5,  5) 

seconds because v (t) <  0  

and a (t) >  0.

To nd the speed of the particle at a 

given time,  nd the velocity and take 

the absolute value.

The particle is speeding up at  

t = 3 since velocity and acceleration 

have the same sign.

Use the sign diagram for velocity 

from Example 18.

Below it,  align a sign diagram  

for a(t).

Find when a(t) = 0

12t   42 = 0   t = 3. 5

Place this value on the interval  

0   t   10.

Check a value in each interval:

(0,  3. 5) t = 1  

a(1) = 12(1)   42 = 30 ()

(3.5,  10) t = 4  

a(4) = 12(4)   42 = 6 (+)
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Exercise 7P

Use a GDC to help evaluate function values.

1 A particle moves along a line with the displacement function  

s(t) =  2t4   6t2,  in centimetres,  for t   0  seconds.

a Write expressions for the velocity and acceleration of the 

particle at time t.

b Find the acceleration at time t =  2 seconds and explain the 

meaning of your answer.

c Find when velocity and acceleration equal zero.  Then nd 

when the particle is speeding up and slowing down.

2 A particle moves along a line with the displacement function  

s(t) =  t
3 +  1 2t2   36t +  20,  in metres,  for 0   t   8 seconds.

a Write an expression for the velocity and acceleration of the 

particle at time t.

b Find the initial position,  velocity and acceleration for the 

particle.

c Find when the particle changes direction for 0   t   8  seconds.  

Then nd intervals on which the particle travels right and left.

d Find when acceleration is 0 for 0   t   8 seconds.  Then nd 

intervals on which the particle is speeding up and slowing 

down.

Exam-Style QuestionS

3 A diver jumps from a platform at time t =  0 seconds.   

The distance of the diver above water level at time t is given  

by s (t) =  4.9t2 +  4.9t +  1 0,  where s is in metres.

a Write an expression for the velocity and acceleration of the 

diver at time t.

b Find when the diver hits the water.

c Find when velocity equals zero.  Hence nd the maximum 

height of the diver.

d Show that the diver is slowing down at t =  0.3  seconds.

4 A particle moves along a line with displacement function 

s t t t t( ) ln( ),=  + 
1

4

2

1 0  where,  s is in metres and t is in seconds.

a i   Write an expression for the velocity of the particle at time t.

 ii  Hence nd when the particle is at rest.  

b i   Write an expression for the acceleration of the  particle at 

time t.

 ii  Hence show that velocity is never decreasing.

Look again  at the d iver 

in  Example 16.
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7.6 The derivative and graphing

One of the most powerful uses of the derivative is to  

analyze the graphs of functions.  In this section you will  

see how to connect f   and f  to the graph of f.

A function is increasing  on an interval if an increase  

in x results in an increase in y.  A function is decreasing   

on an interval if an increase in x results in a decrease in y.

Example 21

Write down the intervals on which the function is  

increasing or decreasing.

a y

0 x
4 1 4

2

4

1

5 2 13 532

3

5

  b  y

0 x
4 1

2

4

1

5 2 13 32

3

5

  c  y

0 x
1

2

1

1 32

3

1

2

3

4

Answers

a Decreasing for x <  0

Increasing for x >  0

b Increasing for all real numbers

c Increasing for x < 0 and x >  2

 Decreasing for 0 <  x <  2 

y

0 x
4 1 4

2

4

1

5 2 13 532

3

5
increase

in  x

increase

in  y

decrease

in  y

increase

in  x

y

0 x
4 1

2

4

1

5 2 13 32

3

5

increase in  y

increase in  x

y

0 x
1

2

1

1 32

3

1

2

3

4

Although  the Cartesian  plane was 

named  ater Ren Descartes (French  

mathematician, 15961650), he used  

only positive numbers and  an  x-axis.  

Isaac Newton  (Engl ish  mathematician, 

16421727) is  attributed  with  the 

frst use o negative coordinates.  In  

h is  book Enumeratio linearum tertii 

ordinis,  or Enumeration of Curves of 

Third Degree, Newton  used  both  an  

x-axis and  a  y-axis and  positive and  

negative coordinates.
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   When a function is decreasing,  the tangent lines to the  

curve have negative slope.  When a function is increasing,   

the tangent lines to the curve have positive slope.  It follows  

that:  

If f (x) >  0 for all x in (a,  b) then f is increasing on  

(a,  b).

If f (x) <  0 for all x in (a,  b) then f is decreasing on  

(a,  b).

Example 22

Use the derivative of f  to nd the intervals on which f  is increasing or 

decreasing.  

a f    (x) =  2x3   3x2   1 2x b  f x
x

x
( ) =

2

2

4

1




 c  f  (x) =  x3

Answers

a f x x x x

f x x x

( )

( )

=  

 =  

2 3 12

6 6 12

3 2

2

6 6 12 0

6 2 0

6 2 1 0

2 1

2

2

x x

x x

x x

x

  =

  =

 + =

= 

( )

( )( )

,

1

+ +

2

signs of f'

x

f is increasing on (,  1 ) and 

(2,  ) since f   (x) >  0

f is decreasing on (1 ,  2) since 

f  (x) <  0

b f x

f x

x

x

x x x x

x

x

x

( )

( )
( )( ) ( )( )

( )

( )

=

 =

=





  





2

2

2 2

2 2

2 2

4

1

1 2 4 2

1

6

1

f  (x) = 0:  f  (x) undened when:

 6x =  0 (x2   1 )2 =  0

 x =  0 x2   1  =  0

 x =  1

1 0 1

 ++signs of f'

x

Find the derivative of f.

Find the critical numbers by 

setting f (x) equal to 0 and 

solving for x.

Make a sign diagram for f (x).

We can use interval notation to 

describe the intervals.

Find the derivative of f.

Find the critical numbers by 

setting f   equal to 0 and solving 

for x,  and by nding where f   is 

undened.

Make a sign diagram for f .  

Notice that f and f   are not 

dened at x = 1.  Use open 

circles on the sign diagram to 

remember this.

y

0 x4 1 4

2

4

1

5 2 13 532

3

5

A stationary point  

i s  a  point where  

f (x)  =  0

A critical number  

o f is  a  point where 

f (x)  =  0 or f (x)  is  

undefned.

{  Continued  on  next page
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f is increasing on (,  1 ) and 

(1 ,  0) since f (x) >  0.

f is decreasing on (0,  1 ) and  

(1 ,  ) since f (x) <  0.  

c f x x

f x x

( )

( )

=

 =

3

23

 

3 0

0

2x

x

=

=

 0

++signs of f'

x

  f is increasing on (,  0) and 

(0,  ).

We cannot say that f is increasing 

on (,  0) or decreasing on (0,  ) 

since f is not dened at x = 1 or 

x = 1.

Find the derivative of f.

Find the critical numbers by 

setting f   equal to 0 and solving 

for x.

Make a sign diagram for f .

Even though f is dened at  

x = 0,  we cannot include 0 in 

the interval because the gradient 

is zero at x = 0,  so f(x) is not 

increasing at x = 0.

Exercise 7Q

Write down the intervals on which f  is increasing or decreasing.

1 y

x1 024 1 2 3 4

1

4

3

2

2

3

4

13

 2  y

x1 023 21 3 4 5 6

1

6

4

5

3

2

1

 3  y

x1 02 1 2

1

2

2

1

In questions 49,  use the derivative of f  to nd all intervals on  

which f  is increasing or decreasing.

4 f (x) =  x 4 5  f (x) =  x 4   2x2 6  f x
x

x
( ) =

+



2

3

7 f x
x

( ) =  8  f (x) =  x 3ex 9  f x
x

x
( ) =



3

2 1

Exam-Style Question

10  The graph of the derivative of f is shown.   

Write down the intervals on which f is  

decreasing and increasing.

Use a  GDC to look at 

a  graph  of the function  

to verify your results.

y

x1 024 1 2 3 54

1

2

3

4

3

4

2

13

y =  f'(x)
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A function has a relative maximum point  (or local maximum)  

when the function changes from increasing to decreasing.   

A function has a relative minimum point  (or local minimum)  

when the function changes from decreasing to increasing.   

Relative minimum and maximum points are called the  

relative extrema  of a function.  

   The rst derivative test is used to locate relative extrema of f.   

If f is dened at a critical number c then:

1 If f (x) changes from positive to negative at x =  c,  then f  

has a relative maximum point at (c,  f (c)).

2 If f (x) changes from negative to positive at x =  c,  then f  

has a relative minimum point at (c,  f (c)).

Example 3

Use the rst derivative test to nd the relative extrema for the functions in Example 22.  

a f (x) =  2x3   3x2   1 2x b  f x
x

x
( ) =





2

2

4

1
 c  f (x) =  x3

Answers

a f x x x x

f x x x

x x

( )

( )

( )( )

=  

 =  

=  +

2 3 12

6 6 12

6 2 1

3 2

2

1

+ +

2

signs of f'

x

Since f  (x) changes from positive to negative at  

x =  1  there is a relative maximum at x =  1 .  Since 

f  (x) changes from negative to positive at x =  2 there is a 

relative minimum at x =  2.

f( ) ( ) ( ) ( ) =     

=

1 2 1 3 1 12 1

7

3 2

f( ) ( ) ( ) ( )2 2 2 3 2 12 2

20

3 2
=  

= 

So the relative maximum point is (1 ,  7) and the relative 

minimum point is (2,  20).

b f x

f x

x

x

x

x

( )

( )
( )

=

 =







2

2

2 2

4

1

6

1

1 0 1

 ++signs of f'

x

Since f  (x) changes from negative to positive at x =  0 

there is a relative minimum at x =  0.  f( )0 4
0 4

0 1

2

2
= =





So the relative minimum point is (0,  4).

Use the sign diagram for f   from 

Example 22.

Locate the relative extrema by looking 

for sign changes for f .

Evaluate f at x = 1 and x = 2 to nd 

the maximum and minimum values.

There would not be relative extrema at 

x = 1 and x = 1 even if the sign of 

f  (x)  had changed,  since f is undened 

at x = 1 and x = 1.

Note that i f f (x)  does 

not change sign  at a  

critical  number x =  c,  

then  the point (c,  f (c))  

is  neither a  relative 

minimum nor a  

relative maximum.

relative

min imum

neither a  relative 

m in imum  nor

relative maximum

relative

maximum

{  Continued  on  next page

Chapter 7 233



c f x x

f x x

( )

( )

=

 =

3

23

0

++signs of f'

x

f has no relative extrema  

since the derivative does not  

change sign at x =  0.

Note that f  (x)  = 0 is not a sufcient 

condition to have a relative extrema at 

x = 0.  It must also be true that f  (x)  

changes sign at x = 0.

Exercise 7R

In questions 1  to 8,  use the rst derivative test to nd the relative  

extrema for each function.

1 f (x) =  2x 2   4x   3  2  f (x) =  x 3    12x   5

3 f x x( ) =
5

3  4  f (x) =  x 4   2x2

5 f (x) =  x (x + 3)3 6  f (x) =  x 2e  x

7 f x
x

( )
( )

=
+

1

1 2
 8  f x

x x

x
( ) =

 +

+

2 2

1

   If f (x) >  0 for all x in (a,  b) then f  is concave up  on (a,  b).   

If f (x) <  0 for all x in (a,  b) then f  is concave down  on (a,  b).   

The points on a graph where the concavity changes are called 

inexion points.   A point on the graph of f  is an inexion 

point if f (x) =  0 and f (x) changes sign.

y

x0
24 2 4

2

4

2

4

y =  f(x)

The graph  is  concave down  or (, 0).  The tangent 

l ines shown  in  red  have decreasing gradients.  Th is 

means that f 
 
is  decreasing, so i ts derivative f 

 
is  

negative.

The graph  is  concave up or (0, ).  The tangent 

l ines shown  in  blue have increasing gradients.  This 

means that f 
 
is  increasing, so i ts derivative f   is  

positive.

The point (0, 0)  is  an  infexion  point since f changes 

concavity at x =  0.
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Example 24

For the functions from Example 22,  use the second derivative to nd the intervals where the 

function is concave up and concave down.  Find the inexion points.

a f (x) =  2x3  3x2   12x b  f x
x

x
( ) =





2

2

4

1
 c  f (x) =  x3

Answers

a f x x x x

f x x x

f x x

x

x

( )

( )

( )

=  

 =  
 = 
 =

=

2 3 12

6 6 12

12 6

12 6 0

3 2

2

1

2

+signs of f ''

x 1

2

f is concave down on 





,

1

2
 since f  (x) <  0 and   

f is concave up on 
1

2
,






  since f  (x) >  0.

Since f  (x) changes sign at x =
1

2
,  there is an inexion 

point there.  f
1

2

1

2

1

2

1

2

13

2
2 3 12

3 2







 = 






  






  






 = 

So the inexion point is 
1

2

13

2
, 








b f x

f x

x

x

x

x

( )

( )
( )

=

 =







2

2

2 2

4

1

6

1

f (x) =  
( ) ( ) ( )[ ( )( )]

( )

x x x x

x

2 2 2

2 4

1 6 6 2 1 2

1

  


 =

 +



6 3 1

1

2

2 3

( )

( )

x

x

f x

x

x

x

x

 =

=

 + =

= 

 +



( )

( )

( )

( )

0

0

6 3 1 0

6 3 1

1

1

3

2

2 3

2

2

  
f x

x

x

x



 =

 =
= 

( )

)

 is undefined when

( 2 3

2

1 0

1 0

1

No real solutions

1 1

+signs of f  ' '

x

 f  is concave down on (, 1) and (1 ,  ) since f  (x) < 0,  

and  f  is concave up on (1 ,  1 ) since f  (x) >  0.

Find the second derivative of f.

Find where f (x) = 0.

Make a sign diagram for f .

Evaluate f at 
1

2
x   to nd the 

y-coordinate of the inexion point.

Find the second derivative of f.

To make a sign diagram for f  you must 

nd where f (x) = 0 and where f (x) is 

undened.

Even though f (x) changes sign at  

x = 1 there are no inexion points.  This 

is because f (x) is undened at x = 1.  

In this case the concavity is changing on 

either side of a vertical asymptote.

{  Continued  on  next page
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c  f x x

f x x

f x x

x

x

( )

( )

( )

=

 =

 =

=

=

3

23

6

6 0

0

0

signs of f ' '

x

+

f  is concave down on (,  0) since f (x) <  0,  and   

f  is concave up on (0,  ) since f (x) >  0.  Since f (x) 

changes signs at x = 0,  there is an inexion point there.

f (0) =  (0)3 =  0.

So the inexion point is (0,  0).

Find the second derivative of f.

Find where f (x) = 0.

Make a sign diagram for f .

Evaluate f at x =  0 to nd the 

y-coordinate of the inexion point.

Exercise 7S

In questions 1  to 6,  use the second derivative to nd the intervals  

where the function is concave up and concave down.   

Find the inexion points.

1 f (x) =  2x2   4x   3  2  f (x) =  x4 +  4x3

3 f (x) =  x3   6x2 +  1 2x 4  f (x) =  x4 

5 f (x) =  2xex 6  f x
x

( ) =
+

1

12

Exam-Style Questions

7 Let f x
x

( ) =
+

24

122

a Use that fact that f x
x

x
 =



+
( )

( )

48

122 2
 to show that the second  

derivative is f x
x

x
 =



+
( )

( )

( )

144 4

12

2

2 3

b i  Find the relative extrema of the graph of f.

 ii  Find the inexion points of the graph of f.

8 The graph of the second derivative of  

f  is shown.  Write down the intervals  

on which f is concave up and concave  

down.  Give the x-coordinates of any  

inexion points.

y

x1 024 1 2 3 4 5

1

1

2

3

4

5

2

3

4

3

y =  f ' '(x)
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The rst and second derivatives of a function tell us much about  

the graph of the function.  We can also use intercepts and 

asymptotes to help complete the graph.

Example 25

Sketch the graph of each function.  Use the information you found in Examples 2224 and 

intercepts and asymptotes to help draw the graph.

a f (x) =  2x3   3x2   12x b  f x
x

x
( ) =





2

2

4

1
 c  f (x) =  x3

Answers

a  f (x) =  2x3   3x2   12x

  increasing:  (,  1 ) and (2,  )

 decreasing:  (1 ,  2)  

 relative maximum:  (1 ,  7) 

 relative minimum:  (2,  20) 

 concave down:  





,

1

2

 concave up:  
1

2
,








 inexion point:  
1

2

13

2
, 








  x-intercepts:  (0,  0),  (1 .8,  0),  (3.31 ,  0)

 y-intercept:  (0,  0)

y

x1 024 1 2 3 4 5

5

5

10

15

20

3

relative minimum

relative maximum

Infexion  point

decreasingincreasing increasing

concave down concave up

b  f x
x

x
( ) =





2

2

4

1

  increasing:  (,  1 ) and (1 ,  0) 

 decreasing:  (0,  1 ) and (1 ,  ) 

 relative minimum:  (0,  4) 

  concave down:  (,  1 ) and (1 ,  )

concave up:  (1 ,  1 ) 

inexion points:  none

x-intercepts:  (2,  0),  (2,  0)

y-intercept:  (0,  4)

To nd the x-intercepts,  set the function equal to 0 

and solve:

2 3 12 0

(2 3 12) 0

3 2

2

x x x

x x x

  =

  =

  

  

3 9 4(2)( 12)

2(2)
x 0 or x

x 0 or x 1. 81, 3. 31

  



 

 

To nd the y-intercept evaluate f (0).

To nd the x-intercepts,  set the function equal to 0 

and solve:

2

2

2

x 4

x 1
0 x 4 0 x 2





      

To nd the y-intercept evaluate f (0).

{  Continued  on  next page
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vertical asymptotes:  x =  1

horizontal asymptote:  y =  1

y

x1 025 4 1 2 3 4 5

2

2

4

6

8

4

6

8

3

relative minimum

decreasing increasing

concave down downup

c f (x) =  x3

 increasing:  (,  ) 

 no relative extrema

 concave down:  (,  0)

 concave up:  (0,  ) 

 inexion point:  (0,  0)

 x-intercept:  (0,  0)

 y-intercept:  (0,  0)

y

x1 025 4 1 2 3 4 5

2

2

4

6

8

4

6

8

3

increasing

concave down concave up

Infexion  point

To nd the vertical asymptotes,  nd where the 

denominator equals 0 (check to see that the numerator is 

not 0 for that same value):

x x2
 =  = 1 0 1

We learned that the horizontal asymptote of a function 

of the form y
ax b

cx d
=

+

+
 is found by using the leading 

coefcients,  y
a

c
=  .  This method works for any rational 

function where the degree of the numerator is equal to 

the degree of the denominator.

y y=  =
1

1
1

Limit notation can be used to describe the 

asymptotes.  The horizontal  asymptote y = 1 is  

showing us that for large positive values of x, y 

gets close to 1, and for smal l  negative values 

of x, y gets close to 1.  Using l imit notation to 

say this we write:  l im ( )
x

f x


= 1 and l im ( )
x

f x


= 1.

For the vertical  asymptote x  =  1,  as x gets 

close to 1  from the left side of 1, y grows 

large and  positive without bound, and  as 

x  gets close to  1  from  the right side of 1, 

y grows large and  negative without bound.  

Using l imits to say th is we write:  l im ( )
x

f x





1

=  

and  l im ( )
x

f x


+


1

=  .

Simi larly,  for x =  1 we write:  l im ( )
x

f x





1

=  

and  l im ( )
x

f x


+


1

= .
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Exercise 7T

In questions 1  to 4,  sketch the graph of the function.  Use the rst 

and second derivative to analyze key features of the graph.  Find any 

intercepts and asymptotes.

1 f (x) =  3x2 +  1 0x   8 2  f (x) =  x3 +  x2   5x   5

3 f x
x

x
( ) =

+



2

4
 4  f (x) =  (3    x)4

5 f x
e ex x

( ) =




2
 6  f x

x

x
( ) =



+

2

2

1

1

Given the graph of any one of the three functions f,  f   or f ,   

it is possible to sketch a graph of the other two functions.

Example 

a Given that the graph shown is a graph of f,  sketch the  

graphs of f    and f  .

b Given that the graph shown is a graph of f   ,  sketch the  

graphs of f  and f  .

Answers

a y

x1 024 1 2 3 4 7653

y =  f(x)

y =  f ' ' (x)

y =  f ' (x)

The graph of f changes from decreasing  

to increasing and has a relative minimum  

at x = 2.  This means that f (x) equals zero  

at x = 2 and changes from negative to positive.

The graph of f is always concave up.  This means 

that f (x) is always positive.  Since  

f (x) is the derivative of f (x),  a linear function,  

f (x) must be a positive constant.

b y

x2 04 2 4 6 8 106

y =  f(x)

y =  f ' ' (x)
y =  f ' (x)

Since f (x) equals zero when x = 1 and changes 

from positive to negative,  the graph of f has a 

relative maximum point when x = 1.

Since f (x) equals zero when x = 5 and changes  

from negative to positive,  the graph of f has a 

relative minimum point when x = 5.

Since f (x) has a relative minimum when  

x = 2,  the graph of f (x) equals zero when  

x = 2.  Since f is concave down for x < 2,  f (x) is 

negative for x < 2.  Since f is concave up for  

x > 2,  f (x) is positive for x > 2.

y

x1 024 1 2 3 4 7653

Chapter 7 239



Exercise 7U

Exam-Style Questions

1 The graph of y =  f (x) is given.   

Sketch a graph of y =  f (x) and y =  f (x).

2 The graph of the derivative of f,  y =  f (x),  is given.   

Sketch a graph of y =  f (x) and y =  f (x).

3 The graph of the second derivative of f,  y =  f (x),   

is given.  Sketch a graph of y =  f (x) and y =  f (x).

7.7  More on extrema and optimization 
problems 

You have seen how to use the second derivative to determine 

concavity and inexion points for a graph of a function.  The second 

derivative of a function can also be used to nd relative extrema.  

This is called the second derivative test.

Second derivative test

If f (c) =  0 and the second derivative of f exists  

near c,  then 

1 If f  (c) >  0,  then f has a relative minimum at x =  c.

2 If f  (c) <  0,  then f has a relative maximum at x =  c.

3 If f  (c) =  0,  the second derivative test fails and  

the rst derivative test must be used to locate the  

relative extrema.

y

x1 024 1 2 3 4 53

y =  f(x)

y

x1 02 1 2 33

y =  f ' (x)

y

x1 0245 1 2 3 4 53

y =  f ''(x)

See Chapter 17, 

Section  2.6.

I f f  (c)  >  0 near c,  

then  f is  concave  

up near c.

So f has a  relative  

minimum.       

I f f  (c)  <  0 near c,   

then  f is  concave  

down  near c.

So f has a  relative    

maximum.
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Example 27

Find the relative extreme points of each function.  Use the second derivative test whenever 

possible.

a f (x) =  x3   3x2   2 b  f (x) =  3x5   5x3

Answers

a f x x x

f x x x

f x x

( )

( )

( )

=  

 = 

 = 

3 2

2

3 2

3 6

6 6

 3 6 0

3 2 0

0 2

2x x

x x

x

 =

 =

=

( )

,

 

f

f

 =  < 

 = > 

( )

( )

0 6 0

2 6 0

relative maximum

relative minimum

 

f

f

( ) ( , )

( ) ( , )

0 2 0 2

2 6 0 6

=   

=   

 is  a 

relative maximum

 is a 

rellative minimum

b f x x x

f x x x x x x

f x x x

( )

( ) ( )( )

( )

= 

 =  = + 

 = 

3 5

15 15 15 1 1

60 30

5 3

4 2 2

3

 

15 15 0

15 1 1 0

0 1

4 2

2

x x

x x x

x

 =

+  =

= 

( )( )

,

 f

f

 = 

  =  < 

( )

( )

0 0

1 30 0

second derivative test fails

relativee maximum

relative minimumf = > ( )1 30 0

1 0 1

 0signs of f '

x

Find the rst and second derivative of f.

Find the values of x where the rst derivative equals 

zero.

Evaluate the second derivative at each zero of the 

rst derivative.

f  < 0 implies a relative maximum and  

f  > 0 implies a relative minimum.

Evaluate the function where the extrema occur to 

nd the relative minimum and maximum values.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

Find the rst and second derivative of f.  

Find the values of x where the rst derivative  

equals zero.

Evaluate the second derivative at each zero of the 

rst derivative.

f  = 0 implies the second derivative test fails,   

f  < 0 implies a relative maximum,  and  

f  > 0 implies a relative minimum.

{  Continued  on  next page
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Since there is no sign change in f    at x =  0,  there 

is no relative minimum or maximum  

at that point.

f

f

( ) ( , )

( ) ( , )

 =  

=   

1 2 1 2

1 2 1 2

  is a relative maximum

  is a rrelative minimum

Since the second derivative test failed at x = 0,   

use the rst derivative test to see if the sign of 

 f   changes at x = 0.

Evaluate the function where the extrema occur to 

nd the relative minimum and maximum values.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

Exercise 7V

Find the relative extreme points of each function.   

Use the second derivative test whenever possible.

1 f (x) =  3x2   18x   48 2  f (x) =  (x2   1 )2

3 f (x) =  x 4   4x3 4  f (x) =  xe  x

5 f (x) =  (x   1 )4  6  f x
x

( ) =
+

1

12

We have been nding relative or local extrema of functions.  We can 

also nd the absolute or global extrema of a function.  Absolute 

extrema are the greatest and least values of the function over its 

entire domain.  Absolute extrema occur at either the relative extrema 

or endpoints of a function.

The relative extrema 

of a  function  are 

the min imum and  

maximum values 

of the function  on  

an  interval  near the 

critical  point.  Relative 

extrema never occur 

at an  endpoint of a  

function.
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Example 28

a Identify each labeled point as an absolute maximum or  

minimum,  a relative maximum or minimum,  or neither.

b Find the absolute maximum and minimum  

for f (x) =  x2    2x on 1    x   2.

Answers

a A  is neither. The points on the graph above the black line have 

values greater than the value of the function at A 

and those below the black line have values less than 

the value of the function at A.  So A is neither an 

absolute maximum nor an absolute minimum.  

A cannot be a relative extrema since A is at an 

endpoint of the function.

A

B

C

D

 B is a relative maximum.

  C is an absolute minimum and relative 

minimum.

 D is an absolute maximum.

b f (x) =  x2    2x on 1   x   2

f x x

x

x

 = 

 =

=

( ) 2 2

2 2 0

1

f

f

f

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

 =    =

=  = 

=  =

1 1 2 1 3

1 1 2 1 1

2 2 2 2 0

2

2

2

  The absolute maximum of  

f (x) =  x2    2x on 1   x   2 is 3  and the 

absolute minimum is 1 .

B cannot be an absolute maximum since there are 

values of the function greater than the value of the 

function at B.

C is an absolute minimum since the value of the 

function of C is the least value of the function over 

its entire domain.

The value of the function at D is the greatest value 

of the function over its entire domain.

Find the critical numbers where f (x) = 0.

Evaluate the function at each endpoint and critical 

number in the interval.  The largest value is the 

maximum and the smallest is the minimum.

A

B

C

D
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Exercise 7W

Identify each labeled point in questions 1  and 2 as an absolute 

maximum or minimum,  a relative maximum or minimum,  or 

neither.

1 

A

B

C  2 

A

B

C

D

Find the absolute maximum and minimum of the function  

on the given interval.

3 f (x) =  (x   2)3  for 0   x   4

4 f (x) =  8x   x2 for 1    x   7

5 f x x x( ) = 
3 23

2
 for 1    x   2

Many practical problems involve nding maximum or  

minimum values.  For example,  we may want to maximize  

an area or minimize cost.  Such problems are called  

optimization problems.

  For optimization problems:

1  Assign variables to given quantities and quantities to be 

determined.  When possible draw a sketch.

2   Write an equation to be optimized  (minimized or 

maximized) in terms of two variables.

3  Find values that are sensible or feasible for the problem 

situation where the derivative of the equation to be 

optimized equals zero.

4  Verify that you have a minimum or maximum using the  

rst or second derivative test.  If the domain is such that  

a    x   b,  remember that the endpoints must be tested 

since the maximum or minimum on a closed interval can 

occur when f   (x) =  0 or at an endpoint.
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Example 29

The product of two positive numbers is 48.  Find the two numbers so that the sum of the rst 

number plus three times the second number is a minimum.  

Answer

x =  the rst positive number      

y =  the second positive number

S x y

xy y

S x x

x

x x

=

= =

= =

+



+ 





 +

3

3

48

48 144

48

 S x
x

( ) = 1
144

2

1 0

144

12

144
2

2

 =

=
= 

x

x

x

 Since the numbers are positive consider  

only x =  1 2.

S x

S

x
 =

( ) = > 

( )
288

288

12

3

3
12 0  relative minimum

y y
x

= = =

48 48

12
4

The numbers are 12 and 4.

Assign variables to the quantities to be determined.

Write an equation for the sum,  the quantity to be 

minimized.

Use the other given information to rewrite the 

equation for the sum using only two variables.

Find the derivative of the equation to be minimized 

and then nd the critical numbers,  where the 

derivative equals 0.

Use the second derivative test to verify that the 

critical number 12 gives a minimum.  Note that the 

rst derivative test could also be used.

Find the second number.

Example 30

A rectangular plot of farmland is enclosed by 180 m of fencing material on three sides.   

The fourth side of the plot is bordered by a stone wall.  Find the dimensions of the plot that 

enclose the maximum area.  Find the maximum area.

Answer

w

l

w

A =  lw

2w + l =  180    l =  1 80  2w

A = (180  2w)w =  1 80w  2w2

A w w

w

w

 = 
 =

=

( ) 180 4

180 4 0

45

Make a sketch and assign variables to the quantities 

to be determined.

Write an equation for the area,  the quantity to be 

maximized.

Use the other given information to rewrite the 

equation for the area using only two variables.

Find the derivative of the equation to be maximized 

and then nd the critical numbers,  where the 

derivative equals 0.

{  Continued  on  next page

Chapter 7 245



A w

A

 = 
 =  < 
( )

( )

4

45 4 0  relative maximum

l =  1 80  2w   

l =  1 80  2(45) =  90

A  =  90(45) =  4050

 A  45  m by 90 m plot will have the maximum 

area of 4050 m2.

Use the second derivative test to verify that the 

critical number 45 gives a maximum.

Find the length and the area.

Exercise 7X

1 The sum of two positive numbers is 20.  Find the two numbers  

so that the sum of the rst number and the square root of the  

second number is a maximum.  

2 The sum of one positive number and twice a second positive  

number is 200.  Find the two numbers so that their product is a 

maximum.

3 A rectangular pen is partitioned into two sections  

and built from 400 feet of fencing as shown in  

the gure.  What dimensions should be used  

so that the area will be a maximum?

Example 

Find the dimensions of an open box with a square base and surface 

area of 192 square centimetres that has a maximum volume.

Answer

h

x

x

V x h

x xh

h
x

x

=

+ =

=


2

2

2

4 192

192

4

V x x

x x

x

x
( ) =











= 

2

2

3

192

4

1

4
48

Make a sketch and assign variables 

to the quantities to be determined.

Write an equation for the volume,  the 

quantity to be maximized.

Since the box is open,  the surface area 

is the sum of the area of the bottom 

of the box,  x2,  and the area of the 

four lateral faces,  4xh.

Use this to rewrite the equation for 

the area using only two variables.

y

x x

{  Continued  on  next page
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 = 

 =

=

= 

=

V x x

x

x

x

x

( ) 48

48 0

48

8

3

4

3

4

3

4

2

2

2

2 64

 The feasible critical number  

is x =  8.

 

   <



V x x

V

( )

( ) ( )

=

= =

3

2

3

2
8 8 12 0

relative maximum

h h
x

x
=  = =

 192

4

192 8

4 8

2 2

4
( )

 The dimensions of the box with 

maximum area are 8 cm by 8 cm 

by 4 cm.

Find the derivative of the equation 

to be maximized and then nd the 

critical numbers,  where the derivative 

equals 0.

Use the second derivative test to verify 

that the critical number 8 gives a 

maximum.

Find the height of the box.  

Example 32

The cost C of ordering and storing x units of a product is C x x
x

( ) = +
10 000

.  A delivery truck can 

deliver at most 200 units per order.  Find the order size that will minimize the cost.

Answer

 C x x
x

( ) = +
10 000

 where x is the number of units.

 = C x
x

( ) 1
10 000

2

1 0

1

10 000

100

10 000

10 000

2

2

2

 =

=

=

= 

x

x

x

x

C is the function to be minimized.

Find the derivative of the equation to be minimized 

and then nd the critical numbers,  where the 

derivative equals 0.

 The feasible critical number is x =  1 00.  Since 

the order must include at least one unit and 

no more than 200 units,  we need to nd the 

absolute minimum for 1   x  200.

Since the function is dened on a closed interval,  the 

endpoints and zeros of the derivative in the interval 

must be considered for the minimum value.

{  Continued  on  next page
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C

C

C

( )

( )

(

1 1 10 001

100 100 200

2

10 000

1

10 000

100

= + =

= + =  minimum cost

000 200 250
10 000

200

) = + =

 The minimum cost occurs when there are  

1 00 units.

Exercise 7Y

1 An open box with a square base and open top has a volume of 32 000 cm3.   

Find the dimensions of the box that minimize the surface area.

2 Suppose that the average cost of producing x units of an item is given by  

C(x) =  x3  3x2  9x +  30.  If at most 10 items can be produced in a day,   

how many items should be produced to minimize the cost for the day?

3 A particle moves on a horizontal line so that its position from  

the origin at time t is given by s(t) =  t3  1 2t2 +36t 10 for 0   t  7.   

Find the maximum distance between the particle and the origin.

Exam-Style Questions

4 A cylinder is inscribed in a cone with radius 6 centimetres  

and height 10 centimetres.    

a Find an expression for r,  the radius of the cylinder in terms  

of h,  the height of the cylinder.

b Find an expression of the volume,  V,  of the cylinder in terms of h.

c Find 
d

d

V

h
 and 

d

d

2

2

V

h
.

d Hence nd the radius and height of cylinder with maximum volume.

5 Let x be the number of thousands of units of an item produced.  The revenue for  

selling x units is ( ) 4r x x  and the cost of producing x units is c (x) =  2x2

a The prot p(x) =  r(x)  c(x) Write an expression for p(x).

b Find 
d

d

p

x
 and 

d

d

2

2

p

x
.

c Hence nd the number of units that should be produced in order to maximize  

the prot.

Review exercise 

1 Differentiate with respect to x.

a 4x3 +3x2  2x +  6 b x 43

 c  
3

4x

d (x2  1 )(2x3  x2  +  x) e 
x

x



+

4

7
 f e4x

h

r

10    h

10 cm

6  cm
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g (x3 +  1 )4 h  ln(2x +3) i  
ln x

x
2

j  4 2

6

2
x x  k  (3x2 +  1 )(ex) l 

2

3

e

e

x

x 

m 2 5x   n  x2 e2x o ln
1

x









Exam-Style Questions

2 Let f (x) =  2x3  6x

a Expand (x +  h)3.

b Use the formula f x
f x h f x

hh

 =
+ 


( ) lim

( ) ( )

0
 to show that 

the derivative of f (x) is 6x  6.

c The graph of f is decreasing for p  <  x <  q.  Find the values of p  and q.  

d Write down f  (x) .

e Find the interval on which f is concave up.

3 Find the equation of the normal line to the curve f x x
x( ) = 4
2

1e    

at the point (1 ,  4).

4 Find the coordinates on the graph of f (x) =  2x3   3x + 1   

at which the tangent line is parallel to the line y =  5x  2

5 A graph of y =  f (x) is given.  

a Write down f (2),  f   (2) and f  (2) in order from  

the greatest value to the least value.  

b Justify your answer from part a.

6 A curve has the equation y =  x3  (x  4)

a Find i  
d

d

y

x
 ii  

d

d

2

2

y

x

b For this curve nd:

 i  the x-intercepts ii  the coordinates of the relative minimum point

 iii  the coordinates of the points of inexion.

c Use your answers to part b  to sketch a graph of the curve,   

clearly indicating the features you found in part b.

7 A particle moves along a horizontal line such that its displacement  

from the origin O is given by s (t) =  20t  1 00 ln t,  t   1 .

a Find the velocity function for s.

b Find when the particle is moving to the left.

c Show that the velocity of the particle is always increasing.

Review exercise
1 Use a GDC to examine each function graphically and numerically.   

Find the limit or state that it does not exist.

a lim
x x 2

1

2
 b  lim

x x 3

1

2
 c  lim

x

x

x


4

2 16

4
 d lim

x

x

x

+
1

2 3

1

y

x0 1 2 3 4 5

1

1

2

2

3

4
y =  f(x)
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Exam-Style Question

2 A 10 foot post and a 25 foot post stand 30 feet apart and 

perpendicular to the ground.  Wires of lengths y and z run from  

the top of each pole and are attached by a single stake at a point  

on the ground between the two poles,  as shown in the gure.

a i  Write an expression for y in terms of x.

 ii  Write an expression for z in terms of x.

 iii   Hence write an expression for L(x),  the total length of  

wire used for both poles.

b i  Find 
d

d

L

x
.

 ii    Hence nd the distance x the stake should be placed from the 

10 foot pole in order to minimize the amount of wire used.

x

y

z

30  x

25 ft

10 ft

CHAPTER 7 SUMMARY

The tangent line and derivative o xn

  The function dened by lim
( ) ( )

h

f x h f x

h

+ 

0

 is known as the derivative  of f.   

The derivative is dened by f x
h

f x h f x

h
 =



+ 
( ) lim

( ) ( )

0

  or  
d

d

y

x

f x h f x

hh

=
+ 


lim

( ) ( )

0

  Power rule

 If f (x) =  x n,  then f  (x) =  nx n1,  where n    .

 Constant rule

 If f (x) =  c,  where c is any real number,  then f (x) =  0

  Constant multiple rule

 If y =  cf (x),  where c is any real number,  then y   =  cf (x)

  Sum or diference rule

 If f (x) =  u(x)   v (x) then f (x) =  u (x)   v (x)

More rules or derivatives

  Derivative o e
x

 If f (x) =  ex,  then f (x) =  ex

  Derivative o ln x

 If f (x) =  ln  x,  then f x
x

 =( )
1

  The product rule

 If f (x) =  u(x)   v (x) then f (x) =  u(x)   v (x) +  v(x)   u(x)

  The quotient rule

 If f x
u x

v x
( ) =

( )

( )
 then f x

v x u x u x v x

v x
 =( )

    

[ ]

( ) ( ) ( ) ( )

( )
2

Continued  on  next page
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The chain rule and higher order derivatives

  The chain rule

 If f (x) =  u(v(x)) then f (x) =  u (v(x))   v(x)

  The chain rule can also be written as:

 If y =  f (u),  u  =  g (x) and y =  f (g(x)),  then 
d

d

d

d

d

d

y

x

y

u

u

x
= 

Rates of change and motion in a line

  The instantaneous rate of change of displacement is the velocity  

function,  t s t
h

s t h s t

h
( ) lim ( )

( )
= = 



+  ( )
0

  The instantaneous rate of change of the velocity is the

 acceleration  function,  a t v t s t
h

v t h v t

h
( ) lim ( ) ( )

( )
= =  = 



+  ( )
0

The derivative and graphing

  When a function is decreasing,  the tangent lines to the curve have negative slope.  

When a function is increasing,  the tangent lines to the curve have positive slope.  It 

follows that:  

 If f (x) >  0 for all x in (a,  b) then f is increasing on (a,  b).

 If f (x) <  0 for all x in (a,  b) then f is decreasing on (a,  b).

  The rst derivative test is used to locate relative extrema of f.  If f is dened at a 

critical number c then:

1   If f (x) changes from positive to negative at x =  c,  then f  has a relative maximum 

point at (c,  f (c)).

2   If f (x) changes from negative to positive at x =  c,  then f  has a relative minimum 

point at (c,  f (c)).

  If f (x) >  0 for all x in (a,  b) then f is concave up  on (a,  b).  If f (x) <  0 for all x in 

(a,  b) then f is concave down  on (a,  b).  The points on a graph where the concavity 

changes are called inexion points.  A point on the graph of f is an inexion point  

if f (x) =  0 and f (x) changes sign.

More on extrema and optimization problems

  For optimization problems:

1   Assign variables to given quantities and quantities to be determined.   

When possible draw a sketch.

2   Write an equation to be optimized  (minimized or maximized) in terms  

of two variables.

3   Find values that are sensible or feasible for the problem situation where the 

derivative of the equation to be optimized equals zero.

4   Verify that you have a minimum or maximum using the rst or second derivative 

test.  If the domain is such that a    x   b,  remember that the endpoints must be 

tested since the maximum or minimum on a closed interval can occur when 

f   (x) =  0 or at an endpoint.
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252 Theory of knowledge:  Truth in  mathematics

Truth in mathematics 
Inductive reasoning

Theory of knowledge

Inductive reasoning  l ooks at particular cases to make a  

general ization.  Use inductive reasoning to make a  conjecture about 

th is problem.

1. Copy the circles and  table.  Draw al l  possible chords connecting 

the points on  each  circle.  Count the number of non-overlapping 

regions in  the interior of each  circle

 Record  the results in  the table.  

2. Describe, in  words, any patterns you  observe for the number of 

regions formed.

3. Make a  conjecture about the number of non-overlapping regions 

that are formed  by connecting n  points on  a  circle.  Write i t as a  

mathematical  expression.

4. Use your conjecture to predict the number of regions formed  

when  al l  possible chords connecting six points on  a  circle are 

drawn.

5. Draw a  circle with  six points.  Draw al l  the possible chords 

connecting the points to check your prediction  from question  4.

  How many times 

does a  pattern  

have to  repeat 

before we know 

i t is  true? 

  Can  we ever 

know i t is  

always true by 

inspecting the 

pattern? 

  Does th is  mean  

we should  never 

use inductive 

reasoning?

Number of points on the 

circle

Number of regions 

formed

2 2

3 4

4

5

The first two 
circles are already 
completed for you.

If you based your 
conjecture on the 
most obvious 
pattern for the 
number of regions 
formed, you will 
find that it was 
not true for n = 6.
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A classic 'math joke'
An  astronomer, a  physicist and  

a  mathematician  were travel ing 

through  Wales by train, when  

they saw a  black sheep in  the 

middle o a  feld.

The astronomer said:  All  

Welsh  sheep are black!

The physicist d isagreed:  No!  

Some  Welsh  sheep are black!

Whi le the mathematician  

asserted:   In  Wales there  

is  at least one feld,  

containing at least one  

sheep, at least one  

side of which is black! 

  What kind  o reasoning was 

the mathematician  using?

 

e  
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Deductive reasoning

In Section 7.1  we conjectured that the derivative of f(x)  = xn is f'(x)  = nxn1 .   

We conrmed that the conjecture was true for f(x)  = x5.  We can use deductive 

reasoning to provide validity to our conjecture.  

In deductive reasoning we reason from the general to the specic.  In mathematics we 

base deductive reasoning on basic axioms,  denitions and theorems.

Use the denition of derivative and the binomial theorem to show that if f(x)  = xn  then 

f'(x)  =  nxn1  for n   +

f'(x)  =  lim f (x + h)  f (x) 

h

 =  lim 
(x + h)n   xn  

h

 =  lim 
 

h

 =  lim 
 

h

 =  lim 
 

h

 =  lim 
 

h

 =  lim  [nxn1  +  (  
n

2  )xn2h  +. . .+  (
n

n1
) xhn2 +  hn1]

 =  nxn1  +  (  
n

2  )(xn2)(0) +. . .+  (
n

n1
) (x)(0)n2 +  (0)n1

f'(x)  = nxn1

h0

[( n0  )xnh0 +  (  
n

1  )xn1h1  +  (  
n

2  )xn2h2 +. . .+  (
n

n1
) x1hn1  +  (  

n

n  )x0hn  ]   xn
h0

h0

h0

h0

h0

h0

Apply the defnition  o derivative to f(x)  =  xn  and  

then  use the binomial  theorem to expand  (x + h)n

[xn  +  nxn1h  +  (  
n

2  )xn2h2 +. . .+  (
n

n1
) xhn1  +  hn]   xn

nxn1h  +  (  
n

2  )xn2h2 +. . .+  (
n

n1
) xhn1  +  hn

h [nxn1  +  (  
n

2  )xn2h  +. . .+  (
n

n1
) xhn2 +  hn1]

Simpl iy where possible

Factorize

Simpl iy

Evaluate the l imit

Col lect l ike terms

  Can  we now say or certain  that the conjecture wi l l  be 

true or al l  n   +
? Why or why not?



Descriptive 
statistics

CHAPTER OBJECTIVES:

5.1  Population, sample, random sample, d iscrete and  continuous data;  

presentation  of data:  frequency d istributions (tables);  frequency  

h istograms with  equal  class intervals;  box and  whisker plots;   

outl iers;  grouped  data:  use of mid-interval  values for calculations, interval   

width, boundaries and  modal  class.

5.2  Statistical  measures.  Central  tendency:  mean, median, mode;  quarti les and  

percenti les.  Dispersion:  range, interquarti le  range, variance, standard  deviation.

5.3  Cumulative frequency;  cumulative frequency graphs.

8

Before you start
You should  know how to:  

1 Draw a bar chart.

  e.g.  Draw a bar chart for the number of 

children in the families of 30 students  

in the frequency table below.

Children f

1 8

2 12

3 5

4 3

5 2

2 Find the mean,  mode and median.

  e.g.  Find a  the mean b  the mode and  

c  the median of 2,  3,  3,  5,  6,  7,  9

a Mean =  
2 3 3 5 6 7 9

7

+ + + + + +

 =  
35

7
 =  5

b Mode = 3

c Median =  5

y

x40

Number of chi ldren

Fr
e
q
u
e
n
cy

31 5 6

2

4

6

8

10

12

2

Skills check

1  Draw a bar chart for this frequency table.

Favorite

color

f

Red 6

Blue 8

Pink 10

Purple 9

Black 4

2 a  Find the mean of 4,  7,  7,  8,  6

 b Find the mode of 5,  6,  8,  8,  9

 c Find the median of 

  i  6,  4,  8,  7,  1 1 ,  2,  4

  ii  5,  7,  9,  1 1 ,  1 3,  1 5

  iii  6,  8,  1 1 ,  1 1 ,  14,  1 7
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Statistics are visible all around us.  Averages (such as the mean,  

mode and median) and charts (such as bar graphs,  line graphs  

and pie charts) are used everywhere  from business to sports to  

fashion to media.  We use statistics every day without realizing  

it.  You have probably made some statistical statements in your 

everyday conversation or thinking.  Statements such as I sleep  

for about eight hours per night on average  and You are more  

likely to pass the exam if you start preparing earlier  are  

actually statistical in nature.

Statistics is concerned with:  

 designing experiments and other data collection

 representing and analyzing information to aid  

understanding 

 drawing conclusions from data 

 estimating the present or predicting the future.  

This chapter explains these techniques and how to  

apply them to real-life situations.

Statistics is the science of data.  It is  

a  set of tools used to organize and  

analyze data.

In  this chapter you  can  do most of the 

calculations on your GDC, but if you  

know how to do them by hand too, it wil l  

help your understanding.  The emphasis 

is on  understanding and interpreting 

the results you  obtain, in  context.  

Statistical  tables are not al lowed  in  

examinations  you  wi l l  need  to use 

your GDC.

y

5

6

7

8

10

9

Fr
e
q
u
e
n
cy

x1875 1900 1925 1950 1975 2000 2025

Year
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Investigation   what should  we do with our  

test scores?

32 students took a  test scored  out of 10.  Their results were:

0, 1, 1,  2,  2,  2,  3,  3,  4,  4,  4,  5,  5,  5,  5,  5,  6,  6,  6,  6,  7,  7,  7,   

7 ,  7 ,  7,  8,  8,  8,  8,  9,  10

What should  the teacher do with  th is data?

How could  you  organize the data  to give a  better picture of the scores?

How should  you  d isplay the scores?

Should  you  use an  average?

What should  you  do about converting the scores to letter grades?

Can  you  draw any conclusions from the scores?

8.1  Univariate analysis

Univariate analysis  involves a single variable,  for example,  the height 

of all of the students in your class.  You can draw charts,  nd averages 

and much more with this data.  Comparing their heights and weights 

is called bivariate analysis  and you will see this in Chapter 10.

   Data  is the information that you gather and is classied as 

either qualitative  data or quantitative  data.

Qualitative data Quantitative data

Qual itative data  is  seen  as 

categories and  is  sometimes 

cal led  categorical  data.

Questions that give qual i tative data  

include:

What is  your favorite pen  color?

How do you  travel  to school?

What brand  of computer do you  

own?

Quantitative data  describes 

information  that can  be counted  

or measured.

Questions that give quantitative 

data  include:

How many pens do you  own?

How long does i t take you  to 

get to school?

How many computers have you  

owned?

Is the data from our test scores qualitative or quantitative?

   Quantitative data can be split up into two categories:  discrete   

and continuous.

  A quantitative discrete variable has exact numerical values.

Here we are working with values of 0, 1, 2, 3,, for example,  the 

number of CDs that you have or the number of children in your family.

   A quantitative continuous variable can be measured and its 

accuracy depends on the accuracy of the measuring 

instrument used.

Continuous variables,  such as length,  weight and time,  may have 

fractions or decimals.

[  Continuous.   

What is  the  speed  of 

the  tra in?

[  D iscrete.   

How many pa irs of 

shoes do  you  own?
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What is the diference between a  population  
and  a  sample? 
When we think of the term population,  we usually think  

of people in our town,  region,  state or country.

   In statistics,  the term population  includes all members of a 

dened group that we are studying for data driven decisions.

   A part of the population is called a sample.  It is a subset of 

the population,  a selection of individuals from the population.

Random  samples must have two characteristics:  

1 Every individual has an equal opportunity of selection.

2 The sample has essentially the same characteristics  

as the population.

Exercise 8A

1 Classify each of the following as either discrete or continuous data.

a The number of sh caught by an angler.

b The length of the sh.

c The time taken to catch a sh.

d The number of friends that the angler took with him.

2 Are the test scores at the start of the chapter discrete or  

continuous data?

8. Presenting data

A frequency table  is an easy way to view your  

data quickly and look for patterns.

You can also show discrete data in a bar chart.

Example 

A student counted how many cars passed his house in one-minute 

intervals for 30 minutes.  His results were:

23,  22,  22,  22,  24,  22,  21 ,  21 ,  23,  23,  27,  21 ,  21 ,  22,  23,  25,  27,  26,  23,  

23,  22,  27,  26,  25,  28,  26,  22,  20,  21 ,  20.

Display this data in a frequency table.

Draw a bar chart for this data.

Sample

Population

A bar chart is  sometimes cal led  a  

column  graph.

y

x230

Cars per minute

Fr
e
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u
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cy

2220 24

2

4

8

6

21 25 26 27 28

{  Continued  on  next page
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Answer

Number of cars 

per minute

Tally Frequency

20 | | 2

21 | | | | 5

22 | | | |  | | 7

23 | | | |  | 6

24 | 1

25 | | 2

26 | | | 3

27 | | | 3

28 | 1

y

x230

Cars per minute

Fr
e
q
u
e
n
cy

2220 24

2

4

8

6

21 25 26 27 28

Tally each data item in the 

correct row.  Write the totals in 

the frequency column.

The number 21 appears 5 

times in the data.

A bar chart is suitable for 

discrete data and may have 

gaps between the bars.

Use the vertical scale for the 

frequency and the horizontal 

scale for number of cars per 

minute

   When you have a lot of data,  you can organize it into groups 

in a grouped frequency table.

For continuous data,  you can draw a histogram.  It is similar 

to a bar chart but it doesnt have gaps between the bars.

Example 2

The ages of 200 members of a tennis club are:  

20,  22,  23,  24,  25,  25,  25,  26,  26,  26,  26,  28,  28,  29,  29,  29,  30,  30,  30,  

30,  30,  30,  30,  32,  32,  33,  33,  33,  34,  34,  34,  34,  34,  34,  34,  34,  35,  35,  

35,  35,  36,  36,  36,  36,  36,  37,  37,  37,  38,  38,  38,  39,  39,  39,  40,  40,  40,  

41 ,  41 ,  41 ,  42,  42,  42,  42,  42,  42,  42,  42,  43,  43,  43,  43,  43,  43,  44,  44,  

44,  44,  44,  44,  45,  45,  45,  45,  45,  45,  45,  45,  46,  46,  46,  46,  46,  46,  46,  

46,  47,  47,  47,  47,  47,  47,  47,  47,  47,  48,  48,  48,  48,  48,  48,  48,  48,  48,  

49,  49,  49,  49,  49,  49,  49,  49,  50,  50,  50,  50,  50,  50,  51 ,  51 ,  51 ,  51 ,  51 ,  

51 ,  51 ,  52,  52,  52,  52,  52,  53,  53,  53,  53,  53,  53,  53,  53,  53,  54,  54,  54,  

54,  55,  55,  55,  55,  55,  56,  56,  56,  57,  57,  57,  57,  57,  57,  57,  57,  57,  57,  

58,  58,  58,  59,  59,  59,  60,  60,  60,  60,  60,  61 ,  61 ,  61 ,  62,  62,  62,  63,  63,  

63,  63,  64,  64,  64,  64,  65,  65,  68,  69.

Draw a grouped frequency table and histogram for the data.

Why are there no gaps 

in  continuous data?

Only frequency 

h istograms with  equal  

class intervals wi l l  be 

examined.

Having one l ine for 

each  age would  give 

us a  table 50 l ines 

deep!  

{  Continued  on  next page
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Answer

Age Tally Frequency

20   age <  25 | | | | 4

25   age <  30 | | | |  | | | |  | | 12

30   age <  35
| | | |  | | | |

| | | |  | | | |
20

35   age <  40
| | | |  | | | |

| | | |  | | |
18

40   age <  45

| | | |  | | | |

| | | |  | | | |

| | | |  |

26

45   age <  50

| | | |  | | | |

| | | |  | | | |

| | | |  | | | |

| | | |  | | | |  | |

42

50   age <  55

| | | |  | | | |

| | | |  | | | |

| | | |  | | | |  |

31

55   age <  60

| | | |  | | | |

| | | |  | | | |

| | | |

24

60   age <  65
| | | |  | | | |

| | | |  | | | |
19

65   age <  70 | | | | 4

x0
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20

Age

40 45 50 55 706560353025

15

30

45

Equal class intervals of 5 years

25 is in the class 25  age < 30

Numbers on the edges  

of the bars or an x-axis  

like scale.

No gaps between the bars

Exercise 8B

EXAM-STYLE QUESTION

1 All of the IB students in a school were asked how many minutes a 

day they studied mathematics.  The results are given in the table.

Time spent  

studying 

mathematics  

(min)

0   t <  15 15   t <  30 30   t <  45 45   t <  60 60   t <  75 75   t <  90

Number of  

students
21 32 35 41 27 11

a Is this data continuous or discrete?

b Use your GDC to help you draw a fully labeled histogram to 

represent this data.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

You  can  use a  GDC to 

draw h istograms.  See  

Chapter 17, Section  

5.4.
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EXAM-STYLE QUESTION

2 The following table shows the age distribution of mathematics 

teachers who work at Caring High School.

a Is the data discrete or continuous?

b How many mathematics teachers work at Caring  

High School?

c Use your GDC to help you draw a fully labeled histogram  

to represent this data.

3 The following histogram shows data about frozen chickens  

in a supermarket.  The masses in kg are grouped such that  

1    w <  2,  2   w <  3  and so on.  

a Is the mass of frozen chickens discrete or continuous data?

b  Draw the grouped frequency table for this histogram.

c How many frozen chickens are there in the supermarket?

4 The histogram on the right shows how many minutes it  

takes for students to return home after school.

a Is the data discrete or continuous?

b Represent the data in a grouped frequency table.

c What is the shortest time that a student could take to  

get home?

8. Measures of central tendency

A measure of central tendency tells us where the middle of  

a set of data lies.  The three most common measures of central  

tendency are the mode,  the mean  and the median.  

The mode

   The mode is the value that occurs most frequently in a set of 

data.

The mode in a list of numbers is the number that occurs most 

often.  Remember that mode starts with the same rst two letters 

that most does.

Age
Number of 

teachers

20  x <  30 5

30  x <  40 4

40  x <  50 3

50  x <  60 2

60  x <  70 3

y

x40

Mass (kg)

N
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3 5 6

10

20

40

50

60

30

1 2

y

x200

Time (min)

Fr
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u
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cy

15 25 30 35 40 45

1

2

4

5

3

5 10

Another word is  

average .

There can be more 

than one mode.  If no 

number occurs more 

than once in  the set, 

then there is no mode 

for that set of numbers.
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Example 3

Find the mode of:  9,  3,  9,  41 ,  1 7,  1 7,  44,  1 5,  1 5,  1 5,  27,  40,  1 3

Answer

The mode is 1 5 (15 occurs the most at 3  times).

When presented with a frequency table,  the mode is the group with 

the biggest frequency.

Example 4

Find the mode or modal class for these frequency tables.

a  
Goals Frequency

0 4

1 7

2 3

3 3

4 1

 b  
Times Frequency

0   t <  5  1

5   t <  10 5

10   t <  15 6

15   t <  20 7

20   t <  25 6

 

Answers

a  The mode is 1  goal. Common errors:

1  The mode is 7.  

 No.  The biggest frequency is 7.

2 The mode is 3.

  No.  The most common frequency 

is 3.

b   The modal class is  

1 5    t <  20.

The mode from a grouped frequency 

table is called the modal class.

Exercise 8C

1 Find the modes of these sets of data.

a 7,  1 3,  1 8,  24,  9,  3,  1 8    

b 8,  1 1 ,  9,  1 4,  9,  1 5,  1 8,  6,  9,  1 0    

c 24,  1 5,  1 8,  20,  1 8,  22,  24,  26,  1 8,  26,  24 

d 3,  4,  0,  2,  1 2,  0,  0,  3,  0,  5

e 2,  7,  4,  2,  1 ,  9,  3.5,  1

2
,  3

4
,  1

2
,  1 1

2 Find the mode of each frequency table.

a 
Goals Frequency

0 4

1 7

2 3

3 3

4 1

 b  
Height Frequency

140   h  <  150 6

150   h  <  160 6

160   h  <  170 5

170   h  <  180 10

180   h  <  190 8

A set of data  is  

bimodal  i f i t has  

two modes.
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The mean

The arithmetic mean  is usually called the mean or average  and is 

the most common measure of central tendency.  

   The mean is the sum of the numbers divided by the number 

of numbers in a set of data.

Mean =  
Sum of the data values

Number of data values

The mean gives us a single number that indicates a center of  

the data set.  It is usually not a member of the data set but a 

representative value.  For example,  your average mathematics  

score for the year may be 85.73% even though your  

teacher always gives scores that are whole numbers.

The lower case Greek letter   is  the symbol for the  

population mean.

Population mean   =  
 x

N

where x is the sum of the data values and N is the  

number of data values in the population.

Example 5

Find the mean of 

a 89,  73,  84,  91 ,  87,  77,  94 

b 2,  3,  3,  4,  6,  7

Answers

a 
      

 

 

89 73 84 91 87 77 94

7

595

7
85

x

N

b 
2 3 3 4 6 7 25

6 6
4. 1 6

x

N


     

  
.

You can also calculate the mean from a frequency table.

  is  pronounced  mu ,  

 (which  tel ls  us to 

fnd  the sum here)  Is  

pronounced  sigma  

and  N  is   nu .

There is  oten  a  misunderstanding 

between  the population  mean  and  

sample mean.  The population  mean  

uses Greek letters whereas the 

sample mean  uses x  and  n.  Our 

course uses only the population  mean.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the CD.

You  can  calculate the 

mean  rom a  l ist on  

your GDC.  In  one-

variable  statistics on  

the GDC, the mean  

is x .  The GDC also 

calculates  x  and  n.
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Example 6

Find the mean of each set of data displayed below.

a 
Grade (g) Frequency

0 11

1 10

2 19

3 10

 b  Age (a) Frequency

10   t <  12  4

12    t <  14 8

14   t <  16 5

16   t <  18 3

 

Answers

a  
Grade (g) Frequency fg

0 11 0

1 10 10

2 19 38

3 10 30

Total 50 78

Mean = 
fg

f




 =  
78

50
 = 1 .56

b 

Add a 3rd column; fg means  

f  g.  

The total of the fg column is the sum 

of all of the grades.

The total of the f column is the 

number of grades.

b  Age (a) f Mid  

point 

(m)

fm

10   t <12 4 11 44

12   t <  14 8 13 104

14   t <  16 5 15 75

16   t <  18 3 17 51

Total 20 274

Mean = 
fm

f
 =  

274

20
 =  1 3.7

When the data are grouped,  we can 

calculate the mean by assuming that 

all of the data values are equally 

spread around the midpoint.

Example 7

Lanas mathematics test grades are 87,  93,  89 and 85.  What score must 

she get on the fth test in order to get a mean of 90 for the term?

Answer

  =  
 x

N

90 =  
87 93 89 85+ + + + x

450 =  354 +  x

x =  96

Lana must score 96 on her fth 

test.

Select the mean formula.  

Substitute the information into the 

formula.

Solve for x.

Answer the question.

This method  leads to 

smal l  inaccuracies 

and  that is why 

examination  questions 

often  say, estimate 

the mean .  I t does 

not mean guess   it 

means work out, as in  

this example or with  

your GDC.

This is  the formula  as 

it appears in  the IB 

Formula  booklet:

  =  

f x

f

i i

i

n

i

i

n

=

=





1

1
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Exercise 8D

1 Find the mean driving speed for 6 different cars on the same 

road if their speeds are 66 km h1,  57 km h1,  71  km h1,  69 km h1,  

58 km h1  and 54 km h1.  

2 The price of buying music from different sites was seen as $1 .79,   

$1 .61 ,  $1 .96 and $2.08 per track.  What was the mean price?

3 A computer repair service received the following number of calls 

per day over a period of 30 days.

 6      5     6     9     7     4     2     4     7     8

 3      4     9     8      2     3      5      9     7     8

 9      7     5      6      7     7     4     6     2     4

a Is the data discrete or continuous?

b Construct a frequency table and nd the mean number of 

calls per day.

4 The table below shows the number of minutes of  

sunshine in the rst 100 days of the year in Newtown.   

Minutes (m) f

0   m  <  30 12

30   m  <  60  16

60   m  <  90 20

90   m  <  120 36

120   m  <  150 16

a Is the data discrete or continuous?

b What is the modal class?

c Find the mean number of minutes of sunshine.

5 Kellys test scores are 95,  82,  76 and 88.  What score must she  

get on the fth test in order to achieve an average of 84 on all  

ve tests? 

6 The mean mass of eleven players in a sports team is 80.3  kg.   

A new player joins the team and the mean goes up to 81 .2 kg.  

Find the mass of the new player.    

EXAM-STYLE QUESTIONS

7 The Onceonly family must drive an average of 250 km per day to 

complete their vacation on time.  On the rst ve days,  they travel 

220 km,  300 km,  210 km,  275 km and 240 km.  How many km 

must they travel on the sixth day in order to nish their vacation 

on time?    

8 The mean of Tiggers last 8 rounds of golf is 71  shots.  What is 

the total number of shots that he took in the 8 rounds?   

Ronald  Fisher 

(18901962) l ived  

in  the UK and  

Austral ia  and  is  often  

cal led  the Father of 

statistics .  He used  

statistics to analyze 

practical  problems in  

agriculture, astronomy, 

biology and  social  

science.  Who else 

could  be considered  

as the father, or 

inventor of statistics.?

Calculation  of mean  

using both  formula  

and  technology may 

be seen  on  exam 

papers.
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9 After 8 matches,  a basketball player had a mean score of 27 

points.  After 3  more matches her average was 29.  How many 

points did she score in the last 3  games?

10 Billys mean sales price for 12 computers is $310 and Jean sold 

1 3  with a mean of $320.  Their boss tells them to combine their 

sales at the end of the week.  What is the mean after Billy and 

Jean combine their sales?

The median

   The median is the number in the middle when the numbers in 

a set of data are arranged in order of size.  If the number of 

numbers in a data set is even,  then the median is the mean of 

the two middle numbers.

Example 8

Find the median of  

2,  1 3,  7,  5,  1 9,  23,  39,  23,  42,  23,  14,  1 2,  55,  23,  29.

Answer

2,  5,  7,  1 2,  1 3,  14,  1 9,  23,  23,  23,  

23,  29,  39,  42,  55 

Write the numbers in order.

The median value of this set  

of numbers is 23.  

There are 15 numbers.  Our middle 

number will be the 8th number: 

   If there are a lot of numbers and it is difcult to nd the 

middle member we can use the formula Median =  
n +








1

2
th  

member,  where n  is the number of members in the set.

Exercise E

1 Find the median of the following.

a 2,  3,  4,  5,  6,  7,  2,  3,  4 b  2,  5,  5,  2,  7,  3,  8    

c 9,  3,  4,  6,  7,  2,  3,  0

d 8,  1 ,  2,  4,  5,  9,  1 2,  0,  4,  1 .5,  8.4  

e 12,  4,  9,  1 ,  20,  7,  2,  5    

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

You  can  fnd  the 

median  on  your GDC.

Common error.  This  

ormula  does not give 

the median.  I t gives 

the position  o the 

median  in  the data  set.

The 19th-century German  psychologist 

Gustav Fechner popularized  the 

median  into the ormal  analysis o 

data, al though  French  mathematician  

and  astronomer Pierre-Simon  Laplace 

had  used  it previously.
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2 Su has been counting the number of tracks on the CDs in her  

collection.  Find the median number of tracks on Sus CDs.

Number of tracks 7 8 9 10 11 12 13

Number of CDs 3 2 2 1 3 5 3

3 Find the mode,  mean and median of our test scores at the start 

of the chapter.

Summary of measures of central tendency

  Advantages Disadvantages

Mode

The mode can  be 

used  or qual i tative 

data  or when  asked  

to choose the most 

popular i tem.  

   Extreme values do not 

aect the mode.

   Does not use al l  members 

o the data  set.

   Not necessari ly unique  

may be more than  one 

answer.

   When  no values repeat in  

the data  set, there is  no 

mode.

   When  there is  more than  

one mode, i t is  d ifcult to 

interpret and/or compare.  

Mean

The mean  describes 

the middle o a  set 

o data.

   Most popular measure in  

felds such  as business, 

engineering and  computer 

science.

   Uses al l  members o the 

data  set.

   I t is  unique  there is  only 

one answer.

   Useul  when  comparing 

sets o data.

   Aected  by extreme values.

Median

The median  

describes the middle 

o a  set o data.

   Extreme values do not 

aect the median  as 

strongly as they do the 

mean.

   Useul  when  comparing 

sets o data.

   I t is  unique  there is  only 

one answer.  

   As the median  is  the middle 

value, 50% o the data  is  

either side o i t.

   Not as popular as mean.

   Less used  in   

urther calculations.

In  the data  set o 

salaries 15 000, 

20 000, 22  000, 

17  000, 75 000 

how does the extreme 

value o 75 000 

aect the mean?
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Investigation   measures of central tendency

What wi l l  happen  to the measures of central  tendency i f we add  the same  

amount to al l  data  values, or multiply each  data  value by the same amount?

Copy and  complete th is table.  You  should  use your GDC  

to  calculate the mean, mode and  median  each  time.

Data Mean Mode Median

Data  set
6, 7,  8,  10, 12, 14, 

14, 15, 16, 20

Add  4 to each  piece of 

data  in  the set.

Multiply each  piece of 

data  in  the original  data  

set by 2.

Now copy and  complete the fol lowing sentences to explain   

what happens to the mean, mode and  median  of the original  data  set.

a  I f you  add  4 to each  data  value

b I f you  multiply each  data  value by 2.

8.4 Measures of dispersion

Measures of central tendency (mean,  median,  mode) explore the 

middle of a data set.  Measures of dispersion describe the spread of 

the data around a central value.  

   The range  is the difference between the largest and smallest 

values.

The range is the simplest measure of dispersion to calculate but it can 

be affected by extreme values.  It doesnt tell you how the remaining  

data is distributed.  

For example,  for the test scores at the start of the chapter,  the  

lowest score is  0 and the highest score is  1 0.  Therefore the range  

is  1 0  0 =  1 0.

Quartiles

The median of a set of data separates the data into two halves  half 

less than the median,  half greater.  Quartiles  separate the original set 

of data into four equal parts.  Each of these parts contains one-quarter 

(25%) of the data. 

When  you  describe a  

data  set you  should  

give at least one 

measure of central  

tendency and  one of 

d ispersion.
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First quartile The rst quartile  is  the value one-quarter 

o the way into the data.

One quarter o the data  l ies below the frst 

quarti le  and  three-ourths l ies above.  I t is  

a lso cal led  the 25th  percenti le  and  oten  

has the symbol  Q
1
.

Second quartile The second quartile  is  another name or 

the median  o the entire set o data  and  is  

also cal led  the 50th  percenti le.

Third quartile The third quartile  is  three-quarters o the 

way in.  Three-ourths o the data  l ies below 

the th ird  quarti le  and  one-ourth  l ies above.  

I t is  a lso cal led  the 75th  percenti le  and  

has the symbol  Q
3
.

Q
1
 =  

1

4
 (n  +  1 )th value and Q

3
 =  

3

4
 (n  +  1 )th value where n  is 

the number of data values in the data set.

You can get a sense of a data sets distribution by examining a ve 

statistical summary,  

1  minimum,  

2  maximum,  

3  median  (or second quartile),  

4  the rst quartile,

5  the  third quartile.  

This shows the extent to which the data is located near the median 

or near the extremes.

The GDC calculates these ve values in One-Variable  

Statistics.

Here is a ve statistical summary for a set of test scores.

Minimum First quartile Median Third  quartile Maximum

65 70 80 90 100

You do not know every test score,  but median =  80 tells  

you that half of the scores are below 80 and half are  

above 80.  First quartile =  70 and third quartile =  90  

tells you that the middle 50% of the scores are between  

70 and 90.

You  can  fnd  the 

median  and  quarti les 

on  a  GDC.  See 

Chapter 17, Sections 

5.7  and  5.8.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.
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   The difference between the third and rst quartiles is called 

the interquartile range  (IQR) =  Q
3
   Q

1
.  

The IQR is sometimes called the middle half .  Here the  

interquartile range is 20.

   A ve statistical summary can be represented graphically as a 

box and whisker  plot.  

Range

WhiskerWhisker Interquarti le Range

Max XQ1 Q3m

(Median)

Min  X

The rst and third quartiles are at the ends of the box,  the median  

is shown by a vertical line in the box,  and the maximum and  

minimum are at the ends of the whiskers.  This box and whisker  

plot shows the data from page 268.

60 70 80 90 100 110 x
 

Extreme or distant data values are called outliers.  

  An outlier is any value at least 1 .5  IQR above Q
3
 or below Q

1
.

You  can  use the 

GDC to calculate the 

interquarti le  range.  

See Chapter 17, 

Section  5.9.

Sometimes a  box and  

whisker plot is  just 

cal led  a  box plot.  

The d iagram should  be 

drawn  to  scale, for  

example on  graph  

paper.

You  can  draw box and  

whisker plots on  a  

GDC.  See Chapter 17, 

Sections 5.5 and  5.6.  

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.
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Example 9

a Find the range,  the median,  the lower quartile,  the upper quartile 

and the interquartile range of this set of scores.

 1 8,  27,  34,  52,  54,  59,  61 ,  68,  78,  82,  85,  87,  91 ,  93,  1 00

b Show the data in a box and whisker plot.  

c Check if 1 8 is an outlier.

Answers

a  Range  =  100  1 8 =  82

  1 8,  27,  34,  52,  54,  59,  61 ,  68,  78,  82,  85,  

87,  91 ,  93,  1 00

 Median 

=  
    

   
   


1 15 1

2 2
th th value

n

=  8th value =  68

  Q
1
  =  

1

4
(n  +  1 )th value 

=  
1

4
 (15 +  1 )th =  4th value =  52

  Q
3
  =  

3

4
 (n  +  1 )th value 

=  
3

4
 (15 +  1 )th =  12th value =  87

  IQR  = Q
3
  Q

1
 =  87  52 =  35

b

0 10 20 30 40 50 60 70 80 90 100 110

Minimum Maximum

Lower

quarti le

Upper

quarti le

Median

c Q
1  
 1 .5(IQR)  =  52  1 .5(35) =  52  52.5  

=  0.5

  18 is not an outlier.

Range =  largest value  

smallest value

Write the data in order.

There are 15 numbers 

in the data set.

  n =  15.

Outliers are more than 

1. 5  IQR  

below Q
1 
or above

 
Q

3.

Exercise 8F

EXAM-STYLE QUESTION

1 The depths of snow at a ski resort are collected every year for 12 

years on 31  January.  All data is in centimetres.

 30,  75,  125,  55,  60,  75,  65,  65,  45,  1 20,  70,  1 10.

 Find  a  the range,  b  the median,  c  the lower quartile,  d  the upper  

quartile and e  the interquartile range of the data set and show the  

data in a box and whisker plot.

You  may wish  to 

explore some of the 

misuses of statistics.
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2 Here are Albies test scores for the year.

 76      79     76     74     75      71      85      82     82     79     81

 Find  a  the range,  b  the median,  c  the lower quartile,   

d  the upper quartile and e  the interquartile range of the data set  

of scores and show the data in a box and whisker plot.

3 Here are the temperatures in C at a hill resort in Montana taken  

every hour for eleven hours.

 10,  11 ,  1 2,  14,  1 8,  22,  21 ,  25,  27,  28,  29. 

 Find  a  the range,  b  the median,  c  the lower quartile,  d  the upper  

quartile and e  the interquartile range of the data set.  

 Show  the data in a box and whisker plot.

4 Use the box plot below to nd a  the range,  b  the median,   

c  the lower quartile,  d  the upper quartile and e  the interquartile  

range of the data.

 6 7 8 9 10 11

5 Match each box plot with the correct histogram.

 a   b  c  

x
1 2 3 4 5 6 7 8 9 100

 

x
1 2 3 4 5 6 7 8 9 100

 

0 x1 2 3 4 5 6 7 8 9 10

 i  y

x0

1

2

4

5

6

7

3

7856 91012 34

 ii  y

x0

1

2

4

5

6

7

8

3

7856 91012 34

 iii  y

x0

1

2

4

5

6

7

8

3

7856 91012 34

8. Cumulative frequency

   To calculate the cumulative frequency add up the frequencies 

of the data values as you go along.  

A cumulative frequency diagram or ogive  is most useful when trying  

to calculate the median,  quartiles and percentiles of a large set of  

grouped or continuous data.

You  can  use a  GDC to 

draw h istograms and  

box and  whisker plots.  

A cumulative 

frequency d iagram 

is often  cal led  a  

cumulative frequency 

graph.

EXAM-STYLE QUESTIONS
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Example 10

50 batteries were tested to see how long they lasted.  The 

results (in hours) are shown in the table.  Draw a cumulative 

frequency diagram and nd the median and interquartile 

range.

Time (h) f

0   h  <  5 3

5   h  <  10 5

10   h  <  15 8

15   h  <  20 10

20   h  <  25 12

25   h  <  30 7

30   h  <  35 5

Answer

Time (h) f Cumulative

frequency

0   h  <  5 3 3

5   h  <  10 5 8

10   h  <  15 8 16

15   h  <  20 10 26

20   h  <  25 12 38

25   h  <  30 7 45

30   h  <  35 5 50

y

10
12.5

M

Q3

Q1

20

30

40
37.5

50

C
u
m
u
la
ti
ve

 f
re
q
u
e
n
cy

x0 10 20 30 40

Time (h)

Median =  19 hours

IQR  =  (25  13) hours =  12 hours

Add a cumulative frequency column to the table.  Work out the 

cumulative frequency by adding up as you go.

f Cumulative frequency

3 3 3 batteries lasted less 

than 5 hours

5 3 + 5 = 8 8 batteries lasted less 

than 10 hours

8 3 + 5 + 8 = 16

10 3 + 5 + 8 + 10 = 26

12 3 + 5 + 8 + 10 + 12 = 38 38 batteries lasted less 

than 25 hours

7 3 + 5 + 8 + 10 + 12 + 7 = 45

5 3 + 5 + 8 + 10 + 12 + 7 + 5 = 50

Plot the upper limit of the time intervals against the cumulative  

frequencies.  The rst two points are (5,  3) and (10,  8)

n = 50

Median = 
50

2
 = 25th data value

Draw a line across from 25 on  

the vertical axis to the graph then  

down to the time axis.

Read off Q
3
 and Q

1
 from the  

graph in the same way.

Q
3
 = 25,  Q

1
 = 13

IQR = Q
3
  Q

1

Values of the median  

and  quarti les from  a  

GDC may be d ifferent 

from values read  

from a  cumulative 

frequency graph.

For large data  sets, 

the median  is  the 
n

2
 th  

value.
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Exercise 8G

1 The cumulative frequency plot shows the reach in cm  

of 100 boxers.

a Estimate the median reach of a boxer.

b What is the interquartile range?

c What does the interquartile range tell you?

y

x
8075 85

25

0

50

C
u
m
u
la
ti
ve

 f
re
q
u
e
n
cy

Reach  (cm)

100

75

6560 70

2 The table below shows the length of 40 ash drives in a  

computer store.

 Show this data on a cumulative frequency diagram.

Length  

(mm)  

f Upper class 

boundary 

Length 

( l  mm)  

Cumulative 

frequency 

610 0 10.5 l    10.5 0

1115 2  15.5 l    15.5 2  

1620 4 20.5 l    20.5 6 

2125 8 25.5 l    25.5 14 

2630 14 30.5 l    30.5 28 

3135 6 35.5 l    35.5 34 

3640 4 40.5 l    40.5 38 

4145 2  45.5 l    45.5 40 

Sometimes 

continuous data  is  

given  in  groups l ike 

th is.  Plot the points 

at the upper class 

boundary, usual ly the 

midpoint between  

classes.
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3 a   The table below shows the cumulative frequency  

distribution for the times taken by 100 students to eat lunch.

Time (min) Number of students

2 and  under 0

4 and  under 6

6 and  under 18

8 and  under 24

10 and  under 40

12 and  under 60

14 and  under 78

16 and  under 92

18 and  under 100

Using a scale of 1  cm for 10 students on the vertical axis and 

1  cm for 2 minutes on the horizontal axis,  plot and draw a 

cumulative frequency diagram.

Use your graph to estimate 

i  the median  ii   the interquartile range.

b The data in a  can be represented in the form of the table 

below.  Find the values of p and q.

Time 2   t <  8 8   t <  12 12   t <  16 16   t <  20

Frequency 24 36 p q

EXAM-STYLE QUESTION

4 A class of 30 IB mathematics students has the semester averages 

shown in the table.

Marks Frequency

20   m  <  30 2

30   m  <  40 3

40   m  <  50 5

50   m  <  60 7

60   m  <  70 6

70   m  <  80 4

80   m  <  90 2

90   m  <  100 1

a Construct a cumulative frequency table.

b Draw a cumulative frequency diagram.

c Use your graph to estimate 

 i  the median

 ii  the upper and lower quartiles

 iii  the interquartile range.
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EXAM-STYLE QUESTIONS

5 Forty students throw the javelin at the school sports day.   

The results are shown below.  

Distance (m) 0   d  <  20 20   d  <  40 40   d  <  60 60   d  <  80 80   d  <  100

Frequency 4 9 15 10 2

a Construct a cumulative frequency table.

b Draw a cumulative frequency diagram.

c If the top 20% of the students are considered for the nal,   

use your graph to estimate the qualifying distance.

d Find the interquartile range.

e Find the median distance thrown.

6 The graph shows the time that students listen to music during 

school.
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a Estimate

 i  the median time that students listen to music

 ii  the interquartile range

 iii   the time a student must listen to music to be in the  

top 10%.

b The minimum listening time is zero and the maximum 

listening time is 45 minutes.  Draw a box and whisker plot to 

represent this information.
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EXAM-STYLE QUESTION

7 The cumulative frequency diagram below shows the heights  

of 220 sunowers.
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a Find the median height of a sunower.

b The smallest 25% are sent to home garden shops.  How many 

go to those garden shops? Between what heights are they?

c The tallest 10% go to hotel displays.  How many go to the 

hotels? What is the smallest sunower that goes to a hotel 

display?

d The middle half of the sunowers are sold immediately.  How 

many is this?

e The height of the tallest sunower is 1 95 cm and the height 

of the shortest is 1 36 cm.  Draw a box and whisker plot to 

represent the heights of the sunowers.

8.6 Variance and standard deviation

The range and the interquartile range are good measures  

of spread but each one is calculated from only two data values.  

   The variance  combines all the values in a data set to produce 

a measure of spread.  It is the arithmetic mean of the squared 

differences between each value and the mean value.

Squaring the difference between each value and the mean value has 

at least three advantages:

1 Squaring makes each term positive so that values above the  

mean do not cancel values below the mean.

2 Squaring adds more weighting to the larger differences.  In  

many cases this extra weighting is appropriate since points 

further from the mean may be more signicant.

3 The mathematics is relatively manageable when using this 

measure in subsequent statistical calculations.

You  may wish  to 

explore d ifferent visual  

representations of 

statistics.

Extension material on CD: 

Worksheet 8 -  Measures of 

central tendency and spread

Descriptive statistics276



Because the differences are squared,  the units of variance are  

not the same as the units of the data.

   The standard deviation  is the square root of the variance and 

has the same units as the data.

  The formulae for the variance and standard deviation are:

 2 =  Population variance =  
 




2

1

n

i

x

n

  =  Population standard deviation =  
 




2

1

n

i

x

n

Example 11

Thirty farmers were asked how many farm workers they hire during a typical harvest season.  

Their responses were:

4,  5,  6,  5,  3,  2,  8,  0,  4,  6,  7,  8,  4,  5,  7,  9,  8,  6,  7,  5,  5,  4,  2,  1 ,  9,  3,  3,  4,  6,  4

Calculate the mean and standard deviation for this data.

Answer

Solution  by hand

Workers 

(x)

Frequency 

( f )

( fx) (x   ) (x   )2 f   (x   )2

0 1 0 5 25 25

1 1 1 4 16 16

2 2 4 3 9 18

3 3 9 2 4 12

4 6 24 1 1 6

5 5 25 0 0 0

6 4 24 1 1 4

7 3 21 2 4 12

8 3 24 3 9 27

9 2 18 4 16 32

30 150 152

The IB syllabus covers Calculation of standard 

deviation/variance using only technology.  This is 

how you would calculate the standard deviation for a 

discrete variable by hand.

1   Calculate the mean.

2  Subtract the mean from each observation.

3  Square each of the results from step 2.

4  Add these squared results together.

5  Divide this total by the number of observations.  

This gives the variance,    2.

6  Take the positive square root to get the standard 

deviation,  .

To calculate the mean:
1 50

30
5  

To calculate the standard deviation:

152

30
2. 25  

fx

n
 



2
( )f x

n







You  should  use a  

GDC to calculate the 

population  standard  

deviation  and  

variance.

{  Continued  on  next page
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Solution using GDC

Enter the data in lists called workers and freq.

Add a new calculator page to your document.

Press  6:Statistics |  1 :Stat Calculations |  

1 :One-Var Statistics

Press .

This opens a dialogue box.

Leave the number of lists as 1  and press .

This opens another dialogue box.  Choose number 

from the drop down box for X1  List and freq 

from the drop down box for the Frequency list.

Press .

The information shown will not t onto a single 

screen.  You can scroll up and down to see it all.  

The standard deviation is the value shown as 

 x:  
n
x  (the population standard deviation).

  =  2.25 (3  sf)

The standard deviation shows how much variation there is from the 

mean and gives an idea of the shape of the distribution.  

  Low standard deviation shows that the data points tend to be 

very close to the mean.

  High standard deviation indicates that the data is spread out over 

a large range of values.

Properties of standard deviation
  Standard deviation is only used to measure spread or dispersion 

around the mean of a data set.

  Standard deviation is never negative.

  Standard deviation is sensitive to outliers.  A single outlier can 

increase the standard deviation and in turn,  distort the 

representation of spread.

  For data with approximately the same mean,  the greater the 

spread,  the greater the standard deviation.

  If all values of a data set are the same,  the standard deviation is 

zero because each value is equal to the mean.

You  should  always use 

the value x in  th is 

course, never use the 

value sx.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

y

x

Low sd

High  sd

The standard  deviation  

is  used  widely to  

describe data  in  

business, science, 

sports and  medicine.
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Exercise 8H

Use your GDC for this exercise.

1 Find the mean,  variance and standard deviation for the following 

sets of numbers.

a 7,  9,  1 2,  25,  37 b  20,  30,  40,  50,  60

2 Find the variance and standard deviation for the following  

sets of numbers.

a 27,  44,  32,  49 b  1 9,  28,  30,  44

c 35,  65,  84,  27,  66

3 The table illustrates the shoe sizes of 73  students in a ballet class.

 Find the standard deviation of their shoe sizes.

Size 4 5 6 7 8

f 9 14 22 11 17

EXAM-STYLE QUESTIONS

4 The number of children in the families in a class of 29 children  

is shown below.  Find the mean and standard deviation.

Children 1 2 3 4 5 6 7  

f 5 12 8 3 0 0 1

5 The table below shows the number of words that the students 

studying Spanish could remember in a year group.  Find the 

standard deviation.

Words f

59 9

1014 11

1519 10

2024 20

2529 10

3034 12

3539 6

4044 3

4549 1

5054 1

5559 2

6064 3

6569 0

7074 1

7579 1

Pafnuty Lvovich  Chebyshev 

(182194) was a  

Russian  mathematician.  

Chebyshevs theorem 

shows how the value of a  

standard  deviation  can  be 

appl ied  to any data  set.

Several  statistical  

advances were made in  

Russia  and  France in  the 

19th  century.  You  may 

wish  to research  some 

more.
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6 A survey was conducted of the number of bedrooms in  

208 randomly chosen houses.  The results are shown in the table.

Number of bedrooms 1 2 3 4 5 6

Number of houses 41 60 52 32 15 8

a State whether the data is discrete or continuous.   

b Write down the mean number of bedrooms per house.

c Write down the standard deviation of the number of 

bedrooms per house.  

d Find how many houses have a number of bedrooms greater 

than one standard deviation above the mean.

EXAM-STYLE QUESTIONS

7 A random sample of 167 people who own mobile phones was 

used to collect data on the amount of time they spent per day 

using their phones.  The results are displayed in the table.  

Time spent  

per day  

( t minutes)

0   t <  15 15   t <  30 30   t  <  45 45   t <  60 60   t <  75 75   t <  90

Number of  

people
21 32 35 41 27 11

Use your graphic display calculator to calculate approximate 

values of the mean and standard deviation of the time spent per 

day on these mobile phones.

8 The gure below shows the lengths in centimetres of sh found 

in the net of a small trawler.
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a Find the total number of sh in the net.   

b Write down an estimate of the mean length.

c i   Write down an estimate for the standard deviation of the 

lengths.

  ii   How many sh (if any) have length greater than  three 

standard deviations above  the mean?

Extension material on CD: 

Worksheet 8 -  Measures of 

central tendency and spread
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Investigation   the efect o adding or 
multiplying the data  set on a  standard 
deviation

Here is  a  set of numbers:  4, 2,  0,  9,  3,  5,  5,  1,  4,  6  

a Calculate the standard  deviation  of these numbers.  

b Now add  100 to al l  the numbers in  the series:  to get 104, 102,  

100, 109, 103, 105, 105, 101, 104, 106.

What happens to the mean?

c Calculate the standard  deviation  of th is new set.  

d Explain  what you  notice and  why th is happens.

e Now multiply al l  of the values in  the original  l ist by 2  to  

get 8, 4,  0,  18, 6, 10, 10, 2,  8,  12.

What happens to the mean?

 Calculate the standard  deviation.

g What wi l l  happen  to the variance? Why?

  Efect o constant changes to the original data:

If you add/subtract  a constant value k to/from all the 

numbers in a list,  the arithmetic mean increases/decreases by 

k but the standard deviation remains the same.

If you multiply/divide  all the numbers in the list by a 

constant value k,  both the arithmetic mean and the standard 

deviation are multiplied/divided by  k.

Review exercise
1 Find a  the mode,  b  the median,  c  the mean and d  the range  

of 1 ,  7,  8,  2,  3,  6,  5,  1 0,  3

2 A class collected the data on the number of pets in their  

home as shown in the table below.

Pets 2 3 4 5 6 7 8 9 10

f 3 9 10 2 3 1 1 0 1

a Calculate the mean number of pets.

b Calculate the median.

c Write down the mode.

EXAM-STYLE QUESTION

3 The mean age of a group of friends at the end of school is  

1 7.5 years and the standard deviation is 0.4 years.  They all meet 

again at the school reunion after 10 years.  What is the new mean 

and standard deviation of their ages?

You  may be expected  

to use these ru les 

in  your exam.  See 

question  3  in  the  

non-GDC review 

exercise.
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EXAM-STYLE QUESTIONS

4 A farmer grows two different types of sweetcorn and the seasons 

 results are shown below.

 

40

Mass in  grams

45 50 55 60

Type A Type B

  Find a  the median,  b  the range,  c  the interquartile range for each type.

5 The mean of six numbers is 71 .  One number is 46,   

another is 92 and the other four numbers are all the  

same.  

a Find the total of all six numbers.   

b Find the value of one of the four missing numbers.   

c If each of the six numbers is decreased by 9  

nd the mean of the new set of numbers.  

6 a   Draw a cumulative frequency graph for the data in the table.

Heigh t   

( cm )

150    h  <  155  155    h  <  160 160    h  <  165  165    h  <  17 0  170    h  <  175  

f 4 22 56 32 5

b Estimate the median from your graph.

c Estimate the interquartile range from your graph.

7 A dice is rolled 100 times.  Each dice has a number between one  

and six written on it.

 The  following table shows the frequencies for each number.

Number 1 2 3 4 5 6

Frequency 26 10 20 k 29 11

a Calculate the value of k.

b Find  i  the median  ii  the interquartile range.

8 The table gives the midday temperature (oF) in the Omani  

mountains in November.  Find the median and IQR.

Temperature f

12.5   t <  27.5 6

27.5   t <  42.5 3

42.5   t <  57.5 5

57.5   t <  72.5 8

72.5   t <  87.5 6

87.5   t <  102.5 2

You  could  be asked  to  calculate the 

mean  using the formula  or a  GDC.  You  

wi l l  only be expected  to calculate the 

standard  deviation  or variance using 

a  GDC.

Estimate from  your 

graph  means that 

you  should  show the 

horizontal  and  vertical  

l ines as working on  

your graph.
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Review exercise
1  Calculate the median and interquartile range of

 9,  11 ,  1 2,  1 3,  1 3,  1 7,  1 9,  21 ,  21 ,  25,  27,  30,  33,  35

EXAM-STYLE QUESTION

2 June runs a cats  home.  The numbers of kittens per litter  

for last year were

Kittens 4 5 6 7 8 9

f 3 7 11 12 6 3

a Find the mean number of kittens per litter.

b Find the standard deviation.

3 The numbers of tennis racquets broken by 410 players in a 

season were.

Broken 

racquets

2 3 4 5 6 7 8 9 10

f 3 11 43 90 172 13 64 10 4

Find  a  the mode  b  the median  c  the mean.   

EXAM-STYLE QUESTION

4 The number of hours students study mathematics each night is 

given in the table.

Hours 0 1 2 3 4 5 6

f 2 5 4 3 4 2 1

a Find the mean,  median,  mode,  standard deviation and 

variance.

b Find the range,  lower quartile and the interquartile range.

5 The histogram below shows the heights of the students in a high 

school in Peru.
y

10

20

30

40

50

60

70

80

90

F
re
q
u
e
n
c
y

x0 140 150 160 170 180 190

Height (cm)

a Write down the modal class height.   

b Construct a grouped frequency table and calculate an estimate 

for the mean height of the Peruvian students.
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EXAM-STYLE QUESTION

6 A school with 1 50 students is tested to see how many French 

words they can remember in one minute.  The results are given in 

the table below.

Number  

of words

Number  

of students

Cumulative number  

of students

15 11 11

16 21 32

17 33 p

18 q 99

19 38 137

20 13 150

a i  Write down the value of p.   ii  Find the value of q.

b Find the median number of words.

c Find the mean number of words.

CHAPTER 8 SUMMARY

Univariate analysis

 Univariate analysis involves a single variable.

 Data  is the information that you gather and is classied as  

either qualitative  data or quantitative  data.

 Quantitative data can be split up into two categories:  discrete   

and continuous.

 A quantitative discrete variable has exact numerical values.

 A quantitative continuous variable can be measured and its accuracy  

depends on the accuracy of the measuring instrument used.

   Continuous variables,  such as length,  weight and time,  may  

have fractions or decimals.

 In statistics,  the term population  includes all members of a  

dened group that we are studying for data driven decisions.

 A part of the population is called a sample.  It is a subset of  

the population,  a selection of individuals from the population.

Presenting data

 When you have a lot of data,  you can organize it into  

groups in a grouped frequency table.

 For continuous data,  you can draw a histogram.  It is  

similar to a bar chart but it doesnt have gaps between  

the bars.

Continued  on  next page
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Measures of central tendency

 The mode  is the value that occurs most frequently in a set of data.

 The mean  is the sum of the numbers divided by the number  

of numbers in a set of data.

  Mean =  
Sum of the data values

Number ofdata values

 The median  is the number present in the middle when the  

numbers in a set of data are arranged in order of size.  If the  

number of numbers in a data set is even,  then the median is  

the mean of the two middle numbers.

 If there are a lot of numbers and it is difcult to nd the middle  

member we can use the formula Median =  
n +








1

2
th  member,   

where n  is the number of members in the set.

Advantages Disadvantages

Mode

The mode can  

be used  or 

qual i tative data  

or when  asked  to 

choose the most 

popular i tem.  

    Extreme values do not aect the 

mode.

   Does not use al l  members 

o the data  set.

   Not necessari ly unique 

 may be more than  one 

answer.

   When no values repeat in  

the data set, there is no 

mode.

   When  there is  more than  

one mode, i t is  d ifcult to 

interpret and/or compare.

Mean

The mean  

describes the 

middle o a  set 

o data.

   Most popular measure in  felds 

such  as business, engineering and  

computer science.

   Uses al l  members o the data  set.

   I t is  unique  there is  only one 

answer.

   Useul  when  comparing sets o 

data.

   Aected  by extreme 

values.

Median

The median  

describes the 

middle o a  set 

o data.

   Extreme values do not aect the 

median  as strongly as they do the 

mean.

   Useul  when  comparing sets o 

data.

   I t is  unique  there is  only one 

answer.

   As the median  is  the middle value, 

50% o the data  is  either side o i t.

  Not as popular as mean.

   Less used  in  urther 

calculations.

Continued  on  next page
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Measures of dispersion

 The range  is the difference between the largest and smallest values.

First quartile The rst quartile  is  the value one-quarter 

o the way into the data.  One quarter o the 

data  l ies below the frst quarti le and  three-

ourths l ies above.  I t is  also cal led  the 25th  

percenti le  and  oten  has the symbol  Q
1
.

Second quartile The second quartile  is  another name or 

the median  o the entire set o data  and  is  

also cal led  the 50th  percenti le.

Third quartile The third quartile  is  three-quarters o the 

way in.  Three-ourths o the data  l ies below 

the th ird  quarti le  and  one-ourth  l ies above.  

I t is  a lso cal led  the 75th  percenti le  and  

has the symbol  Q
3
.

Q
1
 =  

1

4
 (n + 1 )th value and Q

3
 =  

3

4
 (n  +  1 )th value where n  is the 

number of data values in the data set.

 The difference between the third and rst quartiles is called  

the interquartile range  (IQR).

 A ve statistical summary can be represented graphically as a   

box and whisker  plot.

Range

WhiskerWhisker Interquarti le Range

Max XQ1 Q3m

(Median)

Min  X

 An outlier is any value at least 1 .5  IQR above Q
3
 or below Q

1
.

Cumulative frequency

 To calculate the cumulative frequency add up the frequencies  

of the data values as you go along.

Variance and standard deviation

  The variance  combines all the values in a data set to produce  

a measure of spread.  It is the arithmetic mean of the squared  

differences between each value and the mean value.

Continued  on  next page
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  The standard deviation  is the square root of the variance and  

has the same units as the data.

  The formulae for the variance and standard deviation are:

 
2 =  Population variance =  

 



2

1

n

i

x

n

   =  Population standard deviation =  
 




2

1

n

i

x

n

Efect o constant changes to the original data:

If you add/subtract  a constant value k to/from all the numbers  

in a list,  the arithmetic mean increases/decreases by k but the  

standard deviation remains the same.  

If you multiply/divide  all the numbers in the list by a constant  

value k,  both the arithmetic mean and the standard deviation  

are multiplied/divided by k.
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288 Theory of knowledge:  Facts and misconceptions in  statistics

Facts and misconceptions  
in statistics

Statistics is a relatively modern branch of mathematics  

as its main advances have been made in the past 400 years.

Theory of knowledge

  Is it easy to mix up  and x
-

?

  What is the difference between a sample and a 

population?

  Do different measures of central tendency (mean,  

median,  mode) express different properties of the data? 

  Were measures of central tendency invented or 

discovered? Where do they come from? 

  Could mathematics make alternative,  equally true 

formulae?  

  What does this tell us about mathematical truths?

  Find  out how Florence Nightingale  used  statistics and   

what i t led  to.  

  What d id  Francis Galton  invent?

Darrel l  Huff's book How to Lie with  Statistics  (Norton, 

1954) attempted  to expose the tricks of the statistical  

spin-doctors for the self-defense  of  honest men .

Statistical thinking will one day be as necessary for 

efcient citizenship as the ability to read and write.

H.  G.  Wells (18661946)

  What do you think H.  G.  Wells meant?

  Do you agree with him?
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How easy is it to lie with statistics?

  Cri ticize these graphs:

There are three 

kinds of lies:  

lies,  damned lies,  

and statistics.

US author  

Mark Twain   

attributed this to 

the 19th century 

British Prime 

Minister,  Benjamin 

Disraeli

3.3%

3.1% 3.1%

4.8%

1970s 1980s 1990s Current

40

30

20

10

0
May September

We are doing 
so much better 
now than we 
were in the 

1990s

1

What a huge 

increase in 

the number of 

frogs

0
May September

Take a survey of your friends about 

their favorite subject.

  Use Microsoft Excel to produce 

different style charts to show the 

situation (or draw graphs by 

hand).

  Try changing the y-axis scale or 

the value the y-axis starts at.

  Show 3D charts.

  See what happens to a subject 

that may have zero votes on a pie 

chart.

Here are some of the tricks  that 

you could use,  and how they 

mislead:  

  Showing an unsuitably large or 

small amount of data.  This 

hides or highlights the change 

being reported.

  Using a nonlinear scale.  Anyone 

expecting a linear scale would be 

misled.

  Not showing the scale at all.  

Keep them uninformed.

  Making bars of a histogram 

three-dimensional.  It makes the 

difference between data values 

look larger.

Statistics can be very helpful in providing an inuential interpretation of reality but 

also can be used to distort our perceptions.  

 How can statistics be used or misused to assist and mislead us?

 How can we decide whether to accept the statistical evidence that is presented to us?



Integration

CHAPTER OBJECTIVES:

6.4  Indefnite integration  as antid ierentiation.  Indefnite integral  o x n  (n    ),  
1

x

 

and  e  x.  The composites o any o these with  the l inear unction  ax +  b.

  I ntegration  by inspection, or substitution  o the orm  f (g(x))g(x)  dx.

6.5   Antid ierentiation  with  a  boundary condition  to determine the constant term.  

Defnite integrals, both  analytical ly and  using technology.  Areas under curves 

(between  the curve and  the x-axis).  Areas between  curves.  Volumes o  

revolution  about the x-axis.  

6.6   Kinematic problems involving d isplacement s,  velocity v and   

acceleration  a .  Total  d istance traveled.

You should  know how to:  

1 Write a series given in sigma notation as a 

sum of terms.  e.g.



      

  


4

2

(2 1) [2(2 ) 1] [2(3 ) 1] [2(4 ) 1]

5 7 9

i

i

e.g.  f x f x f x f x f x
j

j

( ) ( ) ( ) ( ) ( )= + + +

=

1 2 3 4

1

4

2 Use geometric formulae to nd area.

e.g.       Area of trapezium:
7 cm

10 cm
8 cm

6 cm

  b b h= +

= +

=

1

2

1

2

1 2

2

10 8 6

54

( )

( )( )

cm

3 Use geometric formulae to nd volume.

  
2  m

 e.g.  Volume of sphere:


   

3 3 34 4 32

3 3 3
(2) mV r

Skills check

1 Write as a sum of terms.  

a 



2

5

1

(2 )
i

i     b 



6

2

(3 2)
k

k

c 



2

5

1

][( ) ( )
i

i

i g x     d 



3

1

[ ( )( )]
j j

j

f x x

2 Find the area.

a 
5 mm

4 mm

9 mm

 b  

8 cm

3 Find the volume.

a 4 m

10 cm

  b  

6 ft

14 ft

9

Before you start
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We know we can nd the velocity of a moving object by taking the 

derivative of the displacement function (carrying out differentiation 

on the displacement function).  Now consider the reverse process.  

Can you nd the displacement function for a moving object,  if you 

know the velocity function?  

Suppose the velocity function is given by v (t) =  2t +  1 .  We need to 

nd a function,  s (t) such that s (t) =  2t +1 .  Working backwards,  we 

nd one possible displacement function is s (t) =  t 2 +  t,  since

2d

d
( ) 2 1

t
t t t   .  Why do we say that s (t) =  t 2 +  t is one  possible 

displacement function? 

The function s (t) =  t2 +t is called an antiderivative  of v (t) =  2t +  1 .  

The process of nding an antiderivative is called integration.  In this 

chapter you will learn about the process of integration and how 

integration can be used to solve problems involving motion on a 

line,  area and volume.

9.1   Antiderivatives and the indenite integral

Suppose the derivative of a function f is given by 2x +3.  Working 

backwards,  we nd that f may be the function f (x) =  x2 +  3x,  since 

2d

d
( 3 ) 2 3

x
x x x   .  But there are other functions that have the same 

derivative,  such as f (x) =  x2 +  3x + 1  or f (x) =  x2 +  3x  6 since

2d

d
( 3 1) 2 3

x
x x x     and 2d

d
( 3 6) 2 3

x
x x x    .

differentiation

integration

t
2  +  t 2t +  1

x
2  +  3x +  1

x
2  +  3x   6

x
2  +  3x

2x +  3
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The functions f (x) =  x2 +  3x,  f (x) =  x2 +  3x +  1  and f (x) =  x2 +  3x  6  

are all called antiderivatives  of 2x +  3.

Any function of the form f (x) =  x2 +  3x +  C,  where C is an arbitrary 

constant,  is an antiderivative of 2x +  3.

Investigation  antiderivatives  of xn

1  Copy and  complete the table below.  The frst entry is  completed  or you.

f (x) Antiderivative o f

x
21

2
x C

x2

x3

x4

2  Write a  general  expression  or ru le or the antiderivatives o xn.

3  Show whether your ru le gives the correct antiderivatives or x3 and  

1

2
x .

4  Are there any values o n  where your ru le does not apply?

The antiderivatives of x n  are given by 
1

1

1

n
Cxn

+

+

+ ,  

where C is an arbitrary constant and n    1 .

Example 1

Find the antiderivative of each function.

a x10 b 
1
5

x
 c x34

Answers

a  
1

10 1

1

11

1 0 1 1 1

+
+ +x C x C+

=

b  
1
5

5

x
x=



1

5 1

1

4

1

4

5 1 4

4

 +

 + 





x C x C

C
x

+ = +

= +

c  x x34

3

4=

3 7
1

4 4

7

4

1 1

3 7
1

4 4

4

7

x C x C

x C





   
   
   
   

+ = +

= +

Apply the rule 
1

1
C

n
xn

+

+

+
1 ,

where n = 10.

Rewrite using rational exponents.

Apply the rule 
1

1
C

n
xn

+

+

+
1 ,

where n = 5.

Simplify.

Rewrite using rational exponents.

Apply the rule 
1

1
C

n
xn

+

+

+
1 ,

where n
3

4
= .

Simplify.

A unction  F is  cal led  

an  antiderivative  o 

f i  F   (x)  =  f (x).

Remember


1

2x x



1

3 3
x x



1

4 4 e tc.x x

Just as the process o 

fnding a  derivative 

is cal led  

diferentiation,  

the process o fnding 

an antiderivative is called  

antidiferentiation.
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Exercise 9A

Find the antiderivative of each function.

1 x7 2  x4 3  x 2 4  
1

2


5 

1

3x  6  x
2

5  7  
1
4x
 8  

1
1 2x

9 3 x  10 
7 3x  11 

1
5 x

 12 
1

23 x

Antidifferentiation is also known as indenite integration  and is 

denoted with an integral symbol,  dx.  For example,

x 3 dx =  
1

4
 x 4 +  C

means that the indenite integral (or antiderivative) of x 3  is 
1

4
 x 4 +  C.  

These rules will help you nd indenite integrals.

  Power rule

 x n  dx =  
1n 

 x n+1  +  C,  n    1

  Constant rule

 k dx =  kx +  C

  Constant multiple rule

kf (x)  dx =  k f (x) dx

  Sum or diference rule

( f (x)   g (x)) dx =  f (x) dx   g (x) dx

Example 

Find the indenite integral.

a  x6 dx    b 4 dt c  3x5 dx

d (3u4 +  6u2 +  2) du  e  (x +  x3 )  dx

Answers

a  x6 dx =  
1

6 1+
 x6+1  +  C

 =  
1

7
 x7  +  C

b  4 dt =  4t +  C

Apply the power rule with n = 6.

Apply the constant rule.  The dt tells you that the 

variable of integration is t.

I f F (x)  =  f (x),  we write

f (x)  dx =  F (x)  +  C.

The expression  

f (x)  dx is  cal led  an

indenite integral.

f (x)  dx is  read  as 

 the antiderivative of 

f with  respect to x  or 

 the integral  of f with  

respect to x .

       Variable

    o integration

f (x)  dx =  F (x)  +  C

Integrand  Constant 

o

integration

{  Continued  on  next page
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c  3x5 dx =  3 x5 dx

= 3
1

5 1

5 1

1
+

+x C+









= 
1

2
x6 +  3C

1

=  
1

2
x6 +  C

d  (3u4  +  6u2 +  2) du

= 3u4 du +  6u2 du +  2 du

= 3 u4 du +  6 u2 du +  2 du

= 3
1

4 1

4 1

+
+







u  +  6

1

2 1

2 1

+
+







u  +  2u  +  C

= 
3

5
u5 +  2u3 +  2u  +  C

e  (x +  x3 ) dx =  (x1  +  x
1

3 ) dx

= 
1

1 1

1

1

3
1

1 1

1

3
1

+
+

+ +x x C+
+

=
1

2

3

4

2

4

3x x C+ +

Apply the constant multiple rule.

Apply the power rule with n = 5.

3C
1
 is some arbitrary constant C.  We usually just 

show the nal arbitrary constant.

Apply the sum rule.

Apply the constant multiple rule.

Apply the power rule and constant rule,  with 

variable of integration u.

We actually get a constant of integration for each 

term,  but C
1
 + C

2
 + C

3
 is some arbitrary constant C.

Rewrite using rational exponents.

Apply the power rule to each term.

Exercise 9B

Find the indenite integral in questions 1  to 10.

1 x3  dx 2  
1
2t
 dt

3 
45 dx x  4  2 du

5 (3x2 +  2x +  1 ) dx 6  
4
3x
 dx

7 (t2  + 4 t  )  dt 8  ( 3 2x  + 1 ) dx

9 (5x 4 +  1 2x 3 +  6x  2) dx 10 dt 

11 Let f (x) =  x3 +  
4
2x
.  

  Find  a  f (x)  b f (x) dx

12 Let g(x) =  30 x5 .  

    Find  a  g (x)  b g (x) dx

You  can  check the 

answers to your 

indefnite integrals by 

d ierentiating your 

answer and  checking 

to see that i t equals 

the integrand.

dt  = 1  dt = t0 dt
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You saw at the beginning of this section that if the velocity of a 

moving object is given by v (t) =  2t +  1 ,  then the displacement of the 

particle is s(t) =  t2 +  t +  C,  for some arbitrary constant C.  You can

now write this as (2t +  1 ) dt =  t2 +  t +  C,  where t2 +  t +  C is called 

the general solution  for (2t +  1 ) dt.  

Suppose you are also given that,  for this particle,  the position at  

time t =  1  is 6.  You can then nd C.

s (t) =  t
 

2 +  t +  C

s (1 ) =  1 2 +  1  +  C

6 =  2 +  C

C =  4

Therefore,  s (t) =  t2 +  t +  4.  The fact that the position at time t =  1  is 

6 is called a boundary condition and t2 +  t +  4 is a particular

solution  of (2t +  1 ) dt,  given the boundary condition.

Example 3

a If f (x) =  3x2 +  2x and f (2) =  3,  nd f (x).  

b  The curve y =  f (x) passes through the point (32,  30).  The gradient 

of the curve is given by f (x) =  
1

35
x

.   

Find the equation of the curve.

c  The rate of growth of a population of sh is given by 
d

d

P

t
 =  1 50 t

for 0   t   5  years.  The initial population was 200 sh.  Find the 

number of sh at t =  4 years.

Answers

a f (x) =  3x2 +  2x

f (x) =  (3x2 +  2x)  dx

f (x) =  x3  +  x2 +  C

f (2) =  23 +  22 +  C

3 =  8 +  4 +  C

C = 15

  f (x) =  x3 +  x2  1 5

b  f (x) =  
1

35
x

f (x) =  
1

35
x

dx

         =  x


3

5  dx

f (x) =  
5

2

5x  +  C

Apply the power rule to nd the

general solution for (3x 2 +  2x) dx.

Use the fact that f (2) = 3 to nd C.

Rewrite with rational exponents 

and apply the power rule to nd the 

general solution for 
1

x
x

35
d .

Sometimes a  

boundary condition  

is  given  as an  initial 

condition.  Th is  

represents a  condition  

when  t is  zero.  For 

example, if you  are 

told  that the in itial  

d isplacement is  

4, th is  means that 

d isplacement is  4 

when  t =  0.  

{  Continued  on  next page
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f (32) =  
5

32
2

5( )  +  C

30 =  10 +  C

C =  20

  f (x) =  
5

2

5x  +  20

c  
d

d

P

t
 =  1 50 t

P(t) =  1 50 tdt

= 150 t
1

2  dt

P(t) =  100t
3

2  +  C

P(0) =  100( )0
3

2  +  C

200 =  0 +  C

C =  200

P(t) =  100t
3

2

 

+  200

P(4) =  100( )4
3

2  +  200

= 1000

There are 1000 sh when  

t =  4 years.

Use the fact that the curve passes 

through the point (32,  30) to nd C.

Rewrite with rational exponents  

and nd the general solution for  

150 t td .

The initial population was 200 sh 

means P(0) = 200.  Use this to nd C.

Find P when t is 4.

Exercise 9C

Exam-Style Questions

1  The derivative of the function f is given by f (x) = 4x5 + 8x.   

The graph of f  passes through the point (0,  8).   

Find an expression for f (x).

2  It is given that 
d

d

y

x
 =  x 4 +  x4  and that y =  1 0 when x =  1 .

Find y in terms of x.  

3  The velocity v m s1,  of a moving object at time t seconds is given 

by v (t) =  3t2  2t.   

When t =  3,  the displacement,  s,  of the object is 1 2 metres.   

Find an expression for s in terms of t.

4 The rate at which the volume of a sphere is increasing in cm3 s1

is given by 
d

d

V

t
 =  2  (4t2 +  4t +  1 ),  for 0   t   1 2.  The initial 

volume was   cm3.

Find the volume of the sphere when t =  3.

Integration296



Exam-Style Question

5 The velocity v m s1  of a moving object at time t seconds is given 

by v (t) =  20  5t.

a Find its acceleration in m s2.

b The initial displacement s is 5  metres.   

Find an expression for s in terms of t.  

9.2 More on indenite integrals

The power rule for integration tells us that

xn  dx =  
1

1n +
 xn+1  +  C,  n    1 .  The rule does not work when 

n  =  1  because it would result in dividing by 0.  So what is x1  dx?

You have seen that 
d

dx
 (ln x) =  

1

x
 =  x 1  for x >  0,  so

  
1

x
 dx =  ln x +  C,  x >  0

Also 
d

dx  
(e  x) =  e  x,  so 

  e  x dx =  e  x +  C

Example 4

Find the indenite integral.

a 
4

x
xd   b 

e
t

t
2
d

Answers

a 
4 1

4
x x

x x





=d d

= 4ln x +  C,  x >  0

b 
e
t

t
2

1

2
d =  et dt

= 
1

2
 et +  C

Apply the constant multiple rule.

Use the fact that 
1

x
 dx = ln x + C,  

x > 0.

Apply the constant multiple rule.

Use the fact that ex dx = ex + C.

For some integrals such as (x2 +  1 )2 dx,  
3 2 12x x

x
x

+ +
d   

and ln (e  2t1) dt you may have to rewrite the integrand by 

expanding the bracket,  separating the terms or simplifying before 

you can integrate.  The next example shows how.  

 I ntegration  ru les

1

x

dx =  ln  x +  C,  x >  0

ex dx =  ex +  C

Why do we say that
1

0
 is  undefned? 

Is 
0

0
 the same as

1

0
 ? 

Why or why not?
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Example 

Find the indenite integral.

a  (x2 +  1 )2 dx  b 
3 2 1

2
x x

x
x

+ +
d   c ln(e2t1) dt

Answers

a (x2 + 1 )2  dx = (x4 + 2x2 + 1 ) dx

= 
1

5
 x5 +

 

2

3  

x3 +  x +  C

b 
3 2 1

2
x x

x
x

+ +
d

 

= 
3 2 1

2
x

x

x

x x
x+ +









d

= + +







 3 2

1
x x

x
d

= 
3

2
x2 +  2x +  ln x +  C,  x >  0

c ln(e2t1) dx =  (2t  1 ) dx 

= t2  t +  C

Expand and then integrate each 

term.

Separate the terms.

Simplify and then integrate each 

term.

Simplify using the fact that e x  and 

ln x are inverses.

Exercise 9D

Find the indenite integral.

1 
2

x
 dx 2  3e  x dx

3 
1

4
d

t
t  4  e  ln x dx

5 (2x + 3)2 dx 6 
 3 2

2 6 5
d

x x

x
x

7 ln eu 2

 du 8 (x  1 )3 dx 

9 
e 1

2
d

x

x  10 
x x

x
x

2 1+ +
d

Now we look at indenite integrals of functions that are 

compositions with the linear function ax +  b.

  (ax +  b)n  dx =  
1

a
 11

( )
1

n
ax b

n

 
 

 
 +  C

  e eax b ax bx C
a

+ += +d
1

  

  
1 1

ax b a

b

a
x ax b C x

+
=


 + + > d ln( ) ,

You  can  veriy each  

ru le by d ierentiating 

the right-hand  side 

o the equation  and  

showing that you  get 

the integrand.

Note that ln(ax + b)   

is defned when   

ax + b  >  0 or x >   
b

a

.
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Example 6

Find the indenite integral.  

a (3x +  1 )4 dx b e2x+5 dx c 
3

4 2x
x


d  d  

1

6 3
4

( )x
x

+
d

Answers

a (3x +  1 )4 dx

 =

 

1

3

1

5
3 1 5( )x +






  +  C

= 
1

15
3 1 5( )x +

 

+  C

 

b e e2 5 2 51

2

x xx C+ += +d

c 
3

4 2
3

x
x


=d

1

4 2x 
dx

= 




+ >3 4 2

1

4

1

2
ln( ) ,x C x

= ( ) + >
3

4

1

2
4 2ln ,x C x

 

d 
1

6 3
4

( )x + dx =  (6x +  3)4 dx

= +





+

1

6

1

3
6 3 3( )x C

=  +
+

1

18 6 3
3

( )x
C

d

dx x










+

1

18 6 3
3

( )

Find 
1

C
1

1

1

a
ax b

n

n

+






( )+ ++

for a = 3,  b = 1 and n = 4.

Check by differentiating.

d

d

1

15
(3 + 1)5

x
x






 =

1

15
(5(3x 1) (3))4+

 = (3x +  1)4

Find 
1
a
 e ax  +  b + C for a = 2 and b = 5.

Check by differentiating.

d

d

1

2
e2x+ 5

x






=

1

2
e (2)2x 5[ ]+  =  e 2x  +  5

Apply the constant multiple rule.

Find 1
a
 ln(ax + b) for a = 4 and b = 2.

Check by differentiating.

d

d

3

4
ln(4x 2)

x





 =









3

4

1

4x 2
(4)



=


3

4x 2

Rewrite using rational exponents.

Find 
1

C
1

1

1

a
ax b

n

n

+






( )+ ++  

for a = 6,  b = 3 and n =  4.

Check by differentiating.

= 
d

d

1

18
(6x 3) 3

x
+ -







=   1

18
( 3(6x 3) (6))4+  =

1

(6x 3)
4

+

Integration  ru les

(ax  +  b)n dx =  

1

a

 
 

 
 11

1
( )

n

n
ax b

 

+  C

eax + b  dx = 
1

a
 eax + b

 

+ C

 


1

ax b
 dx =   

1

a
 
l n (ax  +  b)  +  C,

  

x  >   
b

a
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Exercise 9E

Find the indenite integral in questions 110.

1 (2x +  5)2 dx 2  (3x +  5)3 dx 3  e
1

3
2
x 
 dx

4 
1

5 4x +  dx 5  
3

7 2 x
 dx 6  4e  2x+1  dx 

7 6(4x  3)7 dx 8 7 2
1

2x +( )  dx 9  e4 4

3 5

x

x
+








 dx

10 
2

3 4 5 3( )x   dx

Exam-Style Questions

11 Given that f (x) =  (4x +  5)3 nd

a f (x);    b f (x) dx.  

12 The velocity v of a particle at time t is given by v (t) =  e  3t +  6t.  

The displacement of the particle at time t is s.  Given that s =  4 

metres when t =  0 seconds,  express s in terms of t.

The substitution method 

We use the  substitution method  to evaluate integrals of the form 

 f (g (x)) g (x)  dx.  The next example shows you how.

Example 

Find the indenite integral.  

a (3x2 +  5x)4 (6x + 5) dx   b x x23 3
 (2x  3) dx

c xe4 1
2

x +   dx         d 
12 3

3

3 2

4 3

x x

x x



  dx

Answers

a (3x2 +  5x)4 (6x + 5) dx

= u
u

x

4 d

d
 dx = u4 du

= 
1

5
 

u5 +  C

= 
1

5
 (3x2 +  5x)5 +  C

This integral is of the form 

f (g(x)) g(x) dx,   

where g(x) = 3x2 + 5x and g(x) = 6x + 5.

Let u = 3x2 + 5x,  then 
du

dx
 = 6x + 5 and substitute.

Simplify and integrate.

Substitute 3x2 + 5x for u.

{  Continued  on  next page
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b  x x23 3  (2x  3) dx

= u x
u

x

1

3
d

d
d

= u
1

3 du

= +
3

4

4

3u C

=  +
3

4

2

4

33( )x x C

c x x xx xe d e4 1 4 1
2 21

8
8+ += 







 d

  =  
1

8
e4 1

2

8x x x+ ( )d

  =  
1

8
eu u

x
x

d

d
d

  =  
1

8
eu ud

  =  
1

8
 e

u C+  

  =  
1

8
 e

4 1
2

x C+ +

d 
12 3

3

3 2

4 3

x x

x x


  dx

12 3

3

3 2

4 3

x x

x x




 

dx =  
du

dx

u

 dx

      =  
1

u
 du

      =  lnu  +  C,  u  >  0

      =   ln(3x4  x3) +  C,   

3x4  x3 >  0

Check by differentiating.

d

dx
 
1

5
3 52 5( )x x+



  

=  
1

5
(5(3x2  +  5x)4  (6x +  5))

= (3x2  +  5x)4  (6x +  5)

This integral is of the form 

f (g(x)) g(x) dx,   

where g(x) = x2  3x and g(x) = 2x  3.  

Let u = x2  3x,  then 
du

dx
 = 2x  3 and substitute.

Simplify and integrate.

Substitute x2  3x for u.

Check by differentiating.

d

d

3

4

3

4

4

3

2

4

3 2

1

33 3 2 3
x

x x x x x( ) ( ) ( )








 =









 

= (x2   3x)
1

3  (2x  3) =  x x23 3 (2x  3)

If g(x) = 4x2 + 1 then g (x) = 8x.  Rewrite the 

integrand so that it is in the form c f (g(x))g (x) dx.

Let u = 4x2 + 1,  then 
du

dx
 = 8x and substitute.

Simplify and integrate.

Substitute 4x2 + 1 for u.

This integral is of the form 

f (g(x))g(x) dx,  where

g(x) = 3x4  x3 and g(x) = 12x3  3x2.

Let u = 3x4  x3,  then 
du

dx
 = 12x3 3x2  

and substitute.

Simplify and integrate.

Substitute 3x4   x3 for u.
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With practice you may be able nd indenite integrals of the form 

 f (g(x))g (x) dx by inspection.  That is,  you may just be able to think 

about what you would choose for u,  check to see that the derivative 

of u  is the other factor of the integrand and then mentally integrate  

f with respect to u.

Exercise 9F

Find the indenite integral in questions 110.

1 (2x2 +  5)2 (4x) dx 2  
3 2

2

2

3

x

x x
x

+

+

d

3 (6x +  5) 
23 5 dx x x  4  4x 3ex4 dx

5 


 
2 2

2 3

( 3 1 )
d

x

x x
x 6  

e
d

x

x
x

2

7 x2(2x3 +  5)4 dx 8 



4 2

2 1
d

x

x x
x

9 (8x 3  4 x)(x 4  x 2)3 dx 10 




2

3

4 3

4
d

x

x x
x

Exam-Style Questions

11 Let f (x) =  
8

4 1
2

x

x +
.  Given that f (0) =  4,  nd f (x).  

12 The gradient of a curve is given by f (x) =  3x2
3

e
x .  The curve 

passes through the point (1 ,  5e).  Find an expression for f (x).  

. Area and denite integrals

This section is about the denite integral,  

which is written as 

b

a

f (x) dx,  and its relationship to  

the area under a curve.  

Indefnite integrals are a  ami ly o 

unctions that d ier by a  constant.  

Defnite integrals are real  numbers.  

In  the next section  we wi l l  learn  

about the relationship between  

defnite and  indefnite integrals and  

how to evaluate a  defnite integral  

without a  GDC.

Investigation   area  and the denite integral

1  Consider the area  bounded  by the unction  f (x)  =  x2 +  1, x =  0,   

x  =  2  and  the x-axis, which  is  shaded  in  green  in  the graph.

 a  i   Write down  the width  o each  o the our rectangles shown   

in  the graph.

  ii  Calculate the height o each  o the our rectangles.

  iii   Find  the sum o the areas o the our rectangles to fnd   

a  lower bound  o the area  o the shaded  region.
1.51 20.500.5 x

y

f(x)= x2  +  1
5

4

3

2

1
R1

R2

R3

R4

{  Continued  on  next page
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 b i   Write down  the width  o the our rectangles shown  in   

 th is graph.

  ii  Calculate the height o each  o the our rectangles.

  iii   Find  the sum o the areas o the our rectangles to fnd   

an  upper bound  on  the area  o the region.

 c  Use a  GDC to evaluate the denite integral
2

0

)x x
2 1+ d .  Compare your result with  your answers 

in  parts a  and b.

What do you  th ink the defnite integral  might represent?

 

We could  not use a  geometric ormula  to fnd  the area  o the region  in   

question  1;  we could  only use geometric ormulae to approximate the area.   

Now we wi l l  consider some regions whose area  can  be ound  geometrical ly.

2    Find  the area  o the shaded  region  under the l ine f(x)  =  2x +  2   

between  x =  1 and  x =  2  using a  geometric ormula.  Then   

write down  a  defnite integral  you  th ink may represent the area.   

Evaluate the integral  on  a  GDC and  compare answers.  

3    We reer to the area  between  a  unction  f and  the x-axis as 

the area under the curve.  I  f(x)  is  a  non-negative  

unction  or a   x   b  then  write down  the defnite integral   

that gives the area  under the curve f rom  x =  a to x =  b.

4    Veriy that your answer rom question  3  works or the  

ol lowing by fnding the area  using a  geometric ormula   

and  then  writing down  a  defnite integral  and  evaluating  

i t on  a  GDC.

  a  f (x)  =   
1

2
 x  +  3  rom  

x = 1 to x = 4

  b  f (x)  =  16
2

 x  rom  x  =  4   

to  x = 4

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

In  mathematics, a  

curve is  a  graph  on  a  

coordinate plane, so 

curves include l ines.

1 .51 20.500.5 x

y

5

4

3

2

1

f(x)= x2  + 1

R1

R2

R3

R4

The GDC uses 

an  approximation  

method  to  determine 

the values o defnite 

integrals, so the 

values rom  the GDC 

are not always exact.

y =      x +  3
1
2

0

2

3

211

1

4

3 4 5 6 7 x

y
x =  4x =  1

y =  16  x2  

2

3

2101234

1

4

5

3 4 x

y

0

4

6

21123

2

2

4

3 4 5 x

y

y =  2x +  2

x =  2
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In the investigation you approximated the area under a  

curve f (x) =  x2 +  1  from x =  0 to x =  2 by summing the  

areas of four rectangles.  Using sigma notation,  we can  

express this as 
i =


1

4

 f (x
i
)  x

i
,  where f (x

i
) represents the  

height of each rectangle and   x
i
 represents the width of  

each rectangle.  

To get better approximations of the area we can use  

more rectangles.  Using an innite number of rectangles,   

lim
n

i

n


=


1
f (x

i
) x

i
,  leads to the exact area.

If a function f is dened for a    x  b  and lim
n

i

n


=


1

 f (x
i
)x

i
  

exists,  we say that f is integrable on a    x   b.   

We call this limit the denite integral  and denote it  

as lim
n

i

n


=


1

 f (x
i
) x

i
 = 

b

a

f (x)
 
dx

  
or

 

b

a

y dx.  The number a  is  

called the lower limit of integration and the number b is  

called the upper limit of integration.

   When f is a non-negative function  

for a    x   b,  
b

a

 f (x) dx gives the  

area under the curve from  

x =  a  to x =  b.

Example 8

Write down a denite integral that gives the area of the shaded region and evaluate it using a 

GDC.  Whenever possible nd the area using a geometric formula to verify your answer.

a  

2

3

210123

1

3 x

y

f(x)  =  2   | x|

  b 

2

21012

1

x

y

f(x)  =
2

1  + x 

2

Answers

a 
 2

2

(2 | x| ) dx =  4

Area =  
1

2
(4  2) =  4

The function intersects the 

x-axis at 2 and 2 and forms 

a triangle.  So the limits of 

integration are 2 and 2.  The 

area formula for a

triangle is A b h=

1

2
( ) .

Approximations or area  under  

f(x)  =  x2 +  1  rom x  =  0  to  x =  2  or 

d ierent numbers o rectangle.

# Rectangles Lower sum
Upper 

sum

4 3.75 5.75

10 4.28 5.08

50 4.5872 4.7472

100 4.6268 4.7068

500 4.658 67 4.674 67

Exact area  = 
2

0

(x2 +  1)  dx =  
4

3
   4.66667

Notice that both  the lower and  upper 

sums appear to approach  4.66667.

The symbol   is  an  

elongated S  and  is  

also used to indicate 

a  sum.  The defnite 

integral  notation was 

introduced by the 

German mathematician  

Gottried Wilhelm  

Leibniz towards the 

end o the 17th  

century.

b

a

f(x)  dx is  

read as  the integral  

rom a  to b  o f (x)  with  

respect to x .

x

y

y =  f(x)

a b0

  f(x)dx
b
a

{  Continued  on  next page
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b  
1

1

2

1
3 14

2
+



x
xd .

The region is bounded by the 

function f x
x

( ) =
2

1 2
+

,  the 

x-axis and the vertical lines  

x = 1 and x = 1.  So the 

limits of integration are 1 

and 1.  The area cannot be 

determined from a geometric 

formula.

Exercise 9G

Write down a denite integral that gives the area of the shaded 

region and evaluate it using your GDC.  Where possible nd the 

area using a geometric formula to verify your answer.

1  

2

3

210123

1

4

3 4 65 x

y

x +  1
1
2f(x)  =

  2  

0

2

3

21123

1

1

2

3

3 4 x

y

f(x)  =  x3  4x

3 

2

3

212 01

1

4

3 4 5 x

y

f(x)  =  3

    4 

3

0

2

211234

1

4

3 4 x

y

f(x)  =  9  x2  

5  

0

2

3

21123

1

1

2

3

3 x

y

f(x)  =     
1
x

    6  

2

3

2101

1

4

3 4 65 7 x

y

f(x)  =     x +  2
1
3

When f  is a non-negative function for a    x   b,  
b

a

 f (x)dx gives the 

area under the curve from x =  a  to x =  b.

Consider what happens when f  is not non-negative.

i  

1

3

(2x +  2) dx

The area of the shaded triangle is 4,  but 
1

3

(2x +  2) dx =  4 since f (x) <  0 when 3  <  x <  1 .

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

0

4

6

211234

2

2

4

3 x

y y =  2x +  2
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ii  

2

1

(2x +  2) dx

2

1

(2x +  2) dx =  9 is the area of the shaded triangle

since f is a non-negative function for 1   x   2.  

iii  

2

3

(2x +  2) dx

2

3

(2x +  2) dx =  5  because it is equal to 

1

3

(2x +  2) dx + 
2

1

(2x +  2) dx =  4 +  9 =  5.  This is the 

negative of the area of the region labeled A
1
 plus the  

area of the region labeled A
2
.

This illustrates one of the properties of denite integrals.

  
b

a

f (x) dx =  
c

a

 f (x) dx +  
b

c

f (x) dx

Example 9

The graph of f consists of line segments as shown in the gure.  

Evaluate 

8

0

f (x) dx using geometric formulae.

Answer
8

0

f (x) dx =  A
1
  A

2
 +  A

3

= +  +
1

2
4 1 2

1

2
3 4

1

2
1 4( )( ) ( )( ) ( )( )

=  5   6 +  2

=  1

Find the area of the trapezium A
1
,  minus the area of 

the triangle A
2
 ,  plus the area of the triangle,  A

3
.

0

2

3

21

1

1

2

3

4

4

3 4 5 6 7 8 x

y

(2,  2) (3,  2)

(6,  4)

(8,  4)

A1

A2

A3

0

4

6

211234

2

2

4

3 x

y

y =  2x +  2

0

4

6

211234

2

2

4

3 x

y y =  2x +  2

A1

A2

2

3

21

1

0

1

2

3

4

4

3 4 5 6 7 8 x

y

(2,  2) (3,  2)

(6,  4)

(8,  4)
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  Some properties of denite integrals

1  

b

a

kf (x) dx =  k

b

a

f (x) dx

2 

b

a

(f (x)  g (x)) dx =  

b

a

f (x) dx  

b

a

g (x) dx

3 

a

a

f (x) dx =  0

4 

b

a

f (x) dx = 
a

b

f (x) dx

5 

b

a

f (x) dx =  
c

a

f (x) dx +

b

c

f (x) dx

Example 10

Given that 
2

 0

f (x) dx =  4,  
5

 2

f (x) dx =  12,  
2

 0

g(x) dx =  3 and  

4

 0

g(x) dx =  6,  evaluate these denite integrals without using your GDC.

a 
2

 0

(3f (x)  g (x)) dx  b  
2

 2

g (x) dx +  
2

 5

f (x) dx

c 
5

 0

f (x) dx        d 
4

 2

g (x) dx   e 
1

 3

 
1

2
  f (x + 3) dx

Answers

a 
2

 0

(3f (x) g(x)) dx 

=  
2

 0

3f (x) dx  
2

 0

g(x) dx

= 3

2

 0

f (x) dx  
2

 0

g(x) dx

= 3(4)  (3)

= 15

b 
2

 2

g(x) dx +  
2

 5

f (x ) dx 

=  0  
5

 2

f (x) dx

= 0  1 2

= 12

c  

5

 0

f (x) dx 

=  
2

 0

f (x) dx +  
5

 2

f (x) dx

  =  4 +  12

  =  1 6

Apply property 2.

Apply property 1.

Substitute and evaluate.

Apply property 3 to the rst term and 

property 4 to the second term.

Substitute and evaluate.

Apply property 5.

Substitute and evaluate.

You  do not need  to  

learn  the numbers 

that go with  these, 

just the properties.

{  Continued  on  next page
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d   
2

 0

g(x) dx +  
4

 2

g(x) dx 

=  
4

 0

g(x) dx

So 

4

 2

g(x) dx  

        =  
4

 0

g(x) dx  
2

 0

g(x) dx

= 6  (3)

= 9

e  
1

3

1

2
  f (x +  3) dx 

=  
1

1

3

f (x +  3) dx

= 
1 2

 0

f (x) dx

          

= 
1

2
(4)

= 2

Apply property 5.

Rearrange terms.

Substitute and evaluate.

Apply property 1.

The graph of f (x + 3) is a result of 

translating the graph of f (x) to the 

left 3 units.  The limits of integration,  

x = 0 and x = 2 are translated to  

x = 3 and x = 1.  So the values of 

these integrals are equal.

Exercise 9H

The graph of f consists of line segments as shown.   

Evaluate the denite integrals in questions 1  and 2 using  

geometric formulae.

1 

8

4

f (x) dx

2 

8

0

f (x) dx

Given that 
6

1

f (x) dx =  3,  
10

1

f (x) dx =  8,  
6

1

g (x) dx =  4,  and

10

6

g (x) dx =  8 evaluate the denite integrals in questions 310.

3 

6

1

1

2
2 ( ) ( ) df x g x x

 
 
 

  4 

6

1 0

g (x) dx

5 
10

1

g (x) dx 6 

10

1 0

f (x)  dx

7 

10

6

f (x)  dx 8 

10

5

f (x  4  ) dx

9 
10

6

(g(x)  + 3) dx 10 

4

1

3g(x + 2) dx



0

2

3

21

1

1

2

3

4

3 4 5 6 7 8 x

y

(3,  2)

(8,  4)(6,  4)
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Exam-Style Questions

11 Given that 
2

0

h(x) dx = 2 and 
5

2

h(x) dx = 6,  deduce the value of

    a  

5

0

h(x) dx   b 
5

2
(h(x) +  2) dx.

12 Let f  be a function such that 
4

0

f (x) dx = 16.

a Deduce the value of 
4

0

1

4 f (x) dx

b i   If 
b

a

f (x  3) dx = 16,  write down the value of a  and of b.

  ii   If 
4

0

( f (x)  + k) dx = 28,  write down the value of k.  

9.4 Fundamental Theorem of Calculus 

The quotient 


y

x
,  the slope of a secant line,  gives us an 

approximation for the slope of a tangent line.   

The product (y)(x),  the area of a rectangle,  helps  

give us an approximation for the area under a curve.   

In much the same sense as division and multiplication  

are inverse operations,  Isaac Newton and Gottfried  

Leibniz independently came to realize that differentiation  

and denite integrals are inverse operations.  

This fact is established in the following theorem.

  Fundamental Theorem of Calculus

If f is a continuous function on the interval a    x   b and F is 

an antiderivative of f on a    x   b,  then 
b

a

f x x F x F b F a
a

b( ) [ ( )] ( ) ( ).d = = 

Consider the denite integral 

2

0

(x2 +  1 ) dx that you 

evaluated using a GDC in the investigation in the  

last section.   

This gave the area under the curve f (x) =  x2 +  1  

between x =  0 and x =  2.  

You found 
2

0

(x2 +  1 ) dx    4.67.

0 x

y

y =  f(x)

Secant l ine

Tangent l ine

Slope of tangent l ine  
y

x

x

y

The notation  [ ( )]F x
a

b

 

means F(b)    F(a).

When  applying the Fundamental  

Theorem of Calculus, al though  F 

can  be any member of the fami ly of 

functions of the antiderivatives of f, 

we choose to use the simplest  one, 

that is,  one where the constant of 

integration  is  C =  0.  We can  do th is 

because, for any C,  

f x x F x C
a

b

( ) ( )d = +[ ]

= [F(b)  +  C]   [F(a)  +  C]

= F(b)   F(a)
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Using the Fundamental Theorem of Calculus we get:

2

0

2

2 3

0

1

3
( 1 ) dx x x x

 
 
 

  

       3 31 1

3 3
(2 ) 2 (0 ) 0

   
   
   

   

     1 4

3

       4.67

Example 

Evaluate the denite integral without using a GDC.

a 
1

2

(u   1 ) du   b 
3

 2

1

t
 dt  c 

3

 1

4x2 (x  1 ) dx

Answers

a 

1

2

(u   1 ) du = 
1

2

2

1

u u



 -2          

= 





   






 1

2

1

2
2 21 12 2( ( ) ( ))

= 





1

2
1  (2 +  2) =  

9

2

b 

3

2

1
2

3

t
t td = [ln ]

= ln 3   ln   2 =  ln 
3

2

c 
3

1

4x 2 (x  1 ) dx = 4

3

1

(x 3  x 2) dx

= 4
1

4

1

3

4 3

1

3

x x




 

= 4
1

4
3

1

3
3

1

4
1

1

3
14 3 4 3( ) ( ) ( ) ( )






 


















= 4 81

4

1

4

1

3
9  
























  =  

136

3

Find the simplest antiderivative of u  1.

Evaluate 
1

2
u2   u at u = 1 and  

u = 2,  then nd the difference.

Recall that ln a  ln b = ln 
a

b
.

Rewrite the integrand in order to integrate.

Exercise 9I

Evaluate the denite integrals in questions 18.

1 

1

0

2x  dx 2  
1

1

(u2  2)  du

3 
2

1

 
 

 
2

3
1

x
 dx 4  

8

0

x x x
1

3

2

3








 d

 x
3  +  x is  the simplest  antiderivative 

o x2  +  1.  Evaluate 
1

3
 x3  +  x  at x  =  2  

and  x =  0,  then  fnd  the d ierence.
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5 
3

0

4ex  dx 6 
e2

e

1

x
 dx

7 

1

0

(t + 3)(t +  1 ) dt  8  

9

4

2 3x

x
 dx

Exam-Style Questions

9 It is given that 

2

0

 f (x) dx =  8  

a Write down the value of 
2

0

3f (x) dx.  

b Find the value of 

2

0

 (f (x) +  x2) dx

10 Given 

k

2

1

x
 dx =  ln 6,  nd the value of k.

Now we look at denite integrals that involve compositions with the 

linear function ax +  b or the substitution method.

Example 2

Evaluate the denite integral without using a GDC.

a 
5

1

e +2

2

1x

x







  dx b 

1

1

(2x 3)3 dx 

c 
3

0

3 16x x+ d  d 

1

0

(2x2 +  1 )3 (4x) dx

Answers

a 
5

1

e2

2

1x

x
+







 
dx 

 =  
5

1

(e2x  +  x2)  dx

= 
1

2

12

1

5

e x

x






= 













  1

2

1

5

1

2

1

1

2 5 2 1e e( ) ( )

=  +

 +

1

2

1

2

4

5

5 5 8

10

10 2

1 0 2

e e

e e
or 

Recall that eax + b dx = 
1

a
 eax+b + C.

The orce between  

electric charges 

depends on  the 

amount o the charge 

and  the d istance 

between  the charges.  

How are defnite 

integrals used  to 

calculate the work 

done when  charges 

are separated?

{  Continued  on  next page
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b 

1

1

(2x  3)3 dx 

=  1

2

1

4
2 3 4

1

1

( )x 



















= 













  1

8

1

8
2 1 3 2 1 34 4( ( ) ) ( ( ) )

= 
1

8

625

8
 =  78

c 

3

 0

3 16x +  dx 

=  

3

 0

(3x +  16)
1

2  dx

= 
1

3

2

3
3 16

3

2

0

3

( )x+




















  

=  
2

9




 (3(3) +  16)

3
2   (3(0) +  16)

3
2






= 
2

9
 



 25

3
2
  1 6

3
2



  =  

1 22

9

d 

1

 0

(2x2 +  1 )3  (4x) dx

= 
x  =  1

x =  0

u3 
d

d

u

x
 dx

= 
u  =  3

u  =  1

u3 du =  1

4

4

1

3

u






= 
1

4
[(3)4  (1 )4]  =  20

Recall that (ax + b) n  dx =

1

a

1

n+ 1
ax b n+1( + )







  + C.

Recall that (ax + b) n  dx = 

1

a

1

n+ 1
ax b n+1( + )







  +  C.

Recall 25
3

2= ( 25 ) 
3  = 125 and 

16

3

2  = ( 16 ) 3  = 64.

Let u = 2x 2 + 1 and 
du

dx
 = 4x and substitute.

Change the limits of integration and then you can 

evaluate the integral in terms of u.  When  

x = 0,  u = 2(0 2) + 1 = 1,  and when x = 1,   

u = 2(12) + 1 = 3

Exercise 9J

Evaluate the denite integrals in questions 18.

1  

1

1

1

2t +
  dt 2 

4

3

ex +  1  dx

3 
2

1

(2x +  1 )3 dx  4 

1

1

(ex +  e  x) dx 

5 

2

0

6 4x  dx 6 

2

1

(x2 +  x)3 (2x +  1 ) dx

7 

4

3



 
2

8 6

2 3 2

t

t t
 dt 8 

1

0

4x 
2

3
e

x  dx


What are some 

appl ications o center 

o mass (centroid)? 

How can  defnite 

integrals be used  to 

fnd  the centroid  o a  

curved  area?
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Investigation: Area between two curves
Consider the area  between  the two curves  

f(x)  =  x2  +  3x and   

g(x)  =  x  2  from  x =  1.5 to x =  3.5.

f(x)  =  x2  +  3x

g(x)  =  x  2

0

4

6

2

2

4

6

8

10

22

20

18

16

14

12

211234 3 4 5 6 7 x

y

Exam-Style Questions

9 The diagram shows part of the graph of f (x) =  2x2(x  2).

a Write down an integral which represents the area of the  

shaded region.

b Find the area of the shaded region.

10 The diagram shows part of the graph of y =  
1

1x 
.

The area of the shaded region is ln 4 units.   

Find the exact value of k.  

9.5 Area between two curves

We now extend the concept of area under a curve  

to the area between  two curves.

The sums of the areas of rectangles used  to  

approximate area  are named  Riemann  sums  

after German  mathematician  Georg Riemann.   

He proved  the existence of the l imits of  

such  sums.

{  Georg  Riemann  (182666)

0 x

y

0 2 k x

y

Continued  on  next page
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   If y
1
 and y

2
 are continuous on a    x   b  and y

1
   y

2
 for all x in  

a    x   b,  then the area between y
1
 and y

2
 from x =  a  to x =  b  

is given by 

b

a

 (y
1
  y

2
) dx.

Height of each rectangle =  top curve   bottom curve  =  y
1
  y

2 
  

Width of each rectangle =  dx  

Area of each rectangle =  ( y
1
  y

2
) dx  

Sum of the areas of an innite number of rectangles from x =  a   

to x =  b and exact area between the two curves =
b

a

 (y
1
  y

2
) dx 

Example 

a   Graph the region bounded by the curves y =  x2  2 and y = x.   

Write down an expression that gives the area of the region and then nd the area.   

Solve this problem without using a GDC.

b  Sketch the graph of the region bounded by the curves f (x) =  2e
 

x

2  and g(x) =  x 2  4x.   

Write down an expression that gives the area of the region.   

Find the area,  using a GDC.

0a b
x

y

y1

y2

dx

y
1   y2

1  Copy and  complete the table to give the d imensions and  area  o each   

o the fve rectangles shown  in  the graph.  

Interval Width Height Area

1.5   x  <  0.5 1 f(1)   g(1)  = 2    (3)  =  1 1(1)  =  1

0.5   x  <  0.5  

0.5   x  <  1.5  

1.5   x  <  2 .5  

2.5   x  <  3.5  

2  Approximate the area  between  the curves by fnding the sum o the  

areas o the rectangles.

3  Write down  a  defnite integral  you  th ink can  be used  to fnd  the exact area   

between  the two curves f(x)  =  x2 +  3x  and  g(x)  =  x   2  rom  x =  1.5 to  

x =  3.5.   

Evaluate the integral  on  your GDC.   

Compare the answer to your approximation  rom question  2.

Notice that, 

regardless o 

whether f and  g are 

positive, negative 

or zero, the height 

o the rectangle is  

a lways given  by f(x),  

the top curve, minus 

g(x),  the bottom  

curve.

{  Continued  on  next page
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Answers

a  x2  2 =  x

 x2 +  x  2 =  0

 (x +  2)(x  1 ) =  0

 x =  2,  1

  Points of intersection:  (2,  2) and (1 ,  1 )

 

0

2

3

21123

1

1

2

3

4

3 x

y

(2,  2)

(1 ,  1 )

y =  x

y =  x2   2

Area =  

1

2

((x)  (x2  2)) dx = 
1

2

(x2  x +  2) dx

=   +





1

3

1

2

3 2

2

1

2x x x

= 





  








= 

 +    + 1

3

1

2

1

3

1

2

1

1 1 2 1 2 2 2 23 2 3 2( ) ( ) ( ) ( ) ( ) ( )

33

1

2

8

3

9

2
2 2 4






 






 =+  

Find the intersection of the two curves 

by setting the equations equal and 

solving for x.  Substitute the x-values into 

either equation to get the y-coordinates.

The graph of y = x2    2 is the graph 

of y = x2 translated down 2 units.  The 

graph of y = x is a line with y-intercept 

(0,  0) and gradient 1.  The graphs 

intersect at (2,  2) and (1,  1).

y = x is greater than or equal to  

y = x2  2 for 2   x   1,  so the height 

of each rectangle is represented  

by (x)  (x2  2).

b 

0

2

3

2112

1

1

2

4

3

4

3 54 x

y

g(x)  =  x 

2   4x

f(x)  =  2e
x

2


2e
x

2  =  x2  4x

 x   0.5843,  4.064

Area =
4.064

0.5843

((2e

x

2)  (x 2  4x)) dx   1 4.7

 

Use a GDC to help sketch the graphs 

and to nd the x-coordinates of the 

points of intersection.  Write down at 

least 4 signicant digits since these 

values will be used to compute the area.  

f(x) = 2e

x

2  is greater than or equal to 

g(x) = x2  4x for 0.5843  x   4.064,  

so the height of each rectangle is 

represented by

2e 2
( )x

  (x2  4x).

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.
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Exercise 9K

In questions 14,  graph the region bounded by the given curves.  

Write down an expression that gives the area of the region.   

Find the area using a GDC.  

1 y =  
1

2

 x2 +  2 and y =  
1

2
 x2  2

2 f (x) =  x2 and g(x) =  x

3 y =  2x  4,  y =  x3 between x =  2 and x =  2 

4 g(x) =  x +  1  and h(x) =  3  +  2x  x2

Exam-Style Question

5 Consider the function f (x) =  x4  x2.  

a Find the x-intercepts.

b i  Find f (x).

 ii     Hence nd the coordinates of the minimum and maximum 

points.

c i      Use your answers to parts a  and b  to sketch a graph of f.

 ii    Sketch a graph of g(x) =  1   x2 on the same axes.

d Write down an expression that gives the area of the region 

between f and g and nd the area of the region.

In questions 69,  sketch a graph of the region bounded by the given 

curves.  Write down an expression that gives the area of the region.  

Find the area using your GDC.  

6 y =  lnx and y =  x  2

7 f (x) =  x2  3x +  1  and g (x) =  x +  3

8 f (x) =  ex and h (x) =  2  x  x2 

9 y =  




2

1

x

x
 and y =  

1

2
x +  6

Exam-Style Question

10 Consider the functions f (x) =  x and g (x) =  2 x

a Sketch the graphs of f and g on the same axes.

b i   Write down an expression for the area of the region  

 between f and g.

ii     Find this area.

c  The line x =  k divides the area of the region from part b  in 

half.

i   Write down an expression for half the area of the region 

from part b.

ii  Find the value of k.
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Now we look at cases where y
1
 and y

2
 are continuous on  

a    x   b,  but y
1
 is not greater than or equal to y

2
 for all x in  

a    x   b.  In this case you must nd all the points of intersection 

and determine which curve is above the other in the intervals 

determined by the points of intersection.

Example 

Write down an expression that gives the area of the region between 

f (x) =  10x +  x2  3x3  and g(x) =  x2  2x.  Find the area.  

Answer

10x +  x2  3x3 =  x2  2x

x =  2,  0,  2

0

2

((x2  2x)  (10x +  x2  3x3)) dx 

+  
2

0

( (10x +  x2  3x3)  (x2  2x)) dx 

= 24

Find the points of intersection 

of f and g.

g(x) = x2   2x is greater than or 

equal to f(x) = 10x + x2   3x3  

for 2   x   0,  so on this 

interval the height of each 

rectangle is represented by  

(x2   2x)  (10x + x2   3x3).  

f(x) = 10x + x2   3x3  is greater 

than or equal to g(x) = x2  

2x for 0   x   2,  so on this 

interval the height of each 

rectangle is represented by 

(10x + x2   3x3)  (x2   2x).

Exercise 9L

In questions 14,  write down an expression to nd the area of the 

region bounded by the two curves and then nd the area.

1  y =  x3  2x2 and y =  2x2  3x

2  f (x) =  (x  1 )3 and g(x) =  x  1

3  f (x) =  xex
2

 and g(x) =  x3  x

4  g(x) =   x4 +  10x2  9 and h(x) =  x4  9x2

Exam-Style Question

5 The curves shown in the gure are graphs of f (x) =  
1

4
x2,   

g(x) =   x2 and h (x) =  2x  4.

a i  Find the coordinates of point Q.

 ii  Show that the line passing through points P and Q is 

tangent to f (x) =  
1

4
x2 at point Q.

 b i   Find the coordinates of point P correct to 4 signicant digits.

 ii   Hence write down an expression for the area of the shaded 

region and then nd the area.  

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

0

4

6

211

2

2

4

3 54 x

y

Q

P

Use a  GDC to help 

fnd  the x-coordinates 

o the points o 

intersection  and  

determine which  curve 

is  above the other 

curve in  the intervals 

ormed  by the points 

o intersection.  
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9.6 Volume of revolution

A solid of revolution  is formed by rotating a plane gure  

about an axis of revolution.

First consider a rectangle perpendicular to the x-axis.   

Imagine rotating the rectangle 360  about the x-axis.

y

x0
  

y

x0

The solid that is formed is called a disk.  The disk is  

cylindrical in shape.  
y

x

y

dx

0

 V
cylinder

 =  r2h  

=  y2 dx 

Investigation      volume  of revolution

Consider the triangle ormed  by the l ine  

f (x)  =  0.5x and  the x-axis between  x = 0 and  x = 6 .

1   Copy and  complete the table to give the d imensions  

and  volume o each  o the d isks ormed  when  the  

rectangles shown  in  the fgure are rotated  360   

about the x-axis.  The last row in  the table below  

is  completed  or you.

Interval Radius Height Volume

0   x <  1

1   x <  2

2    x <  3

3    x <  4

4   x <  5

5   x <  6 f(6)  =  3 6  5  = 1   (32)(1)    28.27  

2   Find  the sum o the volumes o the six d isks in   

question  1.  Is  th is sum greater or less than  the exact volume  

o the sol id  ormed  by rotating the triangle about the x-axis?

3   Write down  a  defnite integral  you  th ink can  be used  to fnd   

the exact volume o the sol id  o revolution  ormed  when  the  

triangle is  rotated  about the x-axis.  Evaluate the integral  on   

a  GDC and  compare i t to  your estimate in  question  2.

4   When  the triangle is  rotated  about the x-axis the sol id  ormed   

is  a  cone.  Use a  geometric ormula  to fnd  the volume o the cone  

and  compare i t to  the value o your defnite integral  in  question  3.

f(x)  =  0.5x

y

x40 3 52 1

1

1

2

3

2

4

3

1 2 986 7

y

x40 3 52 1

1

1

2

3

2

4

3

1 2 986 7

radius =   y

height = dx

y

x4
0

3 5

1

1

2

3

2

3

1 2 986 7

Sol ids o revolution  are used  in  

manuacturing many i tems such  

as pistons and  crankshats.

[  Pistons

[  Crankshaft
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   If y =  f (x) is continuous on a    x   b  and the region bounded 

by  y =  f (x) and the x-axis between x =  a  and x = b is rotated 

360  about the x-axis then the volume of the solid formed is 

given by 

V =  
b

a

  (f (x))2 dx or 
b

a

  y2 dx.  

Example 5

Use a denite integral to nd the volume of the solid formed when the region bounded  

by f (x) =  9 2
 x  and the x-axis is rotated 360  about the x-axis.  Verify your answer  

using a geometric formula.

Answer

y

x43 5234 1

1

2

4

3

10 2

y =  9   x2
dx

V =
b

a

  y2 dx

   =  
3

3

   ( 9 2
 x )2  dx

     1 1 3

To verify:

V =  
4

3
r3  =  

4

3
(33)

   =  36 

     1 1 3

Sketching a graph and representative rectangle is 

helpful.  

Radius of disk is the height  

of representative rectangle,  9 2
 x .  

Height of disk is the width of representative rectangle,  

dx.  

The limits of integration are the x-intercepts,  3 and 3.

Use a GDC to evaluate the integral.

When the region is rotated  

about the x-axis,   

a sphere is formed.

Volume of sphere =  
4

3
r3

y

x43234 1

1

1

2

3

2

3

10 2

Exercise 9M

Use a denite integral to nd the volume of the solid formed when 

the region bounded by the given curves is rotated 360  about the 

x-axis.  Verify your answers using geometric formulae.

1  f (x) =  4 and the x-axis between x =  0 and x =  5

x

y

a b
0

Radius o d isk (height o  representative rectangle )  =  y  

Height o d isk (width  o  representative rectangle )  =  dx  

Volume o d isk = r2h= y2dx
  

Sum o the volumes o an  infnite number o d isks rom x  =  a to x  =  b   

and  exact volume o the sol id  

b

 a

 y2 dx.  

y

x

y

y =  f(x)

dx

0
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2  f (x) =  6  2x and the x-axis between x =  0 and x =  3

3  f (x) =  4 2 x  and the x-axis

4  f (x) =  1 6 2 x  and the x-axis between x =  0 and x =  4

5  f (x) =  x and the x-axis between x =  2 and x =  4

Example 6

Use a denite integral to nd the volume of the solid formed when the region under the curve  

y =  x2 between x =  0 and x =  2 is rotated about the x-axis.  Give your answer in terms of .  

Answer

V =  

b

a

y2 dx

   =   
2

0

(x2)2  dx

   =  

2

0

x4 dx

   =    
1

5

5

0

2

x






   =    1

5

1

5
025 5( ) ( )








   =  
3 2

5



y

x43234 1

1

2

3

4

5

10 2

y =  x2

dx

Sketching a graph and representative rectangle is 

helpful.  

Radius of disk is the height of representative 

rectangle,  x2.  

Height of disk is the width of representative 

rectangle,  dx.

The limits of integration are 0 and 2.

Exercise 9N

In questions 14,  use a denite integral to nd the volume of the 

solid formed by rotating the region bounded by the given curves 

about the x-axis.

1  f (x) =  x3 and the x-axis between x =  1  and x =  2

2  y =  x2 +  1  and the x-axis between x =  0 and x =  1

3  f (x) =  3x  x2 and the x-axis

4 y =  
1

 
 and the x-axis between x =  1  and x =  4

Exam-Style Question

5 The diagram shows part of the graph of y =  
 
 
 

1

4e
x

.  The shaded

region between the graph of y =  
 
 
 

1

4e
x

 and the x-axis from x =  0  

to x =  ln 4 is rotated 360  about the x-axis.

a Write down a denite integral that represents the volume of 

the solid formed.

b This volume is equal to k.  Find the value of k.  

Ibn  al -Haytham (9651040), a  

mathematician  who l ived  mainly in  

Egypt, is  credited  with  calculating 

the integral  o a  unction  in  order to  

fnd  the volume o a  paraboloid   

the 3-D shape created  by rotating a  

parabola  about i ts  axis  o symmetry.



y

x0 ln  4

y =  e

1

4 )( x
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Exam-Style Question

6 The shaded region in the diagram is bounded by y =  
1

x
,  

x =  1 ,  x =  a  and the x-axis.  The shaded region is rotated 360  

about the x-axis.  

a Write down a denite integral that represents the volume  

of the solid formed.

b The volume of the solid formed is 3.  Find the value of a.

9.7  Denite integrals with linear motion  
and other problems

Another application of denite integrals is nding the change in a 

function over time.

Suppose the displacement function for a particle moving along a 

horizontal line is given by s(t) =  t2  4t + 3  for t   0,  where t is 

measured in seconds and s is measured in metres.  The initial 

displacement of the particle,  s(0) =  02  4(0) +  3  =  3,  tells us that at 

time 0 seconds the particle is 3  metres to the right of the origin.   

s(2) =  22  4(2) +  3  =  1  tells us that at time 2 seconds the particle is 

1  metre to the left of the origin.

Consider 
2

0

v(t) dt.  Since the antiderivative of velocity is displacement

we have 
2

0

v(t) dt =  
2

0
[ ( ) ]s t  =  s(2)  s(0) =  4.  

0

t =  2

s(t)
t =  0

4 metres

1 1 2 3 5 6 7 84

This gives us the change in displacement from time 0 to 2 seconds.  

It tells us that at 2 seconds the particle is 4 metres to the left of 

where it was at 0 seconds.  

  
t2

t1

v(t) dt =  s(t
2
)  s(t

1
) is the change in displacement from t

1  
to t

2
.

Now consider 
5

0

v(t) dt =  s(5  )  s(0  ) =  8  3  =  5.  This tells us that 

at 5  seconds the particle is 5  metres to the right of where it was at  

0 seconds.

0

t =  5
s(t)

t =  0

5 metres

1 1 2 3 5 6 7 84

y

x0 1 a

y =
 1

x

Extension material on CD: 

Worksheet 9 -  More  volumes 

of solids of revolution

Recal l  that i f 

d isplacement = s(t),  

then  velocity = v(t)  =  

s(t)  and  acceleration  

= a(t)  =  v (t)  =  s(t).

The d isplacement 

function  tel ls  us the 

d istance and  d irection  

a  particle is  from an  

origin  at any time t.

Note that v(t)  =  2t  4, 

and  v(t)  =  0 when   

t  =  2.  Velocity changes 

from  negative to 

positive at t =  2,  so 

the particle changes 

d irection  when  t =  2.

Chapter 9 321



Note that the change in displacement of 5  metres is not the total 

distance traveled between 0 and 5  seconds.  The total distance 

traveled is the total of 4 metres traveled to the left plus 9 metres 

traveled to the right or 1 3  metres as shown below.

0

t =  5
s(t)

t =  0

9  metres

1 1 2 3 5 6 7 84

4 metres

We will consider this in terms of the area under the curve of  

v (t) =  2t  4.

Let the area of the triangle below the x-axis be A
1
 and the area of the 

triangle above the x-axis be A
2
.  

5

0

v (t)dt is the negative of  

A
1
 plus A

2
.

5

0

| v (t)| dt =  A
1
 +  A

2 
=  

1

2
(2)(4) +  

1

2
(3)(6) =  4 +  9 =  5.

This gives us the displacement from time 0 to 5  seconds.

To nd the total distance traveled from time 0 to 5  seconds  

we need the sum of the areas A
1
 and A

2
.  We can nd this by 

evaluating 

5

0

| v (t)| dt.

5

0

v (t) dt =  A
1
 +  A

2  
=  

1

2
(2)(4) +  1

2
(3)(6) =  4 +  9 =  1 3

This gives us a total of 1 3  metres traveled from time 0 to 5  seconds.

   If v is the velocity function for a particle moving along a line,   

the total distance  traveled from t
1
 to t

2
 is given by:   

distance = 

t2

t1

| v (t)|  dt.

Example 17

 The displacement function for a particle moving along a horizontal line is given by  

s (t) =  8 +  2t  t2 for t   0,  where t is measured in seconds and s is measured in metres.

a Find the velocity of the particle at time t.  

b  Find when the particle is moving right and when it is moving left.

c Draw a motion diagram for the particle.

d   Write denite integrals to nd the particles change in displacement and the  

total distance traveled on the interval 0   t  4.  Use a GDC to evaluate the integrals  

and then use the motion diagram to verify the results.

y

x1

2

1

3 4 5 62

3

4

5

6

1

2

3

4

0

A2

A1

v(t )  =2t   4

|v(t)|  means the 

absolute value or 

modulus of v(t).

y

x1

2

1

3 4 5 62

3

4

5

6

0

v(t )  =| 2t   4|

A2
A1

{  Continued  on  next page
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Answers

a v(t) =  2  2t

b 2  2t =  0

  t =  1  s

Moves right for 0 <  t <  1

Moves left when t >  1

c s(0) =  8 and s(1 ) =  9  

0

t =  1

s(t)
t =  0

1 2 3 5 6 7 8 94

d Change in displacement 

= 

4

0

(2  2t)dt =   8 m

v(t) = s(t)

Find when velocity equals zero.

The particle moves right when v(t) > 0 and left when 

v(t) < 0.

10

v(t )

t =

+

Find dispacement at t = 0 and t = 1.

Change in displacement = 
t2

t1

v(t)dt

  Total distance =  

4

0

| 2  2t| dt

  = 10 m

  

0

t =  1t =  4

s(t)
t =  0

1 2 3 5 6 7 8 94

9  metres

8  metres 1  metre

 

Total distance = 

t2

t1

| v(t)| dt

Show s(4) = 0 on the diagram.  At 4 seconds the  

particle is 8 metres to the left of where it was  

at 0 seconds.

The particle traveled 1 metre to the right  

and 9 metres to the left for a total distance  

of 10 metres from time 0 to 4 seconds.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

Example 18

 The velocity function v,  in m s1 ,  of a particle moving  

along a line is shown in the gure.  Find the particles  

change in displacement and the total distance  

traveled on the interval 0   t   16.  
t  (seconds)

(8, 4)

(14, 2) (15, 2)v
 (
m
e
tr
e
s 
p
e
r 
se

co
n
d
)

2

2

1

6 8 10 12 14 16 184

3

4

0

1

2

3

4

{  Continued  on  next page
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Answer

Let A
1
,  A

2
 and A

3
 be the areas of the two 

triangles and the trapezium.

Change in displacement

= 
16

0

v(t)dt

=  A
1
 +  A

2
  A

3

=   
1

2
 (4)(4) +  

1

2
 (8)(4)  

1

2
 (4 +  1 )(2) =  3  m 

  Total distance  

=  

16

0

| v(t)| dt

= A
1
 +  A

2
 +  A

3

= 
1

2
 (4)(4) + 

1

2
 (8)(4) + 

1

2
 (4 + 1 )(2)

=  29 m

A2

A3A1

t   (seconds)

v
(t
) 
(m

e
tr
e
s 
p
e
r 
se

co
n
d
)

2

2

1

6 8 10 12 14 16 184

3

4

0

1

2

3

4

A2 A3A1 t   (seconds)
v
(t
) 
(m

e
tr
e
s 
p
e
r 
se

co
n
d
)

2

2

1

6 8 10 12 14 16 184

3

4

0

Exercise 9O

Each of questions 13 gives a displacement function and time 

interval,  where t is measured in seconds and s is measured in metres.  

 a  Find the velocity of the particle at time t.  

 b Draw a motion diagram for the particle.  

 c  Write denite integrals to nd the particles change in 

displacement and the total distance traveled on the given time 

interval.  

Use a GDC to evaluate the integrals and then use the motion 

diagram to verify the results.

1  s(t) =  t2  6t +  8;  0   t   4

2  s(t) =
1

3
t3  3t 2 +  8t;  0   t   6

3  s(t) =  (t  2)3;  0   t   4

4 The velocity function v,  in m s1 ,  of a particle moving along  

a line is shown in the gure.  Find the particles change in 

displacement and the total distance traveled for each of the 

following intervals.

 a  2   t   1 2

 b 0  t   5

 c 0  t   1 2

t   (seconds)

(5, 6)

(9, 2) (11 , 2)

v
 (
m
e
tr
e
s 
p
e
r 
se

co
n
d
)

2

2

1

6 8 10 12 144

3

4

5

6

0

1

2
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Exam-Style Questions

5 The velocity,  v,  in m s1  of a particle moving in a straight  

line is given by v (t) =  t2  9,  where t is the time in seconds.

a Find the acceleration of the particle at t =  1 .

b The initial displacement of the particle is 1 2 metres.   

Find an expression for s,  the displacement,  in terms of t.

c Find the distance traveled between times 2 seconds and  

8  seconds.  

6 The velocity function,  v,  in m s1  of a particle moving along  

a line is shown in the gure.

a Find the acceleration when t =  3.  

b Write down the time interval(s) on which the particle is 

traveling to the right.

c Find the total distance traveled for 0   t   1 6.

Denite integrals can be used in situations other than linear motion.  

We can use denite integrals to nd the cumulative effect of any 

varying rate of change.  

Example 19

A culture of bacteria is started with an inital population of 100 

bacteria.  The rate at which the number of bacteria changes over a one-

month period can be modeled by the function r(t) =  e0.273  t,  where  

r is measured in bacteria per day.   

Find the population of bacteria 20 days after the culture was started.

Answer

r(t) =  e0 . 273 t is a rate of change.  It  

is the derivative of a function,  say  

R(t),  that gives the number of 

bacteria at time t.  Therefore 
20

0
r(t)dt =  R(20)  R(0)  

is the change in the number of 

bacteria from day 0 to day 20.  

Since the initial population was 100 

bacteria,  the population after 20 

days is 1 00 +  

20

0

e0.273t dt or about 

957 bacteria. You could get the same result 

using the following longer 

method (see next page).

t  (seconds)

v
(t
) 
(m

e
tr
e
s 
p
e
r 
se

co
n
d
)

2

2

1

6 8 10 12 14 16 184

3

4

0

1

2

3

4

(4, 4)

(13, 2) (15, 2)



The integral  of a  rate 

of change is  the total  

change from  t
1
 to t

2
:

t
2

t
1

F  (t)dt =  F(t
2
)   F(t

1
).

Notice that the units 

show that the integral  

results in  a  number of 

bacteria.
20

0

e t
t0 .2 7 3

ba cte ri a

pe r d a y

d a ys ba c te ria

d 857

( ) ( )


  

{  Continued  on  next page
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R(t) =  e0.273t dt

= 
1

0 273.
 e0.273t dt +  C

= 
1000

273
 e0.273t +  C

100 =  
000

273
 e0 .273 (0 )  +  C

C =  1 00  
000

273

= 
26300

273

R(t) =  
000

273
 e0.273t +  

26300

273

R(20) =  
000

273
 e0.273(20) +  

26300

273
   957

Find the function R(t),  such that 

R(t) = r(t).  Recall that 

eax +  b  dx = 
1

a
 eax +  b  + C.  

Use the initial condition that 

R(0) = 100 to nd C.

Find R(20).

Exercise 9P

Write an expression involving a denite integral that can be used to 

answer these.  Use a GDC to evaluate the expression.

1 The rate of consumption of oil in a certain country from January 

1 ,  2000 to January 1 ,  2010 (in billions of barrels per year) is

modeled by the function C (t) =  18.4e
t

20 ,  where t is the number of 

years since January 1 ,  2000.   

Find the total consumption of oil over the 10-year period.

2 The number of spectators who enter a stadium per hour for a 

football game is modeled by the function r(t) =  1 375t2  t3  for  

0   t   1 .5  hours.  The function r(t) is measured in people per 

hour.  There are no spectators in the stadium when the gates open 

at t =  0 hours.  The game begins at time t =  1 .5  hours.   

How many spectators are in the stadium when the game begins?

3 There is 36.5 cubic cm of snow on a driveway at midnight.   

From midnight to 8 a.m.  snow accumulates on the driveway at 

a rate modeled by the function s(t) =  5te  ( 0.01 t
4

 +  0. 1 3t
3

  0.38t
2

  0.3t +  0.9),  

where t is measured in hours and s in cm3.   

How many cubic cm of snow are on the driveway at 8 a.m.?

4 Water begins leaking from a tank holding 4000 gallons of water.  

The rate at which it is leaking,  measured in gallons per minute,  can

be modeled by the function r (t) =  133
60

1
t 

 
 

 .   

How much water is in the tank at the end of 20 minutes?

Notice how much  

more convenient i t is  

to obtain  the same 

result using  

100 + 

20

0

e0.273t dt 

  957.
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Review exercise
1 Find the indenite integral.

a (4x3  8x +  6) dx b  x 43
 dx c  

3
4x
dx

d 
5 3

6

4

2

x x

x


 dx e  e4x dx f x2(x3 +  1 )4 dx

g 
1

2 3x +
 dx h  

ln x

x
 dx i  (3x2 +  1 )(6x) dx

j  


2e

e

x

x

 dx k  3 2 5x   dx l  2x
2

2
e

x

 dx 

2 Find the denite integral.

a 
2

0

(3x2  6) dx b 

16

4

4

t
dt c  

e2

1

4

x
 dx

d 

1

0

6x 
2

3 3e x  dx e  
1

1

(3x  1 )3  dx f 

2

0

1

2 1x +  
dx

Exam-Style Questions

3 The diagram shows part of the graph of f (x) =  x2  1 .  Regions A  

and B are shaded.

a Write down an expression for the area of region B.

b Calculate the area of region B.

c Write down an expression for the total area of shaded regions 

A  and B.  (You need not evaluate the expression.)

d Region B is rotated about the x-axis.  Write down an 

expression for the volume of the solid formed.  (You need not 

evaluate the expression.)

4 A curve with equation y =  f (x)  passes through the point (2,  6).  Its 

gradient function is f  ' (x) =  3x  2.  Find the equation of the curve.

5 Given that 

5

1

f (x) dx =  20,  deduce the value of

a 

5

1

1

4
f (x) dx;   b 

5

1

[f (x) +  2]  dx

6 A particle moves along a straight line so that its velocity,  v m s1  

at time t seconds is given by v (t) =  4e2t +  2.  When t =  0,  the 

displacement,  s,  of the particle is 8 metres.  Find an expression 

for s in terms of t.

7 Given 

k

1

1

1x 
 dx =  ln 5,  nd the value of k.

xA

B

y

1

2

1

123 32

3

0

1

2

y =  x2   1
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Review exercise

Exam-Style Questions

1 Find the volume of the solid formed when the region bounded 

by f (x) =  4  x2 and the x-axis is rotated 360  about the x-axis.

2 A particle moves along a horizontal line with velocity v m s1  

given by v (t) =  2t2  1 1 t +12 where t   0.  

a Write down an expression for the acceleration,  a  m s2,  in 

terms of t.

b The particle is moving to the left for a  <  t <  b.  Find the value 

of a  and the value of b.

c Find the total distance the particle travels from time 2 seconds 

to time 5  seconds.

3 a Find the equation of the tangent line to f (x) =  x3   2 at x =  1 .

b The tangent line intersects f (x) =  x3   2 at a second point.  

Find the coordinates of this point.

c Graph f and the tangent line.

d Write an expression for the area enclosed by the graphs of f 

and the tangent line and then nd the area.  

CHAPTER 9 SUMMARY

Antiderivatives and the indenite integral

 Power rule:  


   11

1
d , 1n n

n
x x x C n

 Constant rule:  k dx =  kx +  C

 Constant multiple rule:  kf (x) dx =  k f (x) dx

 Sum or diference rule:  (  f (x)   g(x)) dx = f (x) dx  g (x) dx

More on indenite integrals

 
1
d ln , 0

x
x x C x  

  e d e
x x

x

 
11 1

1
( ) d ( )n n

a n
ax b x ax b C 

 
 

   

 
  

1
e d eax b ax b

a
x C

 
1 1

d ln( ) ,
b

ax b a a
x ax b C x


    

Continued  on  next page
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Area and denite integrals

 When f  is a non-negative function for a    x  b,  

b

a

f (x)dx  

gives the area under the curve from x =  a  to x =  b.  

 Some properties of denite integrals

1  

b

a

kf (x)  dx = k 
b

a

f (x)  dx

2  
b

a

(f (x)   g (x)) dx =  
b

a

f (x)dx   
b

a

g (x) dx

3 

a

a

f (x) dx =  0

4 

b

a

f (x) dx =  
a

b

f (x) dx

5 

b

a

f (x) dx =  
c

a

f (x) dx + 
b

c

f (x) dx

Fundamental Theorem of Calculus
If f  is a continuous function on the interval a    x   b and F  

is an antiderivative of f on a    x   b,  then 

f x x F x F b F a
a

b

a

b

( ) ( ) ( ) ( )d = [ ] = 

Area between two curves
 If y

1
 and y

2
 are continuous on a    x   b and y

1
   y

2
 for all x in 

a    x   b,  then the area between y
1
 and y

2
 from x =  a  to x =  b 

is given by 
b

a

(y
1
  y

2
) dx.

Volume of revolution
 If y =  f (x) is continuous on a    x   b and the region bounded  

by y =  f (x) and the x-axis between x =  a and x =  b is rotated 360   

about the x-axis then the volume of the solid formed is given 

by 
b

a

  ( f (x))2 or 
b

a

y2  dx.

Denite integrals with linear motion  
and other problems

  

t2

t1
v(t)dt = s(t

2
)  s(t

1
) is the change in displacement from t

1
 to t

2 
.

  If v is the velocity function for a particle moving along a line,  

the total distance traveled from t
1
 to t

2
 is given by:  distance =  

t2

t1

| v(t)| dt.

x

y

y =  f(x)

a b0

  f(x)dx
b

a

y

x

y

y =  f(x)

dx

0
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Newton vs.  Leibniz
The development of calculus was truly a 

culmination of centuries of work by 

mathematicians all over the world.  The  

1 7th-century mathematicians Isaac Newton 

(English) and Gottfried Wilhelm Leibniz 

(German) are recognized for the actual 

development of calculus.  One of the most 

famous conicts in mathematical history is the 

argument over which one of them invented or 

discovered calculus rst and whether any 

plagiarism was involved.  


 What are some possible consequences when 

people seek personal acclaim for their work?


 Suppose that Newton and Leibniz did 

develop calculus independently of one 

another.  Would this offer support to the idea 

that calculus was discovered or that it was 

invented?  

Although the debate  

was never fully  

resolved,  today it is  

generally believed that  

Newton and Leibniz  

did develop calculus independently of one  

another.  Modern-day calculus emerged in the  

1 9th century,  due to the efforts of  

mathematicians such as Augustin-  

Louis Cauchy (French),  Bernhard  

Riemann (German),  Karl  

Weierstrass (German),  and  

others.  


 Did the work of these  

mathematicians arise from  

the need to solve certain  

real-world problems or  

purely from intellectual  

curiosity?

Theory of knowledge:  Know your limits!

Know your limits! 

Theory of knowledge

The method of exhaustion

The ancient Greeks used concepts of calculus long before calculus 

was formalized.  To nd an estimate for the area of a circle of radius 

one,  the ancient Greeks constructed regular inscribed and 

circumscribed polygons with increasing numbers of sides.   

Let an  be the areas of the regular polygons with n  sides inscribed in a 

circle of radius one and An  be the areas of the circumscribed 

polygons.  The ancient Greeks found that both lim An  and lim an  

were equal to .  


 What conclusion were they able to draw from these facts? 


 Can you think of other applications of limits in real life?

n n

ISAAC
NEWT

GOTTFRIED  WILH
LEIBNI

VS
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Gabriels horn   

Consider the solid formed when the region bounded by  

f (x) =  
1  

x
,  x =  1  and x =  a,  a > 1  is rotated about the x-axis.   

If a   ,  the solid is known as Gabriels horn.  

The volume of the solid 

of revolution about the 

x-axis is given by 

b

a
ydx.   It can be 

shown that the surface 

area of the solid is given 

by 2b

a
y 1  +  (y')dx.

  Use a GDC to nd,  

to four decimal 

places,  the volume and surface area of the solid described 

above for the given values of a.  Write them in a copy of the 

table.  Then make a conjecture about what the volume and 

surface area approach as a  approaches innity.

  Based on the results in your table,  how much paint would it 

take to ll up Gabriels horn? 

  How much paint would it take to cover its surface? 

3

2

1

-1

-2

-3

y

1 2 3 4 a

x

N

LM

a
Volume =  a

1
 ( 1  

x
)  dx Surface area =  2a

1
 [

1  

x
  1  +  1  

x 4  ]  dx

10

100

1000

10 000

100 000

1 000 000

a    Volume   Surface area 

Paradoxes
A result that defes logic is  cal led  a  paradox.  Gabriel s  horn  is  one 

example o a  paradox.  Research  some other examples o 

paradoxes.



Bivariate  
analysis

CHAPTER OBJECTIVES:

5.4  Linear correlation  o bivariate data;  Pearsons productmoment correlation  

coefcient r;  scatter d iagrams, l ines o best ft;  mathematical  and  contextual  

interpretation.  

5.4  The equation  o the regression  l ine o y on  x;  use o the equation  or prediction  

purposes.

10

Before you start
You should  know how to:  

1 Calculate simple positive exponents

  e.g.  Evaluate 34.   

34 =  3    3    3    3  =  81

 e.g.  Evaluate 
2

5

3







 .  

 
2

5

3







  =  

2

5

2 2 2

5 5 5

3

3
=

 
 

2 Convert numbers to exponential form

 e.g.  Find n  given 2n  =  8.

 2   2   2 =  8  

 23  =  8 

 n =  3  

Skills check

1  Evaluate:

 a  25

 b 33

 c 73

 d  
1

2

7









 e 
3

4

4









 f 0.001 3

2 State the value of n  in the following 

equations:

a 2n  =  1 6

b 3n  =  243

c 7n  =  343

d 5n  =  625

e (4)n  =  64 

f 
1

2








n

 =  
1

8

=
8

125
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In 1956,  an Australian statistician,  Oliver Lancaster,  made the rst 

convincing case for a link between exposure to sunlight and skin 

cancer.  He observed that the rate of skin cancer in Australia among 

Caucasians was strongly correlated with latitude,  and hence with 

amount of sunlight:  the northern states had higher rates than the 

southern ones.  This was well before the hole in the ozone layer!  His 

discovery was the result of careful data collection and comparison 

of skin cancer rates.

In Chapter 5  we dealt with univariate  analysis.  We dened a 

population:  it consists of all of the measurements of interest.   

A sample  is a portion of the population.

Suppose that we are interested in studying the  

height x and weight y of adult males.

The sampling units are adult males and  

the bivariate  data contains all of the pairs (x,  y)  

of height and weight of the males in our sample.

  Bivariate analysis is concerned with the relationships between 

 pairs of variables (x,  y) in a data set.

Sampling unit Variable(s) Population

adult males height univariate

adult males weight univariate

adult males height, 

weight

bivariate

Chapter opener image
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In this chapter we will look for associations between two sets of 

data using graphs,  representing a relationship as an equation and 

using a scale to describe the strength of the relationship.  

Investigation  leaning tower of Pisa  

The bel l  tower o Pisa  cathedral  was bui l t in  1178  

and  soon  began  leaning to one side  hence  

i ts  name.  The measurements below 

show the lean  in  tenths o a  mi l l imetre  

beyond  2.9 metres.  So in  1975 the tower  

was leaning 2.9642 metres rom the vertical .

Year 1975 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986 1987

Lean 642 644 656 667 673 688 696 698 713 717 725 742 757

Does i t look l ike the lean  o the tower is  increasing with  time? 

I  so, how ast is  the lean  increasing with  time?

Is there evidence that the lean  changes signifcantly with  time?

Is there an  approximate ormula  or calculating the lean?

Can  you  predict the lean  in  the uture?
 

10.1  Scatter diagrams

One way to view data is by showing it on a scatter diagram.

   Scatter diagrams  (also called scatter plots) are used to 

investigate the possible relationship between two variables  

that both relate to the same event .

Scatter diagrams are similar to line graphs in that they use 

horizontal and vertical axes to plot data points.  However,  they have 

a very specic purpose.  A scatter diagram shows how much one 

variable affects another.

  The relationship between two variables is called their correlation.

   To draw a scatter diagram plot the (x,  y) values  

from the data table as dots on  

a graph.  The pattern formed by  

the dots can give us some  

indication of the correlation.

The independent variable  should  

be on the horizontal axis with the  

dependent variable  on the  

vertical axis.

Correlation  i s  a  

way to measure how 

associated  or related  

two variables are.  

The purpose o doing 

correlations is to 

al low us to make a  

prediction  about one 

variable based on  

what we know about 

another variable.

x

y

0

Dependent

variable

Independent variable

For the leaning tower  

o Pisa  example, we  

th ink that the lean  

increases with  

time.  Time is the 

independent  

variable.  The lean  

depends on  the time, 

so the amount o lean  

is  the dependent  

variable.
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   A general upward trend in the pattern of dots shows positive  

correlation.

The value of the dependent variable increases as the value of the  

independent variable increases.

   A general downward trend in the pattern of dots shows 

negative  correlation.

The dependent variable decreases as the independent  

variable increases.

   Scattered points with no trend may indicate correlation  

close to zero.

Scatter diagrams allow us to assess the strength of a correlation.   

Here are differing amounts of positive correlation:

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

Strong positive correlation:   

y increases as x increases

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

Moderate positive correlation

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

Weak positive correlation

4
x

y

0

2

4

6

1

3

5

7

6 82 3 5 71

4
x

y

0

2

4

6

1

3

5

7

6 82 3 5 71

4
x

y

0

2

4

6

1

3

5

7

6 82 3 5 71
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Here are differing amounts of negative correlation:

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

Strong negative correlation:  y decreases  

as x increases

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

Moderate negative correlation

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

Weak negative correlation

Not all relationships are linear.

The points on this graph are  

approximately linear.

The points on this graph would  

be represented by a curve.

There is a non-linear  relationship  

between the variables.

Causation

   A correlation between two data sets does not necessarily mean 

that one causes the other.

Here is an example:  the shoe sizes of grade school students and the  

students  vocabulary have a strong,  positive correlation.  In other  

words,  the larger the shoe size,  the larger the vocabulary the student  

has.  Now it is easy to see that shoe size and vocabulary have nothing  

to do with each other,  but they are highly correlated.  The reason is  

that there is a confounding factor,  age.  The older grade school  

students will have larger shoe sizes and often a larger vocabulary.

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

4
x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

You  may wish  to use 

 causation  versus 

correlation  as the 

stimulus for an  

exploration.
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Example 

a Represent this data on a scatter diagram.

x 1 2 3 4 4 6 6 6 7 8

y 1 3 3 5 6 7 5 6 8 9

b Is the relationship linear or non-linear? 

c Describe the type and strength of the relationship.

Answers

a 

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 82

b This is a linear  relationship.

c There is a strong,  positive  

correlation.

Compare the scatter diagram with 

the examples earlier.

Exercise 10A

1 Describe the correlation shown by each of these scatter diagrams.

a 

x

y

0

 b  

x

y

0

 c 

x

y

0

d  

x

y

0

 e 

x

y

0
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2  For the following data sets:

i  is the correlation positive,  negative or is there no association

ii  is the relationship linear or non-linear

iii  is the association strong,  moderate,  weak or zero?

 a  

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

 b  

4 x

y
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6 8 9 102 3 5 71

 

 c 

4 x

y
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6 8 9 102 3 5 71

 d  

4 x

y
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1
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5

7

8

9
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6 8 9 102 3 5 71

 

 e 

4 x

y

0

2

4

6

1

3

5

7

8

9
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6 8 9 102 3 5 71

 f 

4 x

y

0

2

4

6

1

3

5

7

8

9

10

6 8 9 102 3 5 71

3 Copy and complete these sentences.

a If the independent and dependent variables show a positive  

correlation then as the independent variable increases the  

dependent variable 

b If the independent and dependent variables show a negative  

correlation then as the independent variable increases the  

dependent variable 
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4 This table shows the rainfall in cm in Tennessee from 2000 to 2008.

Year 2000 2001 2002 2003 2004 2005 2006 2007 2008

Rainfall 42 51 39 44 31 33 30 28 21

a Show this data on a scatter diagram.

b Describe the correlation.

c In general,  what has happened to the rainfall since the year 2000?

5 This table shows a group of friends with their mathematics and science scores.

Friend Tim Ted Tom Tod May Ray Kay Jay

Mathematics 85 75 66 80 70 95 90 60

Science 75 65 40 72 55 88 80 40

1 Draw a scatter diagram to represent this data.

2 Describe the correlation in terms of strength,  direction and form.

Investigation  leaning tower of Pisa  (continued)

a  Construct a  scatter d iagram for the data  from the  

leaning tower of Pisa  investigation  at the start of  

th is chapter.

b Describe the correlation.

c  What is  happening to the lean  as the years  

increase?

d  Research  the latest developments on  the  

efforts to save the leaning tower of Pisa.   

Comment on  the dangers of extrapolation.

Extrapolation  means estimating 

a  value at a  point that is  larger than  

(or smal ler than)  the data  you  have.  

Extrapolating here means assuming 

that the trend  of the lean  wi l l  remain  

the same.  

0. The line of best t

   A line of best t or trend line  is drawn on a scatter diagram to 

nd the direction of an association between two variables and 

to show the trend.  This line of best t can then be used to 

make predictions.

   To draw a line of best t by eye draw a line that  

will balance the number of points above the line with the  

number of points below the line.  An improvement is to have a 

reference point:  one point for the line to pass through.  This is 

the mean point  and is calculated by nding the mean of the 

x-values and the mean of the y-values.

The mean  point is  

written  as x y,( ) .

x

y

0

(x,  y)
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Example 2

Is there a relationship between the grams of fat and the total calories in 

fast food?

Meal Total fat (g) Total calories

Hamburger 9 260

Cheeseburger 13 320

Quarter Pounder 21 420

Quarter Pounder with  Cheese 30 530

Big Burger 31 560

Toasted  Sandwich  31 550

Chicken  Wings 34 590

Crispy Chicken  25 500

Fish  Fi l let 28 560

Gri l led  Chicken 20 440

Gri l led  Chicken  Light 5 300

a Find the mean number of grams of fat.  

b Find the mean number of calories.  

c Construct a scatter diagram for this data.

d Plot the mean point on your scatter diagram and use it to draw a line 

of best t.

Answers

a Mean grams of fat

22.45

247

1 1
=

=
 

b Mean no. of calories  

457.27

5030

1 1
=

=
 

c  and d

 

200

200

400

600

Grams of fat

Calories

100

300

500

10 4030

Mean  point (  x, y )

Mean grams of fat 

Total grams of fat

Number of meals
=  

Mean no. of calories 

Total no. of  calories

Number of meal
=  

ss

 The line of best t does not have 

to pass through (0,  0).  It must pass 

through the mean point and have 

roughly the same number of data 

points either side of it.

A  l ine o best ft  

is  also cal led  a  

regression line.   

The Bri tish  scientist 

and  statistician  

Francis Galton  (1822

1911) coined  the term  

regression  in  the 19th  

century.

Hence 

( , ) = (22 .45, 457 .27 )x y    
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Exercise 10B

1 The table below shows the relationship between the length and 

width of a mango tree leaf measured in mm.

Length 35 50 78 80 95 105 118 125 136 145

Width 25 30 38 50 36 42 52 48 58 62

a Find the mean point.

b Construct a scatter diagram and draw a line of best t through 

your mean point.

2 The following table gives the heights and weights of ten sixteen-

year-old students.  

Name Abe Bi l l Chavo Dee Eddie Fah Grace Hanna Ivy Justin

Height (cm) 182 173 162 178 190 161 180 172 167 185

Weight (kg) 73 68 60 66 75 50 80 60 56 72

a Find:  i  the mean height  ii  the mean weight.

b Construct a scatter diagram and draw a line of best t through 

your mean point.

3 The table below shows the number of hours spent studying and 

the increase in the students  grades in mathematics.

Hours studying 0 1 2 3 4 5 6 7 8

Increase in  grade 1 1 3 7 9 9 8 10 14

a Find the mean point.

b Construct a scatter diagram and draw a line of best t through 

your mean point.

c Describe the correlation.

d What can you say about the effect of the number of hours 

spent studying mathematics and the increase in grade?

The equation of the line of best t through the 
mean point

Raw data rarely t a straight line exactly.  Usually,  you must be satised 

with rough predictions.  Typically,  you have a set of data whose scatter 

diagram appears to t  a straight line,  the line of best t.  

   The equation of the line of best t,  also called the regression  

line,  can be used for prediction purposes.

What are the risks o 

extrapolation? You  

may wish  to explore 

extrapolation  in  

fnancial  or cl imate 

models.
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Example 3

Miss Lincys 10 students  scores,  out of 100,  for their classwork  

and nal exam are shown below.

Student Ed Craig Uma Phi l Jenny James Ron Bi l l Carol ine Steve

Classwork 95 66 88 75 90 82 50 45 80 84

Final 95 59 85 77 92 70 40 50 Abs 80

Caroline was absent for the nal.  Do not include her grades in nding the mean point.

a Find the mean classwork score.  

b Find the mean nal exam score.

c Construct a scatter diagram and draw a line of best t through your mean point.

d Find the equation of the regression line.

e Use the equation of the regression line to estimate Carolines score for the nal exam.

Answers

a  Mean classwork score  
Classwork total

Number of students
=

 Mean classwork score = = 75
675

9

b Mean final exam score  
Final exam total

Number of students
=

 Mean final exam score  = 72
648

9
=

c   

400

40

80

Classwork score

Fi
n
a
l 
e
xa
m
 s
co

re

20

60

100

20 80 10060

Mean point

d   Using the mean point and Umas  

results,  we have (x
1
,  y

1
) =  (75,  72)  

(x
2
,  y

2
) =  (88,  85)

 m =





85 72

88 75
 =  1  

 The equation of the line is:

 y  72 =  1 (x  75)

 y =  x  3

e   y =  80  3  =  77 

  Carolines exam score is estimated to be 77.

Use m
y y

x x
=





2 1

2 1

 where  

(x
1 
,  y

1  
) is the mean point  

and (x
2  
,  y

2  
) is any point on

the line.  Use y  y
1
 = m(x  x

1  
)  

for the equation of the line.

Carolines classwork  

score was 80.

Let x = 80.

Using the l ine o 

best ft to predict 

a  data  value within  

the range o the 

given  data  is  cal led  

interpolation.  I t is  

general ly more rel iable  

than  extrapolation.
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Exercise 10C

 EXAM-STYLE QUESTIONS

1 Tomato plants are at risk to a disease called blight.  An agricultural 

scientist wishes to see how the temperature of the greenhouse affects 

the disease.  She designs an experiment in which she monitors the 

percentage of diseased leaves occurring at different temperatures.

Temperature (x F) 70 72 74 76 78 80

Percentage of diseased leaves (y) 12.3 9.5 7.7 6.1 4.3 2.3

a Draw a scatter diagram with a regression line passing through 

the mean point.

b Find the equation of the regression line.

c Use your equation to estimate the number of diseased leaves 

at 75 F.

2 Market research of real estate investments reveals the following 

sales gures for new homes of different prices over the past year.  

Price (thousands of )  160 180 200 220 240 260 280

Sales of new homes this year  126 103 82 75 82 40 20

a Find the mean house price.

b Find the mean number of sales.

c Draw a scatter diagram with a regression line passing through 

the mean point.

d Find the equation of the regression line.

e Use your equation to estimate the number of new homes 

priced at 230 000 that were sold.

Understanding the regression line

Example 4

A study was done to investigate the relationship between the age x in 

years of a young person and the time y in minutes in which the child 

can run one kilometre.  Data from children between the ages of 7 and 

18 was collected.  The equation of the regression line was found to be 

y x= 20
1

2
.  Interpret the slope and y-intercept.  

Answer

In the context of the question,  

we can say that,  on average,  as a 

child ages one year their time to 

run a kilometre goes down by 30 

seconds (half a minute).

For this question,  the y-intercept 

is not relevant,  since 0-year-old 

children cannot run one kilometre.

The slope is 
1

2
.  What this means is 

that for every increase of 1 in x there 

is a decrease of 
1

2
 in y.

The y-intercept is 20,  which means 

that when x is 0,  y is 20.

Extension material on CD: 

Worksheet 10 -  More  

bivariate analysis

The y-intercept is  

the height of the l ine 

when x =  0, and  might 

not always have a  

meaning.  Be careful  

with  your interpretation  

of the intercept.  

Sometimes the value 

x =  0 is impossible 

or represents 

a  dangerous 

extrapolation  outside 

the range of the data.
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Example 

A biologist wants to study the relationship between the number of 

trees x per hectare and the number of birds y per hectare.   

She calculates the equation of the regression line to be y =  8 +  5.4x.  

State the gradient and the y-intercept and interpret them.

Answer

The slope is 5.4.  This means that for every additional tree,  you can 

expect an average of 5.4 additional birds per hectare.

The y-intercept is 8,  which means that an area with no trees averages 8 

birds per hectare.

Exercise 10D

For each scenario,  state what the slope and y-intercept are  

and interpret them if relevant.  If not relevant,  explain why.

1 A social science teacher has collected data on the number of days  

x per year a particular student plays sports and the number of  

hours y of homework that the same student does per week.    

She came up with the equation of the regression line y =  40  0.3x

2 A police chief wants to investigate the relationship between the  

number of times y a person has been convicted of a crime and the  

number of criminals x that person knows.   

The equation was found to be y =  0.5 +  6x

3 A doctor is researching the relationship between the number of  

packs of cigarettes x a person smokes per day and the number of  

days per year y the person is sick.  

 The  doctor comes up with the equation of the regression line  

y =  7 +  2.4x

4 A skateboard salesman wants to investigate the number of  

customers y that came to his shop each year x.   

The equation of the regression line is y =  5 +  1 00x

5 A group of mathematics and science teachers wished to compare  

their exam scores.   

The science score y and the mathematics score x gave the  

regression line y =  10 +  0.8x  

Note that al l  these 

interpretations fol low 

a  pattern:

The gradient of the  

l ine is the amount by 

which  y increases when  

x increases by 1 unit.
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10.3 Least squares regression

The term regression  is used in statistics quite differently to other  

contexts.  The method was rst used to examine the relationship  

between the heights of fathers and sons.  The two are related,  of  

course,  but the slope is less than 1 .0.  A tall father tends to have sons  

shorter than him;  a short father tends to have sons taller than him.   

The height of sons regresses to (moves towards) the mean.  The term  

regression  is now used for many sorts of curve tting.

Let us visit the leaning tower of Pisa problem again.  We know that 

there is a strong,  positive correlation between the number of years 

and the lean of the tower.  We can construct a scatter diagram to 

illustrate the data,  nd a mean point and draw a line of best t 

(regression line) through the mean point.  Inaccuracies occur 

because we only have one point to draw the line through and the line 

of best t is then drawn by eye.

There is another way to improve our line,   

involving residuals.

   A residual  is the vertical distance between a data point and 

the graph of a regression equation.  

The residual is positive if the data point is  

above the graph.

The residual is negative if the data point is below  

the graph.

The residual is 0 only when the graph passes  

through the data point.

The equation of the regression line of y on  x

The least squares regression line uses our previous formula  

y  y
1
 =  m(x  x

1
),  but now uses the method of least squares to  

nd a suitable value for the slope,  m.

   The least squares regression line is the one that has the 

smallest possible value for the sum of the squares of the 

residuals.  

In the diagram we aim to make p2 +  q2 +  r2 as close to zero as 

possible.

0

y

x

predicted  data  point (xp,  yp)

actual  data  point (xi,  yi)

Residual  =  yi   yp

0

y

x

Negative residual

Positive residual

Zero residual

20

p

q

(2,  1 )

(1 ,  3)

(3,  5)

r

2

4

x

y

1

3

5

1 4 53
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A rather complicated formula emerges:

The formula for nding the gradient,  or slope (m) 

of a regression line is:

  m
S

S

xy

x

=
( )2

,  where

S xy
xy

x y

n
= 

( ) ( )


 
 and

( )S x
x

x

n

2 2

2

= 
( )



Example 6

Use the least squares regression formula to nd the equation of the 

regression line through the points (1 ,  3),  (2,  1 ),  and (3,  5) from the 

diagram on page 345.

Answer

S
xy
 =  xy

x y

n


 

( ) ( )

 =  20   
6 9

3



 =  2

(S
x
)2  =  x

x

n

2

2





( )

 =  14   
6

3

2

 =  2

The equation of the regression 

line is

y  y  =  
S

S
x x

xy

x( )
( )2



y  3  =  
2

2
(x  2) 

 y =  x +  1

x y xy x2

1 3 3 1

2 1 2 4

3 5 15 9

6 9 20 14

The mean point x , y( )  is (2,  3).

Now you have seen how the formula for the equation of the 

regression line works,  from now on you can use your GDC to nd it.  

   You should use your GDC to nd the equation of the 

regression line in examinations.  

The earl iest form of regression  was 

the method  of least squares that was  

publ ished by Legendre in  1805,  and  

by Gauss four years later.  Legendre 

and  Gauss both  appl ied  the method  

to the problem  of determining, from  

astronomical  observations, the orbits 

of bodies about the Sun.

  is  the Greek letter 

S  and  is  used  as 

an  instruction  to sum  

data.   xy means 

the sum  of al l  the xy 

values.

The l ine of regression  

of y on  x,  which  can  

be used  to estimate y 

given  x.

The terms in  

the formula

The sum of 

each column

See GDC Chapter 17, 

Sections 5.15 and  

5.16.
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Example 7

The table shows the distance in km and airfares  

in US dollars from Changi airport,  Singapore,   

to twelve destinations.

a Use your GDC to sketch a scatter diagram  

of this data with the line of best t.

b Write down the equation of your line of best t.

c Use your equation to estimate the cost of a  

1 000 km ight.

Answers

a 

b y =  0.1 17x +  83.3

c cost =   (0.1 17   1 000) +  83.3   

 =  $200.30

You will usually have to round your 

answers to three signicant gures.

Cost =  $(0.117  distance + 83.3)

Dollars and cents   two decimal 

places.

Exercise 10E

You should use your GDC for all of this exercise.

1 A patient is given medicine by a drip feed and its  

concentration in his blood is measured at hourly  

intervals.  The doctors believe that a linear relationship  

will exist between the variables.

Time x (hours) 0 1 2 3 4 5 6

Concentration y 2.4 4.3 5.0 6.9 9.1 11.4 13.5

a Show the data on a scatter diagram with a line of best t.

b Write down the equation of the line.

c Find the concentration of medicine in the blood after 3.5 hours.

Distance Fare

576 178

370 138

612 94

1216 278

409 158

1502 258

946 198

998 188

189 98

787 179

210 138

737 98

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

I t would  not be sensible to predict 

the concentration  after 8 hours from  

this  equation   we dont know whether 

the relationship wi l l  continue to be 

l inear.   The process of trying to predict 

a  value from  outside the range of your 

data  is  cal led  extrapolation.

Chapter 10 347



2 The table below shows the value of Jais car in thousands 

of Malaysian Ringgits for the rst seven years after it was 

purchased.

Age (yrs) 0 1 2 3 4 5 6 7

Cost (MYR 1000) 30 25 21 19 18 15 12 10

a Show the price of the car on a scatter diagram with a line of 

best t.

b Write down the equation of the regression line.

c Estimate the cost of his car after 4
1

2
 years.

d Suppose Jai takes good care of the car.  Explain why the 

equation cannot be used to estimate the cost of the car after 

50 years.

3 The table below shows ten people who bought gym membership 

and the number of hours that they exercised in the past week.

Person Nat Nick Nit Noi Nancy Norm Nada Ned New Nat

Months of 

membership
7 8 9 1 5 12 2 10 4 6

Hours of exercise 5 3 5 10 5 3 8 2 8 7

a Show the data on a scatter diagram with a line of best t.

b Find the equation of the regression line.

c If Nino has been a member for 3  months,  estimate how many 

hours he exercised last week.

d Could you use your equation to estimate how many hours 

Naja exercised after 2 years membership? Explain why.

4 Sarahs parents are concerned that she seems short for her age.  

Their paediatrician has the following record of Sarahs height:

Age (months) 36 48 51 57 60

Height (cm) 86 90 91 94 95

 A  scatter diagram showed a strong positive association between 

age and height,  and a least squares regression line was found to 

be HEIGHT = 71 .95 +  0.3833 AGE.  The doctor wants to predict 

Sarahs height when she is 50 years old if there is no intervention 

(growth hormone),  and he uses the regression line for this 

prediction.  Check the doctors prediction,  and then comment on 

this procedure.

5 Revisit the data from the leaning tower of Pisa.

a Find the mean point.

b Draw a scatter diagram with a regression line passing through 

the mean point.

c Find the equation of the regression line.

d Use your equation to estimate the lean in 1990.
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10.4 Measuring correlation

Up to this point we have used a scatter diagram to see if there is a 

relationship (correlation) between two variables.  We have 

determined it as positive or negative;  zero if there is no correlation.  

We have also called the correlation weak,  moderate or strong.  We 

then found the equation of the regression line of y on x and used the 

line for prediction purposes.

Now we will seek to classify the strength of the correlation 

numerically.  There are several scales that are in use;  we will study a 

correlation coefcient developed by Karl Pearson.

   The Pearson productmoment correlation coefcient  

(denoted by r) is a measure of the correlation between two 

variables X and Y,  giving a value between  +1  and 1  inclusive.  

It is widely used in the sciences as a measure of the strength 

of linear  dependence between two variables.  

The regression coefcient is used to determine how nearly the 

points fall on a straight line,  or how nearly linear they are.  A perfect 

correlation will have a regression coefcient of r =  1 .000.  Normally 

in the physical sciences we would like to have a condence level  of 

0.01  or better.  That means that a coefcient of r =  0.990 or higher 

gives us the condence to say that a relationship is linear within a 

margin of 0.01%.

0 x

y
 

0 x

y
 

Here are some more data sets and their r values:

r =  0.7

 

r =  0.3

In  the relationship 

between  the variables 

is  not l inear, then  th is  

correlation  coefcient 

does not adequately 

represent the strength  

o the relationship 

between  the variables.

0 x

y
The r-value rom  

Pearsons correlation  

coefcient indicates 

the strength  o the 

relationship between  

two data  sets.

Perect positive l inear 

correlation  r =  1

Perect negative l inear 

correlation  r =  1

No correlation  r =  0

Karl  Pearson  (1857

1936) ounded  the 

worlds frst university 

statistics department 

at University Col lege 

London  in  1911.
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For negative correlation,  the value of r is also  negative.

r =  0.7

 
r =  0.3

  The formula for nding Pearsons correlation coefcient is

r
S

S S

xy

x y

=

where

S xy
xy

x y

n
= 

( ) ( ) 
 ,  S x

x

x

n
= 

( )
 2

2

 and 

S y
y

y

n
= 

( )
 2

2

.

  A quick way to interpret the r-value is:

r-value Correlation

0 <  |r|    0.25 Very weak 

0.25 <  |r|    0.5   Weak

0.5 <  |r|    0.75  Moderate 

0.75 <  |r|    1  Strong

Example 8

Sue wants to determine the strength of the correlation between the 

number of spoons of plant food she uses and the extra number of 

orchids grown from a plant.  Use Pearsons correlation coefcient 

formula to interpret the relationship.

Plant Spoons of plant  

food x

Increase in  the number  

of orchids y

A 1 2

B 2 3

C 3 8

D 4 7

You  should  recognise 

these formulae from  

the previous section.

{  Continued  on  next page
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Answer

S xy
xy

x y

n
=

( ) ( ) 
 

= 


=60 10
10 20

4

 
2

2

2
1 0

4
30 5

x

x

n
S x

=

 

 




 
 

  




2

2

2
20

4
1 26 26

y

y

n
S y

r
S

S S

xy

x y

= = 
10

5 26
0.877

A positive correlation means that 

as the number of spoons of plant 

food increases,  the number of 

extra orchids increases.

The r-value of 0.877 indicates 

strong correlation.

If two variables are correlated,  we can predict one based on the 

other.  For example,  we know that IB scores and college achievement 

are positively correlated.  So when college admission ofcials want 

to predict who is likely to succeed at their universities,  they will 

choose students with high IB scores.

While the formulae appear complicated at rst sight,  making the 

table and evaluating the r-value are quite straightforward.  From this 

point on we will be using technology to nd the r-value.

Plant x y xy x2 y2

A 1 2 2 1 4

B 2 3 6 4 9

C 3 8 24 9 64

D 4 7 28 16 49

Total 10 20 60 30 126

You  should  use your 

GDC to calculate r 

in  the examinations.  

We have shown  the 

formula  and  table  

here to help you  

understand  where the 

value comes from.  

See GDC Chapter 17, 

Section  5.16.

Regression  and  

correlation  al low 

you  to compare two 

different sets of data, 

to see i f there may 

be a  connection.  For 

example, you  might 

wish  to explore the 

relationship between  

l i fe expectancy and  a  

countrys GDP .

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the CD.

Which  statistical  

methods would  

be useful  for 

analyzing business 

performance?
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Exercise 10F

1 Nine students sat a French and a Spanish test.  The table gives 

their results.  Find the r-value and describe the correlation 

between the two sets of scores.

Subject A B C D E F G H I

French 56 56 65 65 50 25 87 44 35

Spanish 87 91 85 91 75 28 92 66 58

2 A social psychologist thinks that there is a correlation between 

income and education.  She found that people with higher 

income have more years of education.  The results of her survey 

are shown below.

Person A B C D E F G H I J

Income (thousand $) 125 100 40 35 41 29 35 24 50 60

Years of education 19 20 16 16 18 12 14 12 16 17

a Find the r-value.

b What can you say about the strength of the correlation?

c What does the sign of the r-value indicate?

3 Does a car stop more slowly as it gets older? The table below 

shows the age (in months) of a car and its stopping distance (in 

metres) from a speed of 40 km h1 .

Age (months) 9 15 24 30 38 46 53 60 64 76

Stopping  

distance (m)
28.4 29.3 37.6 36.2 36.5 35.3 36.2 44.1 44.8 47.2

a Find the r-value.

b What happens to the stopping distance as the car gets older?

c Describe the strength of the correlation.

4 Kelly has always been told to stop chatting on the computer and 

focus on her studies.  Kelly wants to see if there will be any effect 

on school grades rst,  and decides to survey 10 friends.  Here are 

Kellys results.

GPA 3.1 2.4 2.0 3.8 2.2 3.4 2.9 3.2 3.7 3.5

Chat time 

(h/week)
14 16 20 7 25 9 15 13 4 14

a Find the r-value.

b Describe the correlation.

c Based on the survey,  would Kellys grade increase if the chat 

time decreased?

You  can  also phrase i t 

that people with  more 

years of education  

have h igher income.

An  A grade is  worth  4 

points, a  B is  3  points, 

a  C is  2  points, a  D 1  

point,  and  an  F is  0 

points.  The average 

grade is  cal led  the 

grade point average, 

GPA.
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5 Mo had always been told to stop playing computer games and 

get on with some work,  and so he decided to conduct a survey of 

1 0 friends to see the effect on GPA.  The results are in the table 

below.

GPA 2.7 3.8 1.5 3.6 2.2 3.8 2.0 1.9 2.5 3.0

Game time  

(h/week)
10 24 25 17 5 26 14 30 22 7

a Find the r-value.

b Describe the correlation.

c Based on the survey,  would Mos grade increase if his game 

time decreased?

6 Find and interpret the r-value for the leaning tower of Pisa data.

Review exercise

1 Phrases i,  ii,  iii,  iv,  and v  represent descriptions of the correlation 

between two variables:

i  High positive linear correlation

ii  Low positive linear correlation

iii  No correlation

iv Low negative linear correlation

v High negative linear correlation

  Which phrase best represents the relationship between the two 

variables shown in each of the scatter diagrams below?

 a  
y

x
8

0
6 10

2

4

8

10

6

2 4

 b  
y

x
8

0
6 10

2

4

8

10

6

2 4

 c  y

x
8

0
6 10

2

4

8

10

6

2 4

 d  y

x
8

0
6 10

2

4

8

10

6

2 4

Extension material on CD: 

Worksheet 10 -  More  
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EXAM-STYLE QUESTIONS

2 The following table gives the amount of fuel in a cars fuel tank,  

and the number of kilometres traveled after lling the tank.

Distance  

traveled (km)
0 220 276 500 680 850

Amount of fuel   

in  tank ( litres)
55 43 30 24 10 6

a Copy the scatter diagram and plot the remaining points.

  The mean distance traveled x  is 421  km,  and the mean 

amount of fuel in the tank y  is 28 litres.  This point is plotted 

on the scatter diagram.

b Sketch the line of best t through the mean point.

c A car traveled 350 km.  Use your line of best t to estimate the 

amount of fuel left in the tank.

3 This table shows the ages of ten policemen and the time that it 

took them to run 100 m.

Age 22 23 24 25 32 35 39 45 45 50

Time 10.9 11.1 10.8 12.0 11.2 12.1 12.6 13 12.7 13.6

a Plot the data on a scatter diagram.

b Find the mean age and the mean time.

c Draw a line of best t through the mean point.

d How long would you expect a 30-year-old policeman to take  

to run the 100 m?

Review exercise

EXAM-STYLE QUESTIONS

1 The table shows the number of push-ups that David can do each  

minute for 6 minutes.

Minutes 1 2  3  4 5  6  

Push-ups 7  8 5  3  2  2  

a Show the points on a scatter diagram along with a line of best t.

b What happens to the number of push-ups as the time increases?

c Find the equation of the regression line.

d Find the r-value and use it to describe the relationship.

2 The heights and weights of a sample of 1 1  students are:

Height (m)  h 1.36 1.47 1.54 1.56 1.59 1.63 1.66 1.67 1.69 1.74 1.81

Weight (kg)  w 52 50 67 62 69 74 59 87 77 73 67

a Write down the regression line of w on h.

b Use the regression line to estimate the weight of someone  

whose height is 1 .6 m.

y

x0 600

Distance (km)

Fu
e
l 
(l
it
re
s)

20

40

60

200 400
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EXAM-STYLE QUESTIONS

3 A psychologist wants to investigate the relationship between  

the IQ of a child and the IQ of their mother.  She measures  

the IQ of a sample of 8 children and mothers:

Childs IQ x 87 91 94 98 103 108 111 123

Mothers IQ y 94 96 89 102 98 94 116 117

a Write down the correlation coefcient between x and y.

b Find the regression line of y on x.

c Use the regression line to estimate the IQ of the mother of  

a child with an IQ of 100.

  Using your answer to part a,  explain how accurate you think  

this estimate is likely to be.

4 Eight students took two mathematics tests.  We would like to know 

if we could predict the result of Test 2 from Test 1 .   

The percentage results are given below:

Test 1 54 72 32 68 55 80 45 77

Test 2 31 38 16 34 27 41 22 37

a Plot your results on a scatter diagram.

b Describe the correlation from your diagram.

c Copy and complete the sentence Students with a high score  

on Test 1  tend to have a .  score on Test 2 .

d Find the equation of the line of best t.

e If another student achieved a score of 40 in Test 1 ,  what can  

we predict that this student will get in Test 2?

5 The height of a pot plant was measured for the rst 8 weeks  

from when it was bought:

Week x 0 1 2 3 4 5 6 7 8

Height (cm)  y 23.5 25 26.5 27 28.5 31.5 34.5 36 37.5

a Plot these pairs of values on a scatter diagram taking 1 cm to  

represent 1  week on the horizontal axis and 1 cm to represent 

2 cm on the vertical axis.

b Write down the value of the mean point.

c Plot the mean point on the scatter diagram.  Name it L.

d i  Write down the correlation coefcient,  r,  for these readings.

 ii  Comment on this result.

e Find the equation of the regression line of y on x.

f Draw the line of regression on the scatter diagram.

g Using your equation estimate the height of the plant after  

4 1
2
 weeks.

h DJ uses the equation to claim that a plant would be 62.8 cm  

tall after 30 weeks.  Comment on his claim.
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EXAM-STYLE QUESTIONS

6 Personality researchers studied the behavior of a group of  

1 0 teenagers.  The researchers assessed a personality variable 

called agreeableness .  This is a measure of how nice that person 

is to be around.  The questions ask about how cheerful,  stubborn,  

polite,  bossy and cooperative the person is.  Each teenagers 

average of those items is reported.  

  They also created a measure of behavior problems.  The youths  

reported on various behaviors in the last six months,  including  

cheating,  swearing,  stealing and ghting.  Each teenagers sum  

of behavior problems is reported.  

Participant
Agreeableness 

factor

Behavior 

problems

George 4.3 5

Bi l l 3.0 22

Ronald 3.4 10

Jimmy 3.3 12

Gerald 2.9 23

Laura 4.0 21

Hi lary 4.7 2

Nancy 2.4 35

Eleanor 2.9 12

El izabeth 4.7 4

a Construct a scatter diagram and show the regression line.

b What happens as the agreeableness factor increases?

c Find the r-value.

d Describe the correlation.

e Copy and complete the sentence Teenagers who were more  

agreeable tended to have _________ behavior problems.

f Write down the equation of the regression line.

g Michelle was absent for the behavior problems questions but 

scored 4.5 on her agreeableness.  Estimate her score for the  

behavior problems.

7 Each day,  a clothing factory recorded the number x of coats it  

produces and the total production cost y dollars.  The results for  

nine days are shown in the following table.

x 26 44 65 43 50 31 68 46 57

y 400 582 784 625 699 448 870 537 724

a Write down the equation of the regression line of y on x.

Use your regression line as a model to answer the following:

b Interpret the meaning of i  the gradient ii  the y-intercept.

c Estimate the cost of producing 70 coats.

d The factory sells the boxes for $19.99 each.  Find the smallest  

number of coats that the factory should produce in one day in  

order to make a prot.
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CHAPTER 10 SUMMARY

   Bivariate analysis is concerned with the relationships between  

pairs of variables (x,  y) in a data set.

Scatter diagrams

   Scatter diagrams  (also called scatter plots) are used to investigate the possible 

relationship between two variables that both relate to the same event.

   The relationship between two variables is called their correlation.

   To draw a scatter diagram plot the (x,  y) values from the data table as dots on a 

graph.  The pattern formed by the dots can give us some indication of the 

correlation.

The independent variable  should be on the horizontal axis with the dependent 

variable  on the vertical axis.

y

x0 independent variable

D
e
p
e
n
d
e
n
t 
va

ri
a
b
le

   A general upward trend in the pattern of dots shows positive  correlation.

   A general downward trend in the pattern of dots shows negative  correlation.

   Scattered points with no trend may indicate correlation close to zero.

   A correlation between two data sets does not necessarily mean that one causes  

the other.

The line of best t

   A line of best t or trend line  is drawn on a scatter diagram to nd the direction of 

an association between two variables and to show the trend.  This line of best t can 

then be used to make predictions.

 If the line rises from left to right then there is a positive  correlation.

 If the line falls from left to right then there is a negative  correlation.

 Strong positive and negative correlations have data points very close  

to the line of best t.

 Weak positive and negative correlations have data points that are not  

clustered near or on the line of best t.

Continued  on  next page
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   To draw a line of best t by eye draw a line that will balance  

the number of points above the line with the number of points 

 below the line.  An improvement is to have a reference point:   

one point for the line to pass through.  This is the mean point   

and is calculated by nding the mean of the x-values and the  

mean of the y-values.

x

y

0

(x,  y)

   The equation of the line of best t,  also called the regression line,   

can be used for prediction purposes.

Least squares regression

   A residual  is the vertical distance between a data point and the graph of a regression 

equation.

   The least squares regression line is the one that has the smallest possible value for 

the sum of the squares of the residuals.

   The formula for nding the gradient,  or slope (m) of a regression line is

m
S

S

xy

x

=
( )2

,  where

S xy
xy

x y

n
= 

( ) ( )


 
 and ( )S x

x

x

n

2 2

2

= 
( )



   You should use your GDC to nd the equation of the regression line in 

examinations.  

Continued  on  next page
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Measuring correlation

   The Pearson productmoment correlation coefcient  (denoted by r) is a measure 

of the correlation between two variables X and Y,  giving a value between  +1  and 1  

inclusive.  It is widely used in the sciences as a measure of the strength of linear  

dependence between two variables.

   The formula for nding Pearsons correlation coefcient is r
S

S S

xy

x y

=

where

S xy
xy

x y

n
= 

( ) ( ) 
 ,  S x

x

x

n
= 

( )
 2

2

 and S y
y

y

n
= 

( )
 2

2

.

   A quick way to interpret the r-value is:

r-value Correlation

0 <  |r|    0.25 Very weak 

0.25 <  |r|    0.5   Weak

0.5 <  |r|    0.75  Moderate 

0.75 <  |r|    1  Strong
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360 Theory of knowledge:  Correlation  or causation?

Correlation or causation?
Correlation  shows how closely two variables vary with each other.   

For example,  as the value of one increases,  so does the other.

Causation  is when two variables directly affect each other.   

For example,  the time you go to bed affects the number of hours you sleep.

Theory of knowledge

Sometimes a cause and effect are closely related,  but not 

always.  It is easy to assume that events that are closely 

correlated are also connected causally.  But correlation 

between two events does not mean that one has caused the 

other.

For example,  if your cat stays out all night and then gets 

sick,  and this happens many times,  it is likely that your cat 

gets sick because it stays out all night.  But being outside all 

night may not cause the sickness.  The cause is more likely to 

be a virus or bacteria.  

  I  we fnd  a  strong correlation  between  a  babys weight at 

birth  and  h igh  achievement at age 24, should  we suggest 

that pregnant women  should  try to boost their babys birth  

weight, because heavier babies achieve more h ighly?

A correlation  

between  two 

variables is  not 

necessari ly proo 

o causation.  

CAUSE

EFFECT

EFFECT

EFFECT

Correlation  asks 

these questions:

  What relationship 

exists between  

the two variables?

  What connects or 

separates them 

rom each  other?

y  w :    u

gets sick because it stays out all night.  But being outside all 

night may not cause the sickness.  The cause is more likely to

variabl

necess

o caus

p

?

r 

    .

Correlation  asks 

these questions:

 What relationshi

exists between  

the two variable

 What connects 

separates them 

rom each  other
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Which is causal and which is correlated?

  Bu l lying harms mental  health.

  Stress of watching major sporting events 

can  be hazardous to the heart.

  The temperature and  the number of ice 

cream vendors out on  that day.

  TV raises blood  pressure in  obese 

adults.

  Deep-voiced  men  have more chi ldren.

  Watching too much  violence on  

television  leads to people being violent 

in  real  l i fe.

  Surgeons with  video game ski l ls  perform  

better in  simulated  surgery.

  Swedish  speakers are  

healthier than  Dutch   

speakers.

Anscombe's Quartet 
Anscombes Quartet is a group of four data sets that provide a useful 

caution against applying individual statistical methods to data 

without rst generating more evidence.  

Francis 

Anscombe 

(1918-2001)  

British 

statistician.
  Find  the mean  of x,  the mean  of y,  the variance of x and  the 

variance of y and  the r-value for each  data  set.

  Write down  what you  th ink the graphs 

and  their regression  l ines wi l l  look l ike.

  Using your GDC, sketch  the graph  of 

each  set of points on  a  d ifferent graph.  

  Draw the regression  l ine on  each  graph.

  Explain  what you  notice.

Set 1 Set 2 Set 3 Set 4

x  y x y  x y  x y

4 4.26 4 3.1 4 5.39 8 6.58

5 5.68 5 4.74 5 5.73 8 5.76

6 7.24 6 6.13 6 6.08 8 7.71

7 4.82 7 7.26 7 6.42 8 8.84

8 6.95 8 8.14 8 6.77 8 8.47

9 8.81 9 8.77 9 7.11 8 7.04

10 8.04 10 9.14 10 7.46 8 5.25

11 8.33 11 9.26 11 7.81 8 5.56

12 10.84 12 9.13 12 8.15 8 7.91

13 7.58 13 8.74 13 12.74 8 6.89

14 9.96 14 8.1 14 8.84 19 12.5



Trigonometry

CHAPTER OBJECTIVES:

3.1 The circle:  radian  measures o angles;  length  o an  arc;  area  o a  sector

3.2  Defnition  o cos   and  sin    in  terms o the unit circle;  defnition  o tan    as 




s in

cos
;

 exact  values o trigonometric ratios o 
   
, , ,

6 4 3 2
0,  and  their multiples.

3.3 The Pythagorean  identity cos2   +  sin2  = 1

3.6  Solution  o triangles;  the cosine ru le;  the sine ru le, including the ambiguous

 case;  area  o a  triangle 
1

2
ab sin  C;  appl ications

11

You should  know how to:  

1 Use properties of triangles,  including 

Pythagoras  theorem.

 e.g.  Find the value of x  

in each diagram.

 a  x +  96 +  38 =  180

 x =  180  96  38 

 x =  46

 b ABC is isosceles,  so A  =  C.

 A  +  B +  C =  1 80

 x +  53 +  x =  180

 2x =  180  53 =  127

x =  63.5

c Using Pythagoras,  

x2 =  62 +  92

 

      

 

 



Skills check

1  Find the value of x in each diagram.

a 

49

x
41

 b 

x

(2x)

(x   20)

c 
x

56

 d  
(4x)

(x +  20)

e 

x

5.6

2.4

 f 

x

24
19

Before you start

96
x

38

x

A C

B

53

x

9

6
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Sometimes we need to know dimensions (such as the height of a 

tree or a mountain or the width of a canyon) that we cant measure 

directly.  Surveyors can nd these dimensions using trigonometry 

and the method of triangulation.

For example,  to nd the distance across a canyon,  a surveyor  

needs a point of reference on the far side of the canyon,  such  

as a tree or rock formation.  Then,  standing on the near side,  he  

measures accurately the distance between two known points,   

and also the angle formed by these points and the point on the  

far side.  Using trigonometry,  this is enough information to nd  

the distance to the other side,  without ever having to cross to  

the far side of the canyon.

11.1  Right-angled triangle trigonometry

This chapter starts by looking at the relationships between the  

sizes of angles and side lengths of right-angled triangles,  and  

then extends to areas of triangles and real-life applications of 

trigonometry.

Some mathematicians 

use the phrase 

measure of angle  

instead  of  size of 

angle .

Some people say 

 right triangle  instead  

of right-angled  

triangle.
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Start by looking at the right-angled triangle with vertices at the 

points A,  B and C.  The angles at these vertices are called  

,  B  and C,  respectively.

The side AB,  the side opposite the right-

angle,  is called the hypotenuse  of the 

right-angled triangle.  

In this triangle,  notice that the side labeled a  (side BC ) is opposite ,  

the side labeled b (side AC ) is opposite B,  and the side labeled c (side 

AB ) is opposite C .  It is convenient to identify sides in relation to 

their opposite angles.

Trigonometric ratios

Look at these two right-angled triangles.

CB

A

59

31

    

FE

D

59

31

ABC and DEF each have angles measuring 59,  31  and 90.  

DEF is larger than ABC.  Triangles with the same three angles 

are called similar triangles,  and their corresponding sides are in the 

same proportions.   

For ABC and DEF:

AC

AB

DF

DE
= ,  and 

BC

AB

EF

DE
= ,  and 

BC

AC

EF

DF
=

For any similar triangles,  regardless how large or small they are,  

their sides will be in the same ratios.  In other words,  their 

corresponding sides will be in proportion to each other.

The fact that the sides of similar triangles form equal ratios helps us 

dene the three trigonometric ratios  sine,  cosine  and tangent.  

These ratios vary according to the sizes of the angles in the  

right-angled triangles.

In any right-angled triangle

 the hypotenuse (often abbreviated to h  or H) is the longest side  

and is opposite the right angle

 the side opposite the angle marked   is called the opposite   

side (sometimes abbreviated to o  or O)

 the side next to the angle   is called the adjacent side  

(sometimes abbreviated to a  or A)

a

b
c

BC

A

Angles can  be 

described  in  various 

ways.  This triangle 

could  be cal led    

ABC the angle at  

A could  be cal led  A ;  

B AC;  C AB;  BAC;   

CAB.  Angles can   

a lso be labeled  with  

Greek letters l ike   

(theta).

Some textbooks cal l  

the two shortest 

sides of a  right-angled  

triangle the legs  

of the triangle.  The 

hypotenuse  is   

the longest side of a  

right-angled  triangle.

o (opposite)

a  (adjacent)

(hypotenuse) h

i
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  For any right-angled triangle with an angle  :

 sine   =  
opposite O

hypotenuse H


cosine  = 
adjacent A

hypotenuse H


tangent   =  
opposite O

adjacent A


Look at this right-angled triangle,  with   highlighted.

You can use trigonometric ratios to nd unknown side lengths and 
angles in right-angled triangles.  

Relation between sine,  cosine and tangent

In triangle ABC :

















=

=

sin
 = =
cos

=

sin
=

cos

sin

cos

so

but tan

so tan

a

c

b

c

a

ac

b b

c

a

b

  tan 
sin

cos







Example 1

For this triangle,  nd the length of side a.     

a

6

34

A mnemonic is  a  

made-up word  or 

phrase that helps you  

remember a  l ist or a  

ormula.

Remember these  

with  the mnemonic 

SOH-CAH-TOA

H

A

O

i

a

b
c

BC

A

We use the 

abbreviations sin, 

cos and  tan  or these 

trigonometric ratios.

sin A = 
BC

AB

a

c
=

cos A = 
AC

AB

b

c


tan A = 
BC

AC

a

b


The astronomer 

Aryabhata, born in  India  

in  about 476 CE,  

bel ieved  that the 

Sun, planets and  

stars circled  the 

Earth  in  d ierent 

orbits.  He began  to  

invent trigonometry 

in  order to  calculate 

the d istances rom 

planets to  the Earth.

a

b
c

BC

A

i

Although  

mathematicians have 

studied  triangles 

or thousands o 

years, the term  

 trigonometry  was 

frst used  in  1595 

by Bartholomaeus 

Pitiscus (German, 

15611613).

{  Continued  on  next page
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Answer

tan 34 =  
opposite

adjacent 6
=
a

a  =  6  tan 34 

a  =  6  tan 34   4.05

Use the tangent ratio.

The side opposite the angle of 34 

is the opposite side,  and the side 

adjacent to 34 has length 6.  

You can nd the value of tan 34 

using your GDC.

 To enter tan press   and then select 
tan.

If you know the lengths of the sides of a right-angled triangle  

and you want to nd the sizes of the angles of the triangle,   

you will need to use the inverse trigonometric functions sin1 ,   

cos1  and tan1 .

Example 2

Find the size of B  in this triangle.

5 cm

B

9 cm

Answer

sin B =  
opposite

hypotenuse
 =  

5

9

B  = sin1  
5

9







    33.7

The side opposite B  has length of 

5 cm and the hypotenuse has a length 

of 9 cm.  Use the sine ratio.  

To enter sin 1  press   and then select 
sin 1.

In this exercise,  you will be solving  right-angled triangles (nding 

missing angles and side lengths).  Always make sure that your 

calculator is set in DEGREE mode.

Be sure you  are in  

degree mode.

To change to degree 

mode press  and  

choose 5:  Settings  

& Status 2:Settings 

1:General

Use the  key to 

move to Angle and  

select Degree.  Press 

 and  then  select 

4:Current

sin1 is  cal led   

' arc sine, '

cos1 is  ' arc cos'

tan1  is  ' arc tan'

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the CD.
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Exercise 11A

For each question,  use the diagram and the information given to 
nd all the unknown angles and sides.  All lengths are in cm.  Give 
your answers correct to 3  signicant gures where necessary.

1 a  =  1 2,  c =  20 2  b =  37,   =  40

3 c =  4.5,  B =  55 4  b = 48,  c =  60

5 a  =  1 1 ,  ,  =  35 6  a  =  8.5,  b =  9.7

7 If a = 2x,  b =  5x  1  and c =  x2 +  1  (x   ) nd the value  
of x,  and the angles  and B.

Special right-angled triangles

Look at this isosceles right-angled triangle.

  sin 45 =  



 =  

2

2

cos 45 =  



 =  

2

2
   

tan 45 =  
1

1
 
=  1

Now look at this right-angled triangle,  which is  
half of an equilateral triangle.
To solve the triangle,  you need to nd BC,   and B .
Using Pythagoras  theorem gives
1 2 +  a2 =  22,  so a2 =  3,  and a  =  BC =  3

a

b

c

B

CA

x     means that x is  

an  integer.

To solve the triangle,  you need to nd the  
length AB,  and angles  and B .
Using Pythagoras  theorem
12 +  1 2 =  c 2,  so c 2 =  2,  and c =  AB =  

Using the tangent ratio

tan A  =  
BC

AC
=




 =  1

 =  tan1(1 ) =  45
This is an isosceles triangle,  so  =  B ,   
and B  =  45.  

Now look at the values of the trigonometric ratios of this triangle.

1

1

2

45

45

a 2

1C

B

A

1

1

c

B

C A
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Using the cosine ratio,

cos A  =  AC
AB

=



 

 = cos1  










  =  60

B  =  1 80  90  60 =  30

Here are the values of all the trigonometric ratios for this 306090 

triangle.  

  sin 30 =  




cos 30 =  




tan 30 =  



 =  

3

3

sin 60 =  




cos 60 =  




tan 60 =  
3

1
3=

Example 3

Find the exact value of x in this triangle.

5 cm

x

60

Answer

tan 60 =  
x
5

3=

x = 5 3  cm

Exercise 11B

1 Use the diagram to solve each right-angled triangle.  Give exact 

answers.  Lengths are in cm.

a a  =  1 2,  c =  24
b b  =  9,   =  45
c c =  4.5,  B  = 60
d b  =  6,  c =   

e a  =   ,  c =  1 0

2 Find the exact values of x,  y and z.

2

1

3

30

60

When  an  exact 

answer is  asked  or 

you  should  leave the 

square root or radical  

in  your answer and  

not  change i t to a  

rounded  decimal .  

Square roots o 

numbers that are not 

perect squares are 

cal led  surds.

a

b

c

B

CA

'Solve'  here means 

fnd  al l  unknown  sides 

and  angles.

The d iagram wi l l  not 

always be to scale 

z

x

y

8

P

Q R S8

30
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3 ABC has  = 60,  C =  90,  BC =  x +  2,  and  
AB =  x2  4.
a Find the exact value of x.
b Find the exact length of side AC.

4  Triangle ABC has B   = 45,  C =  90,  AC =  4x  1  and  
BC =  x2 +  2.
a Find the value of x.
b Find the exact length of side AB.

5 In the diagram nd the values of w,  x,  y and z,   
to 1dp.  Lengths are in cm.

11.2  Applications of right-angled  
triangle trigonometry

In the last section,  you found lengths and angles in right-angled 

triangles using sine,  cosine and tangent.  In this section,  you will see 

how to apply these trigonometric ratios to solve problems in real-life 

situations.  

Lets begin with some terminology.

  The angle of elevation  is the angle up  from horizontal.

The  angle of depression  is the angle down  from horizontal.

B

C

D

Angle of elevation

Angle of depression

HorizontalA

Example 4

An observer stands 100  m from the base of a building.  The angle of 

elevation of the top of the building is 65.  How tall is the building,  to 

the nearest metre?

Sketch  the triangle 

frst.

z

x

w

y

4

9

45

65

{  Continued  on  next page
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Answer

B

T

O100

65

tan 65 =  
BT

100
,  so 

BT =  1 00 tan 65   214.45. . .

The building is 214 metres tall,  to 

the nearest metre.

Start by sketching a diagram.

Let O represent the position of the 

observer on the ground B represent 

the base of the building and T 

represent the top of the building.  

Mark the 65 angle of elevation.

You are nding the height of the 

building,  length BT.

You also need to solve problems using compass points and bearings.

   The four cardinal compass points  are north (N),  south(S),  

east (E) and west (W).

Three-gure  bearings  give directions as angles measured 

clockwise from north.

When using compass points  for direction,  you will see notation such as:

N 40 E,  which  means 

40 east of north.

W E

S

N

N 40E

40

W 20S,  which  means 20 

south  of west.

W E

S

N

W 20S

20

NW,  which  means 45 between  

north  and  west.

W E

S

N

NW

45

45

When using bearings  for direction,  you will see notation such as:

035  which means 35  

clockwise from north.

W E

S

N
035

35

110,  which means 

1 10  clockwise from north.  

W E

S

N

110

110

270,  which means 270  clockwise 

from north.  Notice that a bearing of 

270 is the same as due west .

W E

S

N

270

270
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Example 5

Two ships leave dock at the same time.

Ship A  sails due north for 30 km before dropping anchor.  

Ship B sails on a bearing of 050 for 65 km before dropping anchor.

Find the distance between the ships when they are stationary,  to the 

nearest kilometre.

Answer

30

A

D

B

65

50

Sketch a diagram.  Point D represents 

the dock from which the ships set sail.  

Ship A stops at A and ship B stops 

at B.

You need to nd the length AB,  the 

distance between the ships when they 

are stationary.

30

A

C

D E

B

65

50

50

40

sin 40 =  
BE

65
 

so BE =  65 sin 40   41 .781 . . .

cos 40 =  
DE

65

so DE =  65 cos 40 =  49.7928

     BC =  DE =  49.7928. . .

     AC =  BE  30 =  1 1 .7812. . .

30

11 .7812

49.7929

A

C

D E

B

65

50

50

40

AB 2 =  (49.7929.. .)2  +  (11 .7812.. . )2

so AB = .1677. . .

The ships are approximately 

52 km apart,  to the nearest km.

There are no right-angled triangles 

in the diagram,  so draw them in.  

The hypotenuse of each right-angled 

triangle is the path of one of the 

ships.  Add any angles you know from 

angle properties.

Find BE.

Find DE.

Store these values in your GDC.

Add the new information to the 

diagram.

Use Pythagoras theorem in ABC.  

Use the values you stored.

The angle DBE is  

ound  using the 

al ternate angle 

property.

Use exact values 

in  the intermediate 

steps, and  round  only 

or the fnal  answer.  
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Exercise 11C

1 Isosceles triangle ABC has side AC =  1 0 cm and  

AB =  CB =  1 5 cm,  as shown.  

a Find the height of the triangle.

b Find the sizes of BC and ABC.

2 ABE ts exactly inside the square ABCD,   

as shown.  BC =  28 cm and DE =  8  cm.

a  Find the lengths of segments AE and BE.

b Find the sizes of AE D,  EBA  and AE B.

 Give your answers correct to 3  sf.

3 An observer standing on the top of a vertical cliff 120   m above 

sea level sees a ship in the water at an angle of depression of 9.

 How far is the ship from the base of the cliff?

EXAM-STYLE QUESTION

4 A rectangle has length 25 mm and width 1 8 mm.  

 Find the angles between the diagonals of the rectangle.

5 Anya walks 2 km due north,  then turns and walks another 3   km 

in the direction N35W.  Find her distance and bearing from her 

starting point.

6 From a window 12 m above the ground in Building A,  the angle 

of elevation of the top of Building B across the street is 40.  If 

the buildings are 70 m apart,  what is the height of Building B?

EXAM-STYLE QUESTION

7  A ship leaves port and sails 35 km on a bearing of 047.  The ship 

then turns and sails 1 5 km on a bearing of 105.  How far,  and on 

what bearing,  must the ship sail to return directly to port?

8 Buildings X and Y are across the street from each other,  95 m 

apart.  From a point on the roof of Building X,  the angle of 

depression to the base of Building Y is 55  and the angle of 

elevation to the top of Building Y is 35.  How tall are the two 

buildings? 

9  Jacob is walking north along a straight road when he spots a tower 

in a eld to his right on a bearing of 018.  After walking another 

240 metres he notices the tower is now on a bearing of 066.  If he 

continues walking north,  how close will he pass to the tower?

A C

B

10

15 15

A

D C

B

E8

28

I  a  d iagram is 

not given  with  the 

question, start by 

drawing your own.

It is a  good idea  

to check your fnal  

answers to make 

sure that the shortest 

side is opposite the 

smallest angle and the 

longest side is opposite 

the largest angle.
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10  From her position at ground level,  Hayley notices that the angle 

of elevation of the top of a building is 40.  When she moves 

20 metres closer to the building,  the new angle of elevation is 55.  

Find the height of the building.

11 A car is traveling at a constant speed on a straight highway.   

A passenger in the car sees a bridge spanning the highway  

ahead at an angle of elevation of 5.  Ten seconds later,   

the angle of elevation of the bridge is 1 7.  How much  

more time will elapse before the car passes directly under  

the bridge?

12 The diagram shows a right rectangular prism,   

ABCDEFGH.  AD =  24 cm,  DH =  9 cm,  and HG =  1 8 cm.   

Find these angles.

a HD

b ABE

c HG

d AGD

.3  Using the coordinate axes  
in trigonometry

The angle  in a Cartesian coordinate system has its vertex at the 

origin,  as shown in the diagram.  A positive angle  

is measured anticlockwise from the x-axis.  

Here are positive three angles ,    and .

y

O x

a

 

y

O x

b

 

y

O x

d

Unless the question  

tel ls you  otherwise, 

assume the ground  is  

level .

A

B C

D

E

F G

H

24

9

18

In  some textbooks the 

side o the angle that 

l ies along the positive 

x-axis is  cal led  the 

initial side.  The 

other side is cal led  

the terminal side.  

An  angle l ike th is, 

with  i ts  vertex at the 

origin  and  i ts  in i tial  

side along the positive 

x-axis is  said  to  be in  

standard position.  

y

O x

i

The frst our letters 

o the Greek alphabet 

are a lpha  ,  beta  ,  

gamma  and  delta  .

Some people use 

 counterclockwise  

instead  o anticlockwise .

Chapter 11 373



This diagram shows a circle with equation x2 +  y2 =  1

The center of the circle is at the origin and its radius is  

one unit.  This is called a unit circle.  

In the diagram,  the angle  is positive.

Now take a closer look at acute angles in  

the rst quadrant of the unit circle.  

OA  and OB are radii of the unit circle so 

OA  =  OB =  1

Example 6

Find the exact coordinates of point D,   

then give these values to three  

signicant gures.  

Answer

The exact coordinates of point D are  

(cos 59,  sin 59)

To 3  sf the coordinates of D are (0.515,  0.857)

AD is a positive angle.  

Use your GDC to nd the values of cos 59 and sin 59.

Example 7

In the diagram,  nd the exact coordinates of point P.

Answer

The exact coordinates of P are 
3

2
,
1

2









 AP is in the rst  

quadrant.  Therefore,   

the coordinates of  

point P are (cos 30,  sin 30).

i

x0

A

B

y

Next,  use the acute angle  to form a  

right-angled triangle BOC.  

Using the trigonometric ratios in BOC,  

 





,  so x =  cos ,  

and  
1

sin
y
,  so y =  sin .

So point  B has coordinates (cos ,  sin ).

x0 1

1

A

B

y

i

x0 x

y
1

A

C

y

i

B(cos i, sin  i)

x0

1

1

A

y

D

59

x0

1

1

A

y

P

30

See page 368 for the 

exact values of sine 

30 and  cos 30.
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Exercise 11D

1 Use the diagram to nd the coordinates of point P for each  

given value of .  Give your answers to 3  signicant gures.

a   =  20

b   =  1 7

c   =  60

d   =  74

e   =  90

2  Use the diagram from question 1  to nd the value of    

for the given coordinates of point P.  Give your answers to  

the nearest degree.

a P (0.408,  0.913)

b P (0.155,  0.988)

c P (0.707,  0.707)

d  P (0.970,  0.242)

3 Use the diagram to nd the area of AOP for the given  

value of .  Give your answers to 3  signicant gures.

a    =  70

b   =  38

c    =  24

d   =  30

Now look at angles in the second quadrant.  These angles  

are obtuse angles (between 90 and 180).  Here is an obtuse angle in 

the second quadrant in the unit circle.

When you are working with obtuse angles it is sometimes  

helpful to think of how they relate to angles in the rst  

quadrant (acute angles).  

x0

1

(1 ,  0)

A

y

i

P

These coordinates 

have been  rounded  to 

3  signifcant fgures.

x0

1

(1 ,  0)

A

y

i

P

The dashed  l ine is  the 

height o the triangle.

x0

1

1

A

B

y

i

The diagram wi l l  not 

a lways be to scale.

Investigation  obtuse angles

This d iagram shows point B  at a  positive angle o 30 rom OA, and  point C at a  positive 

angle o   rom  OA.

x01 1

A

BC

D

y

i

3030

Find  the value o .

What are the coordinates o point B?

Use the symmetry o the unit circle 

to write down  the coordinates o 

point C.

{  Continued  on  next page
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From the investigation you should now understand an important 

property of supplementary angles.

   For supplementary angles   and ,  sin   =  sin ,  and  

cos   =  cos 

  For any angle ,  sin   =  sin (180 ),  and cos   =   cos (180 )

This property will be useful later on.

Exercise 11E

1 Use the diagram to nd the coordinates of points B and  

C for the given values of .  Give your answers  

to 3  signicant gures.

a    =  30

b   =  57

c   =  45

d   =  1 3

e   =  85

Supplementary angles 

add  up to 180.

You  wi l l  see these 

properties i l lustrated  

graphical ly when  you  

study graphs of sine 

and  cosine functions 

in  Chapter 13.

x0

1 1

A

BC

D

y

180 i

i

Now look at the triangles formed  by the sides OB  and  OC and  the x-axis.  

x01 1

A

B  (x,  y)(x,  y)  C

D

E F

y

30

150

EOC is congruent to FOB.  Both are 30 60 90  

triangles with  hypotenuse length 1.  You can also see that if the coordinates  

of point B  are (x, y), then the coordinates of point C are (x, y).

The coordinates of B are (cos 30, sin  30),  or 
 
 
 

3 1
,

2 2
.

So the coordinates of point C  are (cos 150, sin  150),  which

are the same as the coordinates (cos 30, sin  30),  or 
 
  
 

3 1
,

2 2
.   

Draw diagrams showing each  of these pairs of angles in  the unit circle.    

 40 and  140

2 25 and  155

3 68 and  112

Label  the coordinates of the points where the non-horizontal  sides  

meet the unit circle.  What do you  notice?
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2  Use the diagram in question 1  to nd the value of   for each of 
the given positions of point C.  Give your answers to the nearest 

tenth of a degree.

a  C (0.332,  0.943)
b C (0.955,  0.297)
c C (0.903,  0.429)
d C (0.769,  0.639)

3  Find the sine of each acute angle (to 4 sf),  and state the obtuse 

angle that has the same sine.

a 15

b 36

c 81

d 64

4 Find one acute and one obtuse value for .
 a sin A  =  0.871
 b sin A  =  0.436

c  sin A  =  0.504
d sin A  =  0.5

Next,  look at the line with equation y =  mx:

x0

y

y = mx

Now look at what happens when the line intersects the unit circle at 

point B in the rst quadrant.

x0

B

y

y = mx

These coordinates 

have been  rounded  to 

3  signifcant fgures.

This is a  special  

orm o the standard  

equation  o a  l ine  

y = ax +  b  or y = mx +  c

Any line with equation y =  mx  
has gradient m,  and passes through 

the origin.
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In the rst quadrant the line forms an angle   with the x-axis.

A right-angled triangle is formed with segment OB (part of  

the line y =  mx) as its hypotenuse.  

This illustrates some important properties involving the right 

triangle and the line y =  mx.

First,  using Pythagoras  theorem gives

(sin )2  +  (cos )2 =  1 2.  The usual way of writing (sin )2   

and (cos )2 is sin2   and cos2 ,  which gives

sin2    +  cos2    =  1

Suppose you want to nd the gradient of the line y =  mx.  

This line passes through the points O(0,  0),  and B(sin ,  cos ).  

The gradient of a line =  
 

 

 

 





Here you can nd the gradient,  m,  using the coordinates  

of points O and B 

m  =  
sin 0 sin

cos 0 cos

 

 





 =  tan  

  These three properties are true for any angle 

1  
2 2

sin cos 1=

2 





sin

cos
tan =

3  For any line y =  mx which forms an angle of  with  the 

x-axis,  the value of m  (the gradient of the line) is tan .

Example 8

Find the gradient of the line which forms a positive angle of 1 30 with 

the x-axis.

Answer

x0

(1 ,  0)

y

y = mx

130

The gradient of the line is  

tan 1 30   1 .19

Gradient = tan 

You can nd this value using your 

GDC.

x0

y

(x1, y1)

(x2, y2)

The gradient of a  l ine 

is  
rise

ru n
.

Property number 1 

is  a lso known  as the 

Pythagorean  Identity.

i

Property number 2  

is  often  useful  in  

calculations.  

x0

1

y

y = mx

i

B(cos i, sin  i)

sin  i

cos i
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Example 9

Find the gradient of the line shown  

in the diagram.

Answer

x0

y

y = mx

60
120

The gradient of the line is 

tan 120 =  
sin120

120

sin60

60




=




=


cos cos

3

2
1

2

=  3  =  1 .73

Find the standard position angle 

formed by this line.  The angle 60 is 

equivalent to a positive obtuse angle 

of 120.  

This line forms an angle of 120 in 

standard position.

Exercise 11F

1 Find the gradient of the line y =  mx in each diagram,  giving your 

answers to three signicant gures.

 a  

x0

y

y = mx

56.3

 b 

x0

y

y = mx

117.5

c 

x0

y

y = mx

42.3

 d  

x0

y

y = mx

135

x0

y

y =  m x

60
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2  Find the equation of the line passing through the origin and 

point P.  Find the value of   to the nearest degree.  

a 

x0

y

y =  mx

P(0 .674 ,  0 . 7 3 8 )

i

 b  

x0

y

y = mx

P(0.471 , 0.882)

i

c 

x0

y

y = mx

P(0.336, 0.942)

i

 d  

x0

y

y = mx

P(1 .35, 1 .64)

i

e 

x0

y

y =  m x

P(0.8,  0.6) i

 f 

y = mx

x0

y
P(1 .59,  3.76)

i

11.4 The sine rule

You can use trigonometry to solve triangles that are not right-angled.

Look at ABC.  The altitude  (height),  h,  of the triangle is AD,  

perpendicular to BC.

In the right-angled triangle ABD

sin B =  



 

This gives h  =  c sin B 

In the right-angled triangle ACD 

sin C =  



 

This gives h  =  b  sinC 

Equate the values of h  to give 

c sin B = b sin C.

Extension material on CD: 

Worksheet 11  -  Angle  sums 

and differences

h
c b

CB D

A
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Rearranging this equation gives in sinB C

b c
=

The ratios of the sine of each angle to the length of the opposite 

side are equal.  

Now draw the altitude from B to side AC,  and from C to AB and nd 

the ratios 
sin sin sinA C B

a c b
= =  again.  You should nd that these ratios 

are equal,  as before.  

   The sine rule  

For any ABC,  where a  is the length of the side opposite ,   
b is the length of the side opposite  B,  and c is the length of the 
side opposite C,

 sin sin sinA B C

a b c
= =  or 

a b c

sin sin sinA B C
= =

You can use the sine rule to solve triangles if you know the size of 

at least one angle and its opposite side,  and one other measurement 

(the length of a side or the size of an angle).

Example 10

Find the missing angles and sides in this triangle,  giving your answers 

to 3  sf.

B C12  cm

9.4 cm
c

A

98

Answer 

Using the sine rule

sin 98

12

sin

9.4


=

B

so 




 





9. 4 sin 98

1 2
sin

50. 9 (3 sf )

B

B

C  =  1 80    B ,  so  
C  = 31 .1305533. . .  
C  =  31 .1  (3  sf)

sin 98

12

sin 31 .13055. . .
=

c

c =
12 sin 31 .13055

sin 98

c =  6.26 cm (3 sf)

You need to nd the angles B  and C ,  
and the length c.

The sum of the angles in any triangle 
is 180.  

Use the sine rule once more to nd c.

This omula  is  given  

in  the Formula  booklet 

that you  use in  the 

examination.

Be sure you  are in  

degree mode.

To change to  degree 

mode press  and  

choose 5:  Settings & 

Status |2:  Settings  

| 1:  General

Use the  key to 

move to Angle and  

select Degree.  Press 

 and  then  select 

4:  Current

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

Don' t round  the intermediate 

steps, just the fnal  values 

or B ,  C  and  c.
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In Example 10,  the triangle with all measures labeled would look like this:

B C12

9.4
6.26

A

98

50.9 31 .1

Example 11

Find the missing angles and sides in this 

triangle,  rounding your answers to 2 decimal 

places.

B

C

40.5 cm

a

c

A

77

39

Answer

 =  1 80  77  39 =  64

sin 77

40.5

sin 64 
=

a
 ,  a =

40.5 sin 64

sin 77





so a  =  37.36 cm (2 dp)

sin 77

40.5

sin 39 
=

c

c =
40.5 sin 39

sin 77





so c =  26.16 cm (2 dp)

You need to nd angle ,  and the lengths a and c 

Use the sine rule to nd a and c.

Check: Shortest side (26. 16) is opposite the smallest 
angle (39).  Longest side (40.5) is opposite the largest 
angle (77).

Example 12

A ship is sailing due north.  The captain sees a lighthouse 10 km away on a bearing  

of 032.  Later,  the captain observes that the bearing of the lighthouse is 1 32.   

How far did the ship travel between these two observations?

Answer

A

L

B

N

132

10

d

32

Angle ABL =  1 80  1 32 =  48

Draw a diagram to model the situation.
A is the position from which the captain rst spots the 
lighthouse,  and B is his second position.  L is the position  
of the lighthouse.
You have to nd d,  the distance the ship travels from  
point A to point B.

Always check your nal answers to be 

sure the shortest side is opposite the 

smallest angle and the longest side is 

opposite the largest angle.

{  Continued  on  next page
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L =  1 80    B  =  1 00

sin100 sin 48

10

 

d
=

d =




10 sin 100

sin 48

d =  1 3.251 . . . .
The ship travels approximately 

1 3.25 km between points A  and B.

Use the sine rule to nd d.

Give your answer to a sensible  
degree of accuracy.

Exercise 11G

1 Solve each triangle ABC.  Give your answers correct to 3  

signicant gures.

 

a

b

c

C

B

A

a b = 24 cm,   =  47,  B = 83  b  c = 2.5 cm,  = 40,  C = 72
c a = 4.5  cm,  b  =  3.6 cm,   =  55 d  b =  60,  B = 15,  C = 125
e c =  5.8 cm,   =  27,  B = 43

EXAM-STYLE QUESTION

2 An isosceles triangle has base 20 cm,  and base angles of 68.2,  as 

shown.  Use the sine rule to nd the length of sides XY and XZ.

3 Julia sees a tree in a eld S40E from where she is standing.  She 

then walks 2 km due south and notices that the tree is now S75E 

from her new position.  How far is the tree from both her rst and 

second positions on the road?

4 Adam and Kevin are standing 35 metres apart,  on opposite sides 

of a agpole.  From Adams position,  the angle of elevation of 

the top of the agpole is 36.  From Kevins position,  the angle of 

elevation is 50.  How high is the agpole?

Ptolemy (c 90168 

CE), in  h is  13-volume 

work Almagest,  wrote 

sine values or angles 

rom 0  to 90.  He 

also included  a  

theorem simi lar to the 

sine ru le.

'Solve'  a  triangle 

means fnd  al l  

unknown  sides and  

angles.

Z Y

X

20

68.2
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Triangles are oten  used  in  architecture.   

Left:  The Hearst Tower in  New York City is  

made up o isosceles triangles.

Right:  A builder can   

strengthen a   

rectangular  

rame by making  

diagonal  corners to   

orm triangles.

A triangle is  rigid    

you  cannot change i ts  

shape.  Crossbars and  

struts give rigidity to a  

structure.

Investigation  ambiguous triangles 

Try to draw triangle ABC,  with    =  32, a  =  3  cm, and  c  =  5  cm.  You  should   

fnd  that there are actual ly two possible triangles that ft th is description:

A C

B

b

32

5
3

 

A C

B

b

32

5

3

The given  measurements do not describe a  unique triangle.   

1   Find  the size o the angle C in  each  o the triangles (cal l  them C
1
 

and  C
2
).  What is  the relationship between  these two angles?

2  Using these angles or C,  fnd  angle B  and  the length
 
AC or each  triangle.

This is  known  as the ambiguous case,  and  i t can  sometimes happen   

when  you  are given  two sides and  a  non-included  angle o a  triangle.

Example 13

In triangle ABC,   =  40,  a =  14 cm,  and c =  20 cm.  Solve this triangle,  

giving all possible cases.  Give your answers correct to 1  dp.

Answer

sin 40

14

sin

20


=

C  

sin
20 sin 40

14
C =



C  
1  
=  66.7 

C   
2
 = 180  66.7,  so  C  

2
 = 113.3

B  
1
 =  180  40  66.7 = 73.3

B 
2
 =  1 80  40  1 13.3 =  26.7

Use your GDC in 
degree mode.

Round to 1 dp.  
Supplementary angles 
have the same sine 
value.  The two possible 
values for C give two 
possible values for B.

{  Continued  on  next page
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1

sin40 sin 73.3

14 b

 
  

b
1

o

o
=
14 sin 73.3

sin140

b
1
 =  20.9 cm

sin 40

14

sin 26.7
o

2

=

b

b
2

o

o

14 sin 26.7

sin 40
=

b
2
 =  9.8 cm

And nally,  nd two 
values for b correct to 
1 dp.

The ambiguous case does not occur every time you solve a triangle.

  There can be an ambiguous case when you use the sine rule if:

 you are given two sides and a non-included acute angle

  the side opposite the given acute angle is the shorter of the 

two given sides.

Exercise 11H

1  Use the given information to nd the missing sides and angles in  

a triangle ABC.  Give all possible solutions with answers to 1  dp.   

All lengths are in cm.

a   = 30,  a  =  4,  and c =  7 b  B = 50,  b =  1 7,  and c =  21
c  = 20,  b =  6.8,  and c =  2.5 d   = 42,  a  =  33,  and c =  25
e   = 70,  a  =  25,  and b  =  28 f  =  70,  a  =  25,  and b  =  26
g   = 45,  a  =  22,  and b  =  14 h  B = 56,  b =  45,  and c =  50

2   Look at this diagram.

a Find BE,  CE and DE.
b Find the sizes of angles  EB,  BCE,  BCD,  BD C,  AB D and CB D.
c Explain how this diagram relates to the ambiguous  

case of the sine rule.

EXAM-STYLE QUESTION

3 A ship is sailing due west when the captain sees a lighthouse 

at a distance of 20 km on a bearing of 230.  

a  Draw a diagram to model this situation.

b How far must the ship sail before the lighthouse is 16 km away? 

c  How far must the ship sail beyond this point before the  

lighthouse is again at a distance of 16 km from the ship?

d What is the bearing of the lighthouse from the  

ship the second time the two are 16 km apart? 

[  I f you  draw these  

triang les th is  is  what 

you  see.

A C2

B2

20

9.8

14

40

113.3

26.7

Some of these do not 

involve the ambiguous 

case.

A

E

C

D

B

6 m
10 m

10

17 m

C
1

B
1

20

20.9

14

40
66.7

73.3

A
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11.5 The cosine rule

You cannot use the sine rule to solve triangles like these:

D

FE

6.56
3.63

8.28   Z

Y

X

13.2

8.9

a

80

Consider the triangle ABC,  with altitude h  from A  to side BC.

In triangle ACD,  Pythagoras  theorem gives

b2 =  h2 +  (a   x)2 =  h2 +  a2  2ax +  x2

In triangle ABD,

h2 +  x2 =  c2 

so h2 =  c2  x2 

Substitute for h2 in the rst equation to get

b2 =  c2  x2 +  a2  2ax +  x2 

=  c2 +  a2  2ax 

In triangle ABD,  cos =B
x

c
,  so x =  c cos B 

By substituting for x,  you get

b2 =  a2 +  c2  2ac cosB 

This equation is one form of the cosine rule.

   The cosine rule   

For ABC,  where a  is the length of the side opposite ,  b is 

the length of the side opposite B,  and c is the length of the 

side opposite C:

a2  =  b2  +  c2  2bc cos A  or

b2 =  a2  +  c2  2ac cos B or

c2  =  a2  +  b2   2ab  cos C

You  might a lso see 

2bc cos  A  written  as 

2bc cos A,  where the 

dot means multiply.  

The cosine ru le  is  in  

the Formula  booklet.

h
c b

x a  x CB D

A
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Example 14

Find a  and the missing angles in this triangle.

C

B

A

13.2  cm

8.9  cm

a

80

Answer

a2 =   1 3.22 +  8.92   2(13.2)(8.9) cos 80

a = + 1 3 . 2 8 . 9 2 1 3 . 2 8 .9 cos 80
2 2 ( ) ( ) 

a = 14.6 cm

sin 80
=

sin B

8.9



a

 

sin
8.9 sin 80

14.6
B =



so B =  36.9 (1dp)

C = 180  80  36.9 =  63.1 

Use the cosine rule.

Use the sine rule.

When you use the cosine rule to nd angles,  it is sometimes helpful 

to rearrange the formula like this:

  Cosine rule

 A =
+ b c a

bc

  



 =
+   



  



 

  =
+   



  



Example 15

Find angles A,  B and C.
A

CB

6.56 mm
3.63 mm

8.28 mm

B

CA b

c a

{  Continued  on  next page
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Answer

cos 
3.63 + 6.56 8.28

2 3.63 6.56

2 2 2

A =
( ) ( ) ( )

( ) ( )

 = cos1  
3.63 6.56 8.28

2 3.63 6.56

2 2 2( ) ( ) ( )
( ) ( )











+ 

 =  1 05 (3  sf)

cos 
3.63 8.28 6.56

2 3.63 8.28

2 2 2

B =
+ ( ) ( ) ( )
( ) ( )

B  = cos1  
     

   

2 2 2

3.63 8.28 6.56

2 3.63 8.28

  
 
 
 

so  B  =  49.9

C  = 180  105  49.9
= 25.1  (3  sf)

Use the cosine rule.

cos A
b c a

2bc

2 2 2

=
+

Cosine rule (You could 
use the sine rule here 
instead. )

Now look again at Example 5  from Section 1 1 .2.  This problem can 

be solved more quickly using the cosine rule.

Example 16

Two ships leave dock at the same time.  Ship A sails due north for 

30 km before dropping anchor.  Ship B sails on a bearing of 050 for 

65 km before dropping anchor.  Find the distance between the ships 

when they are stationary,  to the nearest kilometre.

Answer

B

P

A

30
65

50

AB 2 =   302 +652   2(30)(65)  cos50

AB =  30 + 65 2 30 65 cos502 2  ( ) ( ) 
= 51 .17

The ships are 51  kilometres apart (to  

the nearest km).

Draw a diagram.  

Use the cosine rule:
a 2 = b 2 + c 2  2bc cos 50

Pythagoras  theorem 

is  a  special  case of 

the cosine ru le.  See 

what happens to the 

equation  when  you  

use the cosine ru le 

with  an  angle of 90.
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Exercise 11I

1  Use the given information to nd all sides and angles in each 

triangle.  Give your answers to 1  dp.  All lengths are in metres.  

a  =  64,  b  =  43,  and c =  72 b  a  =  20,  b  =  33,  and c =  41

c a  =  3.6,  b  =  4.9,  and c =  2.4 d  B = 31 ,  a  =  1 0,  and c =  14

e C = 70,  a  =  75,  and b =  86 f a  =  45,  b  =  50,  and c =  58

2 A hiker leaves camp and walks 5  km on a bearing of 058.  He 

stops for a break,  then continues walking for another 8 km on 

a bearing of 1 03.  He stops again before heading straight back.  

How far must he walk to get back to camp?

EXAM-STYLE QUESTIONS

3 The diagonals of a parallelogram form an acute angle of 62.  

The lengths of the diagonals are 6 cm and 9 cm.   

Find the lengths of the sides of the parallelogram.

4 Town B is 15 km away from Town A,  in the direction N36W.  

Town C is N27E of town A,  and towns A and C are 20 km apart.   

Find the distance between towns B and C.

5 Ship A leaves port and sails due east for 28 km.  Ship B leaves from 

the same port and sails 49 km.  The ships are then 36 km apart.  On 

what bearing was ship B sailing?

6 The pyramid ABCDE has a square base with sides 1 5 cm.

Its other faces are congruent  isosceles triangles with equal sides 

of 24 cm.

Find these angles.

a A B D

b E D  C

c EC

. Area of a triangle

Look at triangle ABC with base b and height h.   

You can nd the area of the triangle using the formula:

area =  
1

2
 bh

In ADB,  sin A  =  



,  so h  =  c sin A

Substituting for h  in the area formula gives area =  
1

2
sinbc A .

Notice that in this formula you do not need to know the 

height of the triangle.

There are many  

real -l i fe appl ications of 

triangle trigonometry.

h
c a

b

CA D

B

C

D

B

E

A

24

15
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   The area of any triangle ABC is given by the formula:

area =  
1

2
sinbc A  or area =  

1

2
ac sinB  or area =  

1

2
ab sinC

Example 7

a  Find the area of triangle ABC.

8.4 cm

7.8 cm
82.7

B

A

C

b   The area of this triangle is 50 cm2.   

Find angle .

 

Answers

a  Area =  
1

2
8.4 7.8 sin 82.7( ) ( )    

   =  32.5 cm2  (3  sf)

b  












1

sf

1

2

50

1
(8 . 2 ) (1 3 . 7 )

2

1 00
= 0. 8901 . . .

(8 . 2 ) (1 3 . 7 )

= sin 0 . 8901

= 62 .9 (3 )

(8 . 2 ) (1 3 . 7 ) sin 50

sin =

Area = 
1

2
 ab sin C

8.2  cm

C

A

B

c

a

b

13.7 cm

i

Exercise 11J

1 Find the area of each triangle.  All lengths are in cm.

a  

6.8

8

9.4

56.5

 b 

9

10

115

 c  

13.4 25.1

32

d 

10.98

8.74

7.88

 e  

41

46

58

 f 

30

46

86

8.2 cm

D

E

F

13.7 cm

i

In  the frst century CE,  

Hero (or Heron)  o 

Alexandria  developed  

a  d i erent method  or 

fnding the area  o a  

triangle using only the 

lengths o the sides.
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2 The triangle shown has an area of 100 m2.   

Find the value of .

3 The triangle shown has an area  

of 324 cm2.   

Find the value of x.

EXAM-STYLE QUESTIONS

4 a   Find the largest angle in this triangle.

b Hence,  nd the area of the triangle.

5 The triangle shown has an area of 30 cm2.   

Find the value of x.  

6 The area of a triangle is 20 mm2.   

Two sides of the triangle are 8 mm and 1 1  mm.   

Find two possible lengths for the third side.

11.7 Radians,  arcs and sectors

Angles can be measured in radians  instead of degrees.  

Why use radians?
One complete turn is 360,  but the number 360 is a somewhat 

arbitrary measure.  Radians,  however,  are directly related to 

measurements within a circle.  In this section,  you will see how 

radians are connected to arc length  and sector area.

15 m

18 m
i

x

33.9 cm
57.4

The command  term  

hence  tel ls you  to 

use your answer from 

part a  to  help you  

answer part b.16.4 cm

10.2  cm

17.2  cm

2x +  3

4x +  5

30

The Babylonians 

bel ieved  that there 

were 360 days in  a  

year and  hence used  

360 to represent one 

revolution.

A central  angle 

subtended  by an  arc 

is  an  angle with  i ts  

vertex at the center 

of the circle  and  i ts  

sides passing through  

the endpoints of the 

arc.

One rad ian  is  defned  as the  size  

o the  centra l  ang le  subtended  

by an  arc  which  is  the  same length  

as the  rad ius o the  circle.

r

r r

O

B

A

i

 

  =  1  rad ian

Two  rad ians is  the  size  o the  centra l  

ang le  subtended  by an  arc  with  a  length  

equa l  to  twice  the  rad ius o the  circle.

r

2r

r

O
A

B

i

  =  2  rad ians
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 One complete turn around the circle is subtended by an arc equal in 

length to the circumference of the circle.

The circumference =  2r

Therefore,  the angle which subtends the circumference of the circle 

is 2  radians.

r

i  =  2r  radians

Any central angle in a circle is a fraction of 2,  so you can calculate the 

length of the arc the angle subtends as a fraction of the circumference.

 Arc length =  


 




 
 
 

 =  r

where r is the radius and   is the central  

angle measured in radians.

Similarly,  the formula for the area of a circle is:  area =  r2  

The area of a sector with a central angle   will be a fraction of the 

area of the circle.

 Area of sector =   




 





 


 
 

 
where r is the radius of the circle and   is the central angle,  in 

radians.

Example 18

a   Find the length of the arc which subtends  

a central angle of 2.6 radians (see diagram)  

in a circle of radius 7 cm.

b  Find the area of the sector.

Answers

a  Arc length =  7(2.6) =  1 8.2 cm

b  Sector area = 

2.6 7

2

2( )
 =  63.7 cm2

Arc length = r  

Sector area 
2

r

2


=

Arc length =  circumference =  2r

r

r

O

i

7 cm

i  =  2 .6 radians
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The abbreviation for radians is rad.  In the example above,   

2.6 radians could be written as 2.6 rad.  If you see an angle with  

no units,  such as sin 2.6,  you can assume that the angle is 2.6 

radians.   

Example 9

A circle has radius 2.5 mm.  Find the size of the central angle 

subtended by an arc of length 9 mm.

Answer

9 = 2.5
9

2. 5

3 . 6 rad

 



Arc length = r

Example 0

In this circle,  arc AB =  7.86 cm and the area of sector 

AOB =  23.58 cm2.  Find the central angle   and the radius r.

rO

A

B
i

Answer

23.58 = 
2

2

r
,  so 47.16 = r2

7.86 = r,  so 
7.86

=
r



47.16 = 
7.86

r

 (r2) = 7.86r,  so

r =

= 6 cm

47 16

7 86

.

.

7.86

6
= ,  so   =  1 .31  rad

Sector area =
 r

2

2

Arc length = r

Substitute for   in the previous 

equation.

Use the result 
7. 86

r
=

Exercise 11K

1  Find the length of the arc which subtends a central angle  

of 1 .7 radians in a circle with radius 5.6 cm.

2 Find the length of the arc which subtends an angle  

of 3.25 radians at the center of a circle with diameter 24 cm.

Another way of writing 

angles in  radians 

is   2.6c where the c  

stands for circular 

measure.

Some farmers plant 

their crops in  circu lar 

patterns.  What other 

real -l i fe appl ications 

are there for circles, 

arcs and  sectors?
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3 An angle   is subtended by an arc of length 12.5  mm at the center 

of a circle.  Find the value of   if the circle has radius 2.5  mm.

4 An arc AB subtends an angle of 2.4 radians at the center O  

of a circle with radius 50 cm.  Find the area and perimeter  

of sector AOB.

5 An arc WX subtends an angle of 5.1  radians at the center P of a 

circle with radius 3 cm.  Find the area and perimeter of sector WPX.

EXAM-STYLE QUESTION

6 In the circle with center P the arc QR  subtends an angle of    

at the center.  If the length of arc QR  is 27.2 cm and the area of 

sector PQR  is 217.6 cm2,  nd   and the radius of the circle.

7 Circle O has radius 4 cm,  and circle P has radius 6 cm.   

The centers of the circles are 8 cm apart.  If the circles  

intersect at A  and B,  nd the blue shaded area in  

the diagram.

Degrees and radians

You have already seen that one full rotation around a circle gives a 

central angle of 2,  and you know that one full rotation is also equal 

to 360.  You can use this fact to convert between radians and degrees.

360 =  2,  so 1 80 =  .  

and 
1 80

1 80

=

=

1 radian

1 radians








 To convert degrees to radians multiply by 
 



 To convert radians to degrees multiply by 
 



Example 21

a  Convert these angles to radians:  30,  45,  60  

Give exact answers.

b  Convert these angles to degrees:  
2

5


 rad,  

9


 rad 

Give exact answers.

P

A

B

aO b

Any angle which  

is  a  multiple of   

is  assumed  to be 

measured  in  radians 

so you  dont need to 

write  rad .

Exact radian  values 

are written  as 

multiples of .

{  Continued  on  next page
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Answers

a 30 = 
3 0

1 80 1 80 6
30 = =

   
 
 

45 = 
45

1 80 1 80 4
45 = =

   
 
 

60 = 
60

1 80 1 80 3
60 = =

   
 
 

b 
2

5


 =  

2 1 80

5





 
 
 

 =  72

  
9


= 

1 80

9





 
 
 

= 20

180
Multiply by



180
Multiply by



Example 

a  Convert these angles to radians:  43,  70,  1 36  

Give values to 3  signicant gures.

b  Convert these angles to degrees:  1  rad,  2.3  rad  

Give values to one decimal place.

Answers

a   43 =  
43

1 80 1 80
43 =

  
 
 

 = 0.750 rad (3  sf)

   70 =  
70

1 80 1 80
70 =

  
 
 

 =  1 .22 rad (3  sf)

     1 36 =  
1 36

1 80 1 80
1 36 =

  
 
 

 =  2.37 rad (3  sf)

b 1  rad =  
1 80

1


 
 
 

 =  57.3 (1  dp)

2.3  rad =  
1 80

2. 3


 
 
 

 =  1 31 .8 (1  dp)

Exercise 11L

1 Convert these angles to radians.  

Give exact values.

a 75 b  240 c  80 d  330

2 Convert these angles to radians.  

Give answers to 3  signicant gures.

a 56 b  1 07 c  324 d  230

3 Convert these angles to degrees.  

Give exact values.

a 





 b  



  c  



  d  
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4 Convert these angles to degrees.  

Give answers to 3  signicant gures.

a 1 .5 rad b  0.36 rad c  2.38 rad d  3.59 rad

In Section 1 1 .1 ,  you looked at some special  angles in right-angled 

triangles:  30,  45,  60 and 90.  These angles,  and their multiples,  

are often used in trigonometry and they can also be expressed in 

radians.  It is helpful to remember these angles,  so you do not have to 

do the conversion every time.  The table shows some special angles 

in degrees and their equivalents in radians as multiples of .

Angle in 

degrees
30 45 60 90 120 135 150 180 210 225

Angle in 

radians



6



4



3



2

2

3

3

4

5

6


7

6

5

4

Angles which are multiples of 30,  45,  60 and 90 are usually 

written in exact radian form using .

When you solve trigonometry problems you must be careful to note 

whether the angles are given in degrees or radians.

To nd sine,  cosine and tangent values for angles measured in 

radians,  set your GDC to radian mode.

Example 23

The diagram shows a circle with  

center O and radius 5   cm.  

Find the area of the shaded region,   

to 3  signicant gures.

Answer

Area of sector OCD =  
1 .46 5

2

2( ) ( )
 

=  1 8.25 cm2

Area of OCD 

=  
1

2
5 5 sin 1 .46( ) ( ) ( )  

  1 2.42335. . .

Shaded area

= 18.25  
1

2
5 5 sin 1 .46( ) ( ) ( )

 5.83  cm2 (3  sf)

Area of the shaded region = area of 

sector OCD  area of OCD

Area = ab sinC
1

2

To change to radian 

mode  press  and  

choose 5:Settings & 

Status |  2:Settings |  

1:General

Use the  key to 

move to Angle and  

select Radian.  

Press  and  then  

select 4:Current 

to return  to the 

document

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

5 cm

O

C

D

1 .46 rad
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Exercise 11M

1 Find the exact value of each trigonometric ratio.

a  sin 



 b  cos 







 c  tan  



 d  sin  





2 Find the value of each trigonometric ratio,  to 3  signicant 

gures.

a  cos 0.47 b  sin 1 .25 c  tan 2.3  d  cos 0.84

EXAM-STYLE QUESTIONS

3 The diagram shows the circle,  center A,  radius 4.5 cm,  and  

BC = 1 .3  radians.

4.5A

C

B

1.3 rad

4 The diagram shows the circle,  center O,  with  

radius 3  m, AB =  1 1  and AB =  0.94 radians.   

Find the shaded area.

5 The diagram shows the circle,  center O,  with radius  

6 cm,  QR  =  1 1 .2 cm and PQ =  1 .25 radians.

6 cm

1.25

11 .2  cm

P

R

O
M

Q

i

Review exercise

1  In triangle ABC,   =  B =  45.  The length of AC is 7 cm.   

Find the length of AB.

2 In triangle XYZ,  XY =  8  cm,  XZ =  1 6 cm,  and XY  Z =  90.  

a Find X Z  Y.  b Find YZ.

a Find the area of ABC.

b Find the length BC.

c Find the area of the shaded region.

3 m
11  m

O

A

B

0.94

a Find the area of POQ.

b Find the area of QOR.

c Find   (PR).

d Find the length of arc PMR.
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EXAM-STYLE QUESTIONS

3 A straight line passes through the origin (0,  0) and through the 

point with coordinates (5,  2).  The line forms an acute angle of   

with the x-axis.   

Find the value of tan .

4  The diagram shows triangle XYZ,  with XZ =  4 cm,  XY =  1 0 cm,  

and X = 30

Find the area of triangle XYZ.

5  The diagram shows a circle,  center O and radius 10 cm.

AC =  2.5 radians.  

a Find the length of arc ABC.

 b Find the area of the shaded sector.

Review exercise
1 An observer standing 100  m from the base of a building  

sees the top of the building at an angle of elevation of 36.   

How tall is the building?

2 The diagram shows part of a unit circle (radius 1  unit)  

with center O.

a Angle AOB =  32.  Write down the coordinates of B.

b Point C has coordinates (0.294,  0.956).   

Find angle AOC.

c Angle COD =  54.  Find the coordinates of D.

EXAM-STYLE QUESTIONS

3 The diagram shows triangle XYZ,  with  X

 = 42.4,   

Z  = 82.9 and XY =  1 3.2 cm.

a Find  Y.

b  Find  XZ.

4 The diagram shows triangle PQR,  with  Q =  1 18,  PQ =  9.5 m  

and QR  =  1 1 .5  m.

a  Find PR.

b  Find P .

4 cm

Y

Z

X 10 cm

30

10 cm

2.5

O

B

C

A

01 1

A

B

C
D

E

y

x

Z

Y
13.2  cm

X

82.9

42.4

Q

R

11 .5 m

9.5 m

P

118
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5  This diagram shows the triangle ABC,  which has an area of 10 cm2.

a Find ACB,  given that it is an obtuse angle.  

b  Find AB.

6  Two ships sail from the same port P at the same time.   

Ship A  sails on a bearing of 050 for a distance of 24 km before 

droping anchor.  

Ship B sails on a bearing of 170 for a distance of 38 km before 

droping anchor.  

Find the distance between the two ships when they are 

stationary.

7  The diagram shows quadrilateral ABCD,  with AB =  7 cm,   

BC =  9 cm,  CD =  8 cm,  and AD =  1 5 cm.  Angle ACD =  82,  

angle CAD =  x,  and angle ABC =  y

a  Find the value of  x.  b  Find AC.

c  Find the value of  y.  d  Find the area of triangle ABC.

8 The diagram shows a circle with center A  and radius 12 cm.  

Angle DAC =  0.93  radians,  and angle BCA  =  1 .75 radians.

a  Find BC.

b Find DB.

c Find the length of arc DEC.

d Find the perimeter of the region BDEC.

C

B

5.83 cm

4A

A

24 km

38 km

B

P

N

170

50

A

7 cm

B

C

D

82

y

x

8 cm

9 cm

15 cm

12  cm

0.93
1 .75

A

D

B

E

C
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CHAPTER 11 SUMMARY

Right-angled triangle trigonometry

For any right-angled triangle with an angle :

 sine   =  
opposite

hypotenuse
=
O

H
;  cosine   =  

adjacent

hypotenuse
=

A

H
;

tangent   =  
opposite

adjacent
=
O

A

 











 The trigonometric ratios of special angles  are:

angle 

measure
sine cosine tangent

0
1

2

3

2

1 3
=

33

45
1 2

=

22

1 2
=

22

1

1

= 1

60
3

2

1

2

3
=

1

3

Applications of right-angled triangle  

trigonometry

 The angle of elevation  is the angle up  from horizontal.   

The angle of depression  is the angle down  from horizontal.

 The four cardinal compass points  are north (N),  south (S),   

east (E),  and west (W).

Three-gure bearings  give directions as clockwise from  

north.

Using the coordinate axes in trigonometry

 For supplementary angles   and ,  sin   =  sin ,  and cos   =  cos 
 For any angle ,  sin   =  sin (180 ),  and cos   =   cos (180 )
 For any angle ,  sin   =  sin (180 ),  and cos   =  cos (180 )
 These three properties are true for any angle :
 1  sin2   +  cos2   =  1 .

 2  tan =
sin

cos






 3   For any line y =  mx which forms an angle of   with  

the x-axis,  the value of m  (the gradient  of the line) is tan .

i

A

OH

1

2 3

60

30

11

2

45 45

angle of elevation

angle of depression

horizontal

i

y =  mx

x

40

O40  =  N40E

N

Continued  on  next page
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The sine rule

   For any ABC,  a  is the length of the  

side opposite ,  b is the length of the  

side opposite  B,  and c is the length of the  

side opposite  C,

 sin sin sinA B C

a b c
= =  or 

a b c

sin sin sinA B C
= =

  There can be an ambiguous case when you use  

the sine rule if:

 you are given two sides and a non-included  

acute angle

 the side opposite the given acute angle is the  

shorter of the two given sides.  

The cosine rule

 The cosine rule states that:

 a2 =  b2 +  c2  2bc cos A or

 b2 =  a2 +  c2  2ac cos B or

 c2 =  a2 +  b2  2ab cos C

  cos A
b c a

bc
=

+ 
2 2 2

2

cos B
a c b

ac
=

+ 
2 2 2

2

cos C
a b c

ab
=

+ 
2 2 2

2
 

Area of a triangle

 The area of any triangle ABC is given by the formula:

 area =  
1

2
bc sin A  or area =  

1

2
ac sin B  or area =  

1

2
ab sinC

Radians,  arcs and sectors

For a sector with central angle   radians in a circle of radius r :

 Arc length of sector =  r

 Area of sector =  






 To convert degrees to radians,  multiply by 




 To convert radians to degrees,  multiply by 
 



B

CA b

c a

A C

B

c

b

a

A C

B

b

32

5
3

A C

B

b

32

5

3
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402 Theory of knowledge:  Units of measurement

Units of measurement
Mathematics is often considered a universal language.   

However,  this language actually has many forms.  

Theory of knowledge

Angles can be measured in different units:  degrees or 

radians.  Why do we need more than one unit of 

measurement? 

Actually,  we dont need different units of measurement.  But 

different forms of measurement have developed in different 

parts of the world and at different times.  

The idea of 360 in a full circle is thought to date back 

thousands of years to the ancient Babylonians,  who used a 

sexagesimal (base-60) number system.  It may also be related 

to the fact that the orbit of the Earth about the Sun is close 

to 360 days.  

There are other 

number systems as 

wel l  as the decimal  

(base-10)  system 

which  we use.  

Another important 

system is  binary, 

which  is  base 2.

  Where is  the 

binary system 

commonly used?

  What do we 

measure in  

base 60?

The Plimpton 322 tablet dates from Old Babylonian 

times,  around 1800 BCE.  Scholars have translated the 

cuneiform script into modern digits,  and discovered that 

all the numbers are written in base 60.

The numbers are 

arranged in columns 

and show Pythagorean 

triples  the 

Babylonians were using 

these more than 1000 

years before the time of 

Pythagoras.

  What is a 

Pythagorean triple?

  Why is this tablet 

called Plimpton 322?



T
h
e
o
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n
o
w
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d
g
e
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The radian unit of measurement seems to be a much 

more sensible unit for angles,  as radians are closely 

related to the measurements in a circle.  Although this 

type of angle measurement had been used previously by 

mathematicians,  the term radian  wasnt much used until 

the 1 870s.  Today,  radian measurement is commonly used 

in geometry,  trigonometry and calculus.

  How are radians related to the measurements in a 

circle?

  Who measures angles in gradians?

[ The term radian  

was used  in  

papers written   

by James Thomson  

in  the early 1870s 

in  Belfast.

Angles are not the only area  in  which  d ifferent units of 

measurement are common.   

A look at the units of currency, d istance and  mass wi l l  show 

that the universal  language of mathematics  may not be as 

universal  as we might l ike to th ink.

  Do you  th ink i t is  possible for any language 

to be tru ly  universal ?

  What sort of mathematical  information  has 

been  sent into deep space, to perhaps 

communicate with  other intel l igent l i fe-

forms?

Would  you 

rather be a  

millionaire 

in  the US,  

UK or 

China?

These road  signs in  the USA and  France both  tel l  a   

driver that the speed  l imit is  30, but give no units.  

  Which  speed  is  actual ly faster?
30

  Which  elephant is  heaviest?

6000 kg 7 tons (US) 11 000 pounds

SPEED

LIMIT

30



Vectors

CHAPTER OBJECTIVES:

4.1  Vectors as d isplacements in  the plane and  in  three dimensions;  components 

of a  vector;  column  representation  the sum  and  d ifference of two vectors;  the 

zero vector, the vector v;  multipl ication  by a  scalar;  magnitude of a  vector;  unit 

vectors;  base vectors i ,  j  and  k;  position  vectors.

4.2  The scalar product of two vectors;  perpendicular vectors;  paral lel  vectors.  Angle 

between  vectors.

4.3  Vector equation  of a  l ine in  two and  three dimensions.  The angle between  two 

l ines.

4.4  Coincident and  paral lel  l ines.  Point of intersection  of two l ines.  Determining 

whether two l ines intersect.

12

You should  know how to:

1 Use coordinates in three dimensions.

 e.g.  OABCDEFG is a cube with sides 2 

units.  A  lies on the x-axis,  C lies on the 

y-axis and D lies on the z-axis.  Write 

down the coordinates of A,  B and F.

  A  has coordinates (2,  0,  0).

  B has coordinates (2,  2,  0).

  F has coordinates (2,  2,  2).  

2 Use Pythagoras  theorem.

 e.g.  Find the length of the hypotenuse,  x,  

of a triangle with other sides 4 cm,  7 cm.

 x2 =  7 2 +  4 2 =  65

 x =  65  = 8.06 cm

A

O

D

G

C F

E B

Skills check

1 The cuboid,  OABCDEFG is such that OA  

has length 3  units,  OC 4 units and OD  

2  units.  A  lies on the x-axis,  C on the 

y-axis and D on the z-axis.

  Give the coordinates of 

a A  b  B

c E d  F

e  H,  the midpoint of 

GF.

2 Find the length of the hypotenuse,  x.

  

3
x

6

A

O

D

G

C

2

3

4
F

E
B

Before you start

Vectors404



3  Use the cosine rule.

 e.g.  In triangle PQR,  PQ =  6 cm,   

QR  =  1 1  cm and Q  =  95.

 Calculate the length of PR.

 PR2 =  PQ2 +  QR2  2PQ   QR    cos 95

 =  6 2 +  1 1 2  2   6   1 1    cos 95

 =  145.49.  .  .

 PR  =  1 2.1  cm (3  sf)

3 a  In triangle ABC,  AB =  9 cm,   

 BC =  1 5 cm and angle ABC =  1 10.

  Calculate the length of AC.

   correct to the nearest cm.

 b  In triangle ABC,  AB =  8.6 cm,   

BC =  3.1 cm and AC =  9.7cm.

  Diagram NOT  

accurately drawn 3.1  cm
8.6 cm

A

C

B

9.7 cm

   Calculate angle ABC to the nearest 

degree.
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Some quantities can be described by a single number  they only 

require one piece of information.  For example,  normal body 

temperature is 37 C,  the length of the Amazon river is 6400 km,  the 

density of water is 1 000 kg m3.  These quantities are determined by 

magnitude (size) alone and are called scalars.

However,  some quantities require not only magnitude but also 

direction to completely dene them.  Such quantities are called 

vectors.  If you wish to y yourself from London to Paris and I tell 

you that the distance is 340 km,  this piece of information is useless 

until I tell you what direction you need to travel in!

Vectors are used extensively in a branch of Physics called Mechanics.  

They are used to represent quantities such as displacement,  force,  

weight,  velocity and momentum.  In Mathematics we are primarily 

interested in vectors as representations of displacements and 

velocities.  The nal exercise of this chapter has a number of 

questions where you will be able to see these applications in both 

two-dimensional and three-dimensional problems.  This chapter deals 

with the basic concepts,  vocabulary and notation of vectors and 

then leads on to the basic operations and geometry of vectors.

You  may wish  to 

explore the role  of 

vectors in  Mechanics.
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12.1  Vectors:  basic concepts

If you travel 4 kilometres north and 3 kilometres east,  how far 

have you traveled?

A simple question perhaps  but a question with two sensible 

answers:

  One answer to this question is to say that you have traveled  

7 kilometres.  This is the total distance  that you have moved 

through (4 +  3  =  7 kilometres).

  A second answer to this question is to say that you have traveled 

5  kilometres.  This value has been found using Pythagoras  

theorem ( 4 3
2 2
+  =  5  kilometres).  This value is called the 

displacement.  It measures the difference between your initial 

position and your nal position.

Vectors and scalars

  A vector  is a quantity that has size (magnitude) and 

direction.  Examples of vectors are displacement and velocity.  

   A scalar  is a quantity that has size but no  direction.  Examples 

of scalars are distance and speed.

As can be seen above,  distance and displacement  

have different meanings.  This is also true of  

velocity and speed.  Speed refers to how fast  

something is traveling whereas velocity refers to  

the rate at which something changes its position.

For instance,  if we think of a car that is traveling  

at 90 kilometres per hour then this is the  

cars speed.

If that car was traveling around a track where the  

starting line and the nish line were in the same  

place,  then its velocity when it returns to the  

starting line would be zero.

If the same car was traveling down a straight road in a westerly 

direction,  after one hour we would say that its velocity is 90 

kilometres per hour west.

3  km

4  km

Fin ish

S ta rt

3  km

4  km 5  km

Fin ish

S ta rt
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Representation of vectors

Vectors are represented using directed line segments where the length 

of the line represents the size of the vector quantity and the direction 

on the line (indicted by an arrow) shows the direction of the vector.

Consider the points A(2,  3) and B(5,  7) on the Cartesian plane:

y

x
4

0
6

2

4

A

B
8

6

2

To describe the movement from A  to B we could say move 3  units 

in the positive x direction and 4 units in the positive y direction.  The 

3  is the called the horizontal (or x)  component,  the 4 is the vertical 

(or y) component.  The direction of this movement and the length of 

the movement are both important.  We can therefore use a vector to 

describe this.

This vector can be represented in a variety of ways:

In the diagram the line AB represents the vector AB  where the 

arrow over the letters indicates the direction of the movement (from 

A  to B).  The components of the vector are here represented using 

column vector form.

AB  =  
 
 
 

3

4

Vectors can also be represented using a lower case bold  letter.   

For example we could use a to represent the vector AB .  

a =  AB  =  
 
 
 

3

4

3
A

B

a
4

In  a  column   

vector 
x

y









,  the 

x represents a  

movement in  the 

positive x  d i rection  

and  the y a  movement 

in  the positive y 

d i rection.

Bold  letters are 

d ifcult to write  by 

hand  so instead  when  

writing you  should  

underl ine the letter 

to show that i t is  a  

vector.

So a  is  written  by 

hand as a .
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Finally the vector can be represented in unit vector form.  We can 

write 
 
 
 

3

4
 as 3i  +  4j  where i and j  are vectors of length 1  unit in the 

directions of x and y respectively.  i and j  are called base vectors.

The vector 3i  +  4j  therefore means a movement of 3  units in the 

positive x direction and 4 in the positive y direction.  

As well as objects that move along a at surface in two dimensions,  

also think about objects that move around in three-dimensional 

space.  We can represent a vector in three dimensions in a similar 

way as above but we introduce the letter k for the vector of length 

one unit in the z-direction.

So now we have three components.

3

2

1

 
 
 

 
   

=  3i    2j  + k would therefore represent a movement of 3  units 

in the positive x-direction,  2 units in the negative y-direction and 1  

unit in the positive z-direction.

  The unit vector in the direction of the x-axis is i.   

In two dimensions i =










1

0
 and in three dimensions i =

















1

0

0

   The unit vector in the direction of the y-axis is j.  In two 

dimensions j =










0

1
 and in three dimensions j =

















0

1

0

   In three dimensions the unit vector in the direction of the 

z-axis is 

k =  

0

0

1

















The vectors i,  j,  k are called base vectors.

Example 1

a  Write  a =  
6

7








  in unit vector form.

b  Write i +  5k in column vector form.

Answers

a  a =  6i    7j

b  b = 

1
0

5

















Here the coefcient of the j 

component is zero.

j

i

k j

i
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The magnitude of a  vector

The magnitude  of AB  is the length of the vector  

and is denoted by | AB | .

Magnitude is found by using Pythagoras  theorem.

If AB  =  
3

4









  then | AB |  =  3 4 25 52 2+ = =

  If AB  =  
a

b

 
 
 

 =  ai + bj  then | AB | =  a b
2 2+ .

In three dimensions this becomes

  If AB  =  

a

b

c

 
 
 
 
 

 =  ai + bj  +  c k then | AB |  =  a b c
2 2 2+ +

Example 

Find the magnitude of these vectors

a  OP =  
5
12





  b  

3

2

   1


















Answers

a | OP| =  ( ) +5 122 2
 = 169  =  1 3

b 

3

2

1

3 2 1 142 2 2
















= + ( ) + =  =  3.74 (3  sf)

Exercise 12A

1 Write  these  in unit vector form.

a x =










2

3
 b  y = 









0

7
 c  z =



















1

1

1

2 Write these in column vector form.

a AB  =  2i  +  3j  b  CD  =  i + 6j    k c  EF  =  k

Other names for 

magnitude are 

modulus, length, norm  

and  size.

3
A

B

a
4

When  physicists deal  

with  problems of 

 uniform acceleration  

and   free fal l  under 

gravity  they need  

to consider the 

magnitude and  

d irection  of the 

acceleration  vector.  

You  may wish  to 

explore th is  concept 

further.
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3 Write the vectors a,  b,  c,  d and e  in the diagram in both unit 

vector form and column vector form.

 

b

a

c

d
e

4 Find the magnitude of each vector.

a 
3

4

 
 
 

 b  
1

3








  c  2i + 5j  d  

2 . 8

4. 5

 
 
 

 e  2i    5j

5 Find the magnitude of each vector.  

 a  

3

2

5

 
 
 
 
 

 b  

4

1

3

 
 
 

  

 c  2i  +  2j  +  k d  

3

2

6

 
 
 
 
 

 e j    k  

Equal,  negative and parallel vectors

  Two vectors are equal  if they have the same direction and the 

same magnitude;  their i,  j,  k components are equal too,  and so 

their column vectors are equal.

Consider the following:   

Vectors AB  and PQ  are pointing in the same  

direction (are parallel) and have the same  

magnitude.  Therefore AB  =  PQ .

The two vectors AB  and MN  have the same  

magnitude but different directions.   

So AB    MN .  

Here AB  =  
2

5









  and MN  =  














2

5
 and so AB  =  MN .   

MN  is called the negative vector.

  You can write AB  as  BA .

A

B

P

Q

I t does not matter 

where in  the Cartesian  

plane these vectors 

are  they are sti l l  

equal .

I f two vectors are 

equal  in  length  then  

their components wi l l  

be the same.

Here AB  =  PQ  =  
2

5









A

B

N

M

The direction  of a  

vector is  important, 

not just i ts  length.
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Vectors AB ,  CD  and EF  are all parallel  but  

have different magnitudes.

Here AB  =  
1

2
 CD  and AB  =  2EF .

Here AB  =  
1

2
 CD   and AB  =  2EF .

  Two vectors are parallel  if one is a scalar multiple of the other.

So,  AB  and RS  are parallel if AB  =  k RS  where  k is a scalar 

quantity.  This can also be written as a =  kb.

Vectors AB  and GH  both have a magnitude  

of 29 but different directions.  So AB    GH

Example 3

The diagram shows several vectors.

a

b

c

d
e

Write each of the other vectors in terms of the vector a.

Answer

From the diagram we can see the 

following:

a =  


3

5









 ,  b  =  

1 .5

2.5









 ,  c  =  

6

10









 ,  

d  =  
3

5









 ,  e  =  



6

10









 ,

A

B

C

D

E

F

AB  = 
2

5







  =  2 i  +  5 j  

CD  = 
4

10







  =  4i  +  10j  

EF  = 
1

2.5







  =  1i  +  2.5 j  

A

B

G

H

AB  = 
2

5







  =  2 i  +  5 j  

GH  = 
5

2







  =  5i  +  2 j

We cannot multiply AB  

by a  scalar to get GH .

{  Continued  on  next page
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therefore 

b  =   
2
a

c  =  2a

d =  a

e  =  2a

b  is parallel to a,  in the opposite 

direction with half the magnitude

c is in the opposite direction to a,  with 

twice the magnitude

d is in the opposite direction to a,  

with the same magnitude

e is in the same direction as a,  with 

twice the magnitude

Example 4

For what values of t and s are these two vectors parallel?

m  =  3i  +  t j   6k and n  =  9i   1 2j  +  s k

Answer

For parallel vectors m  =  kn

3i  +  t j   6k =  k (9i   1 2j  +  sk)

3i  +  t j   6k =  9ki   1 2k j  +  skk

3 =  9k

k =  
1

3

So  t =  12   
1

3
 =  4

6 =  s   
1

3
   s =  18

Multiply out and equate coefcients.

From i components

From j components

From k components

Exercise 12B

1 The diagram shows several vectors.

 

a

b

e

d

c

f

a Write each of the vectors c,  d,  e  and f in terms of  

the vector a or b.

b How are a and b  related?

2 Which of these vectors are parallel to i  +  7j?

a = 
0 1

0 7

.

.









  b =  














1

7
 c =  














0 05

0 03

.

.

d =  










10

70
 e = 60i + 420 j  f =  6i  42j  

g = i  +  7j
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3 For what value of t are these two vectors parallel?

a r =  4i  +  t j  and s  =  14i  12j

b a =  
t












8
 and b  =  

7

10










4 For what values of t and s are these two vectors parallel?

v = t i   5j  +  8k and w  =  5i  +  j  + s k

5 In the cube OABCDEFG the length  

of each edge is one unit.  

 Express these vectors in terms of i,  j  and k.

a OG

b BD

c AD

d OM  where M is the midpoint of GF.

6 Repeat question 5  given that OABCDEFG is a cuboid where  

OA  =  5  units,  OC =  4 units and OD =  3  units.

Position vectors

Position vectors are vectors giving the position  

of a point,  relative to a xed origin,  O.

The point P with coordinates (5,  1 2) has  

position vector OP  =  










5

12
 =  5i  +  1 2j.

  The point P with coordinates (x,  y) has position vector 

OP  =  
x

y









  =  x i  +  y j.

Resultant vectors

Consider the points A(2,  3) and B(6,  6).  

The diagram shows the position vectors of A  and B.   

We can see that the vector AB  =  
4

3











We can also see that to move from A  to B we  

could describe this movement as either going  

directly from A  to B or rst going from A  to O  

and then from O to B.

A

O

D

G

C F

E

B

P(5, 12)

y

x
6 4 0

5

10

15

2

Remember that AB

should  be written  as 

a  vector, not  as a  

coordinate pair. 
O

A

2

2

4

6

8

4 6

B

8
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Thus we could write AB  =  AO  +  OB.

The vector AB  is called the resultant of the vectors AO  and OB.

Recall that AO  =   OA,

and hence 

AB  =   OA  +  OB

= OB   OA

  To nd the resultant vector  AB  between two points A  and B  

we can subtract the position vector of A  from the position  

vector of B.

Example 5

Points A  and B have coordinates (3,  2,  0) and (4,  7,  5).

Find the vector AB .

Answer

O

A(3, 2, 0)

B(4, 7, 5)

First we write down the position vectors OA  and OB.

 OA  =  

3
2

0

















 OB  =  

4
7

5

















 AB  =  OB   OA  =  





=

4

7

5

3

2

0

1

5

5

















































Similarly if we know a vector PQ  and the  

vector PR  then each of the points Q and R   

are given relative to point P.  

Now

QR  =  QP  +  PR

= PR   PQ

R

Q

P
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Example 

Given that XY  =  

2

1

3
















 and XZ  =  

0

10

1




















Find the vectors a  YZ   b  ZY

Answers

a  YZ  =  XZ    XY  =  

0

10

1

2

1

3

2

11

2







=



















































b  ZY  =  


 =


2

11

2

2

11

2

































Exercise 12C

1 P has coordinates (7,  4),  Q has coordinates (2,  3).   

Find the vectors PQ and QP.

2 Point A  has position vector 
5

1

 
 
 

,  B has position vector 
1

3








  

and C has position vector 










2

4
.  Write these as column vectors:

a  AB  b  BA  c  AC  d  CB

3 Write these vectors in ai  +  bj  +  c k form.

a OP  where P is (2,  3,  5)

b the vector joining (1 ,  5,  6) to the origin

c the vector from (2,  3,  5) to (1 ,  2,  1 )

d the vector from (1 ,  2,  1 ) to (2,  3,  5)

4 LN

1

2

0

















 and NM

4

2

3



















.  Find LM .

5 Given that TS  =  3i  +  4j    k and TU= i    4j  +  2k,  nd US.

6 AB  =  

1

2

y


















,  BC  =  

2

3

x

z

 
 
 

 
 

 and AC  =  

1

4

x y

 
 
 
  

.   

 Find the values of the constants x,  y and z.
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The following example demonstrates how to show that three points  

are collinear.

Example 7 

Show that the points A,  B and C with position vectors i   2j  +  3k,   

2i +  3j    k and 4i   7j  +  7k respectively are collinear.

Answer

AB  =   OB   OA  (21 )i   

+  (3    (2))j  +  (13)k

= 3i  +  5j  4k

AC  =  OC   OA   

= (41 )i  +  (7   (2))j  +  (73)k

= 3i    5j  +  4k

AB  =  AC  

Hence AB  and AC  are parallel 

and,  since they contain a 

common point A,  points A,  B 

and C must lie on the same line.

Start by nding the vector joining 

any two of the points,  for example,  

AB .

Now repeat using any two other 

points,  for example  AC .

Note that we could have found  

BC  = 6i   10j + 8k which is a 

scalar multiple of both AB  and  

AC,  showing that AB and AC are 

both parallel to BC.

Exercise 12D

1 Show that the points A,  B and C with position vectors i   2j  +  3k,   

2i +  3j    k and 4i   7j  +  7k respectively are collinear.

EXAM-STYLE QUESTION

2 The points A,  B and C have coordinates (2,  3,  3),  (5,  1 ,  5) and  

(8,  1 ,  1 3) respectively.  

a Find AB .

b Show that A,  B and C are collinear.

3 Show that the points P
1
(1 ,  2,  4),  P

2
(2,  1 ,  4) and P

3
(5,  0,  4) are  

collinear.

  Given that P
4
 is also collinear with P

1  
,  P

2
 and P

3 
and the  

x-coordinate of P 
4
 is 2,  nd the y and z-coordinates.

4 The position vectors of A,  B and C are given by 3i  +  4j,  xi,  i    2j   

respectively.  Find the value of x so that A,  B and C are collinear  

and nd the ratio AB :  BC.

Col l inear points al l  l ie  

in  a  straight l ine.
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Distance between two points in  space

  If A  =  (x
1
,  y

1
,  z

1
)  then a =  OA  =  x

1
i  +  y

1
j  +  z

1
k 

and if B =  (x
2
,  y

2
,  z

2
) then b  =  OB  =  x

2
i  +  y

2
j  +  z

2
k

AB  =  AO  +  OB

=  OB    OA
=  b    a
= (x

2
   x

1
)i  +  (y

2
   y

1
)j  +  (z

2
   z

1
)k 

Distance AB =  
2 2 2

2 1 2 1 2 1
( ) ( ) ( )x x y y z z    

Example 8

Find the vector from A(1 ,  3,  4) to B(4,  2,  7) and hence determine the 

distance between the two points.

Answer

OA  =  i  +  3j  +  4k and OB  =  4i  +  2j  +  7k 

 AB  = OB   OA
 = (4i  +  2j  +  7k)   (i  +  3j  +  4k)
 =  3i    j  +  3k

Distance =  | AB |  ( ) ( ) ( )3 1 32 2 2+  +

= 9 1 9+ +  = 19  =  4.36 (3  sf)

First write the points as 

position vectors.

Exercise 12E

1 Find the vector AB  from A(1 ,  5,  1 ) to B(4,  5,  1 ) and hence  

determine the distance between the two points.

EXAM-STYLE QUESTION

2  Point A  has position vector 

















5

2

4

,  B has position vector 

6

0

6

 
 
 
 
 

 

and  

C has position vector 

8

10

1
















.

 Show that triangle ABC is isosceles,  and calculate the angle CAB.

3 If the position vector a of a point (2,  3,  t) is such that | a| =  7,   

nd two possible values of t.

EXAM-STYLE QUESTION

4 Given that a =  xi  +  6j    2k and | a|  =  3x,  nd two possible values of x.

O

A

B

b

a

b  a
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5 u  =  

2

a

a

a

 
 
 

 
 

,  v  =  

2

4

2

 
 
 

  

.  Given that | u|  =  | v| ,  nd the possible values of a.

6 a and b  are two vectors and | a|  =  5.

 Find the value of | a +  b|
 
when

a b  =  2a b b  =  3a
c b  is perpendicular to  a and | b|  =  12

Unit vectors

A unit vector  is a vector of length 1  in a given direction.

To nd a unit vector in the same direction as a vector a rst nd  

the length of the vector a,  namely | a| ,  and then multiply the  

vector a by 
1

a
.  This vector will be in the same direction  

since it is a scalar multiple of a and will be one unit long since it  

is 
1

a
   the length of the original vector.

  A vector of length 1  in the direction of a is found by using the 

formula 
a

a
.

Using this method we can also nd a vector of any length,  say  

length k,  in the direction of a.  We would rst nd the unit vector  

and then multiple this by k.

  A vector of length k in the direction of a is found by using the 

formula k
a

a
.

Example 9

a  Find the unit vector in the same direction as the vector 3i + 4j

b  Find a vector of length 10 in the same direction as 
3

1( )
Answers

a  The vector 3i  + 4j  has length 3 4 25 52 2+ = =  

Therefore a vector of length 1  will be 
1

5

3

5

4

5
3 4( )i j i j+ = +

b   The vector 
3

1








  has length 1 0 .  The vector 

1

10

3

1








  has length 1 .

Therefore the vector of length 10 is 
1 0

10

3

1






This can be simplied if required:

     
     
       

3 3 310 10 10
= = 10

1 1 110 10 10
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Exercise 12F

1 Show that 
3 4

5 5
i j  is a unit vector.

2 Show that 
1 2 2

3 3 3
 i j k  is a unit vector.

3 Find a unit vector parallel to 4i   3j

4 Find a unit vector parallel to the vector 




















1

5

4

5 Find a unit vector in the direction of the vector between the  

points P
1
(1 ,  0,  1 ) and  P

2
 (3,  2,  0).

6  ai  +  2aj  is 1  unit long.  Given that a  >  0,  nd the value of a.

7 Find a vector of magnitude 5  that is parallel to 2i   j .

EXAM-STYLE QUESTION

8 Find a vector of magnitude 7 in the direction of 




















1

3

2

.

9 Find a unit vector in the same direction as

a 
2 cos

2 sin





 
 
 

 b  
1

tan

 
 
 

. Addition and subtraction of vectors

Addition of vectors

Suppose we have two vectors u = 
5

0










 

and v  = 
3

4











v

u

Now u +  v  is interpreted geometrically as rst move  

along vector u  followed by move along vector v .  

Show that the 

magnitude is  1.
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  The resultant vector,  u 
 
+  v,  is the third side of the triangle 

formed when u and v  are placed next to each other  

head to tail.

u +  v

v

u

Notice also that vector addition is commutative  

since u  + v  =  v  +  u.  This gives rise to the parallelogram  

of vector addition.

u +  vv

u

v

u

The resultant vector u 
 
+  v  in this case is 

8

4









.  

Notice that this can easily be found arithmetically by  

adding the corresponding components together.  

 u +  v  = 
5

0

3

4

5 3

0 4

8

4









 +









 =

+
+









 =











Subtraction of vectors

Again consider the two vectors u = 
5

0










 

and v  = 
3

4









 .

u  v  is interpreted geometrically as move along vector u  followed 

by move along negative v  or u  +  (v).

u  v

u

 v

The resultant vector here is u   v  and in this specic case is  
2

4








 .  

Notice again that we can easily nd this arithmetically by 

subtracting the corresponding components.

u   v  =
5

0

3

4

5 3

0 4

2

4







































 =




=


  Vectors are subtracted by adding a negative vector.

The word   commute  means to 

exchange or switch.   

I n  mathematics, the commutative 

property means you  can  switch  the 

order without affecting the outcome.   

By considering the fol lowing 

calcu lations, which  of addition, 

subtraction, multipl ication  and  d ivision  

would  you  say are commutative 

operations?

10 + 5   and  5  + 10

10  5  and   5    10

10  5   and  5   10

10  5   and  5   10

u   v  =  u  +  ( v)

Subtraction  is  not 

commutative.

v   u  =  
2

4









    u   v
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The zero vector

Consider the triangle PQR

PQ  +  QR  +  RP  must be equal to zero as the overall journey results in 

a return to the starting point.  This is written as PQ  +  QR  +  RP  =  0

The zero vector is  in  bold  type to indicate that i t is  a  vector.

0  = 

0

0










 in  two d imensions and  

0

0

0










 in  three d imensions.

Example 0

Given that a =  2i   3j  +  3k and  b  =  4i   2j   k,  nd the vectors:

a  a +  b  b  b   a c  2b   3a

Answers

a  a +  b  =  (2 +  4)i +  (3 +  (2))j  +  (3  +  (1 ))k

 =  6i   5j  +  2k

b  b   a =  (4  2)i  +  (2  (3))j  +  (1   3)k

 =  2i  +  j   4k

c   2b   3a =  (2(4)  3(2))i  +  (2(2)  3(3))j  +  (2(1 )  3(3))k

 =  2i  +  5j   1 1k

Exercise 12G

1 Given that a =  2i   j ,  b  =  3i  +  2j,  c  =  i  +  j  and  d =  3i  +3j,  nd 

these vectors.

a a +  b  b b  +  c  c c  +  d

d a +  b  +  d  e a  b  f d  b +  a

2 Given a =  
2

3








 ,  b  =  











4

5
 and c  =  














5

3
,  nd these vectors.

a a +  b  b b   c  c  
1

2
 (a +  c)

d a + 3b   c  e  3c   2b  +  5a

R

Q

P

Equilibrium  is  the 

name for the state 

where a  number of 

forces are in  balance 

 their resultant is  

zero.  You  may wish  to 

explore the concept of 

equi l ibrium  further.
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3 Given that a =  3i   j   2k and  b  =  5i   k,   

nd these vectors.

a a +  b  b b   2a

c 2a  b  d  4(a  b) +  2(b  +  c)

4 Given the vectors p  = 3i   5j  and q =  i + 4j,   

nd the vectors x,  y  and z  where

a 2x   3p  =  q b  4p   3y  =  7q c  2p  +  z  =  0

5 The vectors a and b  are such that a =  
x

x y+








   

and b  =  
6

2 3


 











y

x
.

 Given that a =  b,  nd the values of x and y.

6 The vectors a and b  are such that 

3

t

u
















 and 

t s

s

t s



+

















3 .

 Given that 3a =  2b,  nd the values of s,  t and u.

Geometrical proofs

When you are not given specic vectors you can still use vector 

addition,  subtraction and scalar multiples to deduce some 

geometrical results.

Example 11

In triangle OXY,  A,  B and C are the midpoints  

of OX,  OY and XY respectively,  OX  =  x  and OY  =  y.

a   Find expressions for OA ,  OB ,  XY,  OC  and  

CO  in terms of x  and y.

b   Find an expression for AB  in terms of  

x  and y.  What is the relationship  

between the line XY and the line AB?

c  P is the point such that OP  =  OX  +  
2

3
XP .  Find OP .

d  What can you conclude about the position of P?

Answers

a  OA  =  
1

2
 OX  =  

1

2
x

OB  =  
1

2
 OY  =  

1

2
y

XY  =  XO  +  OY  =  x  +  y = y    x

Use information from the 

diagram.

Use vector addition.

The method  of calculating the 

combined  action  of two or more 

forces by adding them is  cal led  the 

paral lelogram law and  has been  

known  since the time of the Greek 

phi losopher and  polymath  Aristotle  

(384322 BCE).  Dutch  Mathematician  

Simon  Stevin  (15481620) used  i t 

in  h is  treatise Principles of the Art of 

Weighing which  led  to a  breakthrough  

in  the development of Mechanics.  

I t was not unti l  around  1800 that 

Caspar Wessel  (Danish-Norwegian, 

17451818) and  Jean-Robert Argand  

(Swiss, 17681822) started  to 

formal ize the general  concept of a  

 vector .

Y

X

x

O

B y

A C

{  Continued  on  next page
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OC  =  OX  +  XC  =  x  +  
1

2
XY

= x  +  
1

2
 ( y    x) 

=  x  +  
1

2
y    

1

2
x

= 
1

2
x  +  

1

2
y  =  

1

2
(x  +  y)

CO  =  OC  =    
1

2
(x  +  y)

b  AB  =  AO  +  OB  =    
1

2
 x  +  

1

2
 y

= 
1

2
 ( y    x)

Since XY  =  y    x  and AB  =  
1

2
 (  y    x) 

then the line AB is half the length of 

XY and in the same direction as XY.  

The lines are therefore parallel.

c  OP  =  OX  +  
2

3
XB

 =  x  +  
2

3
(XO  +  OB ) 

 =  x  +  
2

3
(x  +  

1

2
 y)

 =  
1

3
x  +  

1

3
 y  

 =  
1

3
(x  +  y)

So OP :  OC =  2 :  3

d  P lies 
2

3
 of the way along the line OC.

Use vector addition.

From the diagram,

XC  =  
1

2
 XY.

AO  =  OA

Use vector addition.

XO  =  OX

Exercise 12H

1 In this triangle OA  =  AP,  BQ =  3OB,  N is the midpoint  

of PQ and a =  OA,  b  =  OB.

Show that

a AP = a b  AB = b  a

c PQ = 4b   2a d  PN = 2b   a

e ON= a +  2b  f AN= 2b

Q

P

a

O

Bb

N
A
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2 In this triangle a =  OA ,  b  =  OB  and AC :  CB =  3  : 1 .  

Show that

 a  AB = b   a b  AC = 
3

4
 (b   a)

 c CB = 
1

4
 (b   a)  d  OC = 

1

4
 a +  

4

4
 b

3 OABC is a trapezium.  OA = a,  OC = c,  and  

CB = 3a.  D is the midpoint of AB.  

 Show that

 a  OB = c  +  3a b  AB = c  +  2a

 c OD = 2a +  
1

2
 c  d  OC = 2a   1

2
 c

4 ABCDEF is a regular hexagon with center O.  FA = a and FB = b.

a Express each of these in terms of a and/or b.

 i  AB  ii  FO  iii  FC

 iv BC  v  FD

b What geometrical facts can you deduce about the lines AB 

and FC?

c Using vectors,  determine whether FD and AC are parallel.

5 In the diagram OA = a and OB = b.  M is the  

midpoint of OA  and P lies on AB such that 

AP  =  
2

3
 AB .

 Show that

a AB = b   a and AP =
2

3
(b   a)

b MA = 
1

2
 a and MP= 

2

3
 b  

1

6
 a

c If X is a point such that OB =  BX,  show that MX  =  2b  a.

d Prove that MPX is a straight line.

B

A

a

O
b

C

B

O Aa

C
3a

Dc

B

C

F

a

b

A

O

D

E

M

B

P

O

a

b

A

X
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Investigation  cosine rule

Consider two vectors OA  =  a  =  3 i  +  4j

and  OB  =  b  =  5 i  +  12 j .

O

A

a

b

B

You  are going to use the cosine ru le to fnd  the angle   between  the two vectors.

1  Find  the vector AB .

2  Find  the lengths o OA,  OB  and  AB  ( |OA | ,  |OB |  and  |AB | ).

3   Recal l  the cosine ru le and  apply i t to  th is situation  

cos   = 
| | + | | | |

2 | | | |

2 2 2
OA OB AB

OA OB





4  Find    by fnding cos1 
| | +| | | |

2 | | | |

2 2 2
OA OB AB

OA OB














You  should  fnd  that   =  14.3.

Now repeat th is process using OA  =  a  =  a
1
i  +  a

2 
j  and   

OB  =  b = b
1
i  +  b

2  
j .

At step 3  i t is  possible to simpl iy the expression  you  obtain  to  

cos   =  
+

| | | |

1 1 2 2
a b a b

a b

Or al ternatively 
1 1 2 2

+ = | | | | cosa b a b a b

12.3 Scalar product

We often need to nd the angle   between two vectors when  

solving problems.

a
1
b
1
 +  a

2
b
2
,  is  called the  scalar product  of the  two  vectors  a =  a

1
i +  a

2
j   

and b  =  b
1
i  +  b

2
j.

It can be  found by multiplying the  coefcients  of i  together,  the   

coefcients  of j  together and (if in three  dimensions)  the  coefcients   

of k together and then adding them all up.

   Scalar product

If a =  a
1
i  +  a

2
 j  and b  =  b

1
i  +  b

2
 j  then a   b =  a

1
b
1
 +  a

2
b
2
.

S imilarly if a =  a
1
i  +  a

2
 j  +  a

3
k and b =  b

1
 i  +  b

2
 j  +  b

3
 k then  

a   b  =  a
1
b
1
 +  a

2
b
2
+  a

3
b
3
.  

The  sca la r p rod u ct i s  

a l so  kn own  a s  th e  d o t 

p rod u ct.

N oti ce  th a t th e  

sca la r p rod u ct i s  

comm u ta ti ve ,  th a t i s  

a    b  =  b    a
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  The scalar product a   b  =  | a| | b| cos   where   is the angle 

between the vectors.  

Example 12

If a =  i  +  4j   2k and b  =  2i  +  4j  + 6k,  nd a   b.

Answer

a   b   =  (1    2) +  (4   4) +  (2   6) 

=  2 +  16  1 2 =  6

The result is a scalar number,   

not a vector.

Finding the angle between two vectors

If you do not know the angle   between two vectors a and b then 

you can use 

a   b  =  | a| | b| cos or cos  =  
a b

a b



to nd   rather than resorting to the full cosine rule each time.

Example 13

Find the angle between a and b  given that a =  3i  +  4j  and  

b  =  5i  +  1 2j.  

Answer

Using a   b  =  | a| | b| cos,

a   b  = 3    5  +  4   1 2 =  63

| a|  =  5,  | b|  =  1 3

| a|  | b|  cos  =  5    1 3   cos  

=  65cos  

  63  =  65cos  

cos  =  
65

  =  cos1  
 
 
 

63

65

= 14.25o

You  can  also use your 

GDC to fnd  the scalar 

product o two vectors.
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Special properties of the scalar product

Perpendicular vectors

An important fact is that two vectors are perpendicular if and only 

if their scalar product is zero.  

This is because if  = 90 then 

a   b = | a| | b|  cos 90o

= | a| | b|    0

=  0

  For perpendicular  vectors a   b = 0

Parallel vectors

If two vectors a and b are parallel then 

a   b = | a| | b|  cos 0o

= | a| | b|  

  For parallel  vectors a   b  =  | a|  | b|  

Coincident vectors

Given a vector a

a   a = | a| | a|  cos 0o

= a2  

  For coincident vectors a   a = a2

Exercise 12I

1 Given that a =  2i  +  4j,  b  =  i   5j  and c  =  5i   2j ,  nd

a a   b

b b   c

c a   a

d c   (a +  b)

e (c  +  a)    b

2 Given that u  =  

















1

0

5

,  v  =  

4

3

1



















 and w  =  





















1

3

6

,  nd

a u   v  b  u   (v   w) c  u   v   u   w

d 2u   w  e  (u   v)    (u +  w)

Perpendicular vectors 

are also cal led  

orthogonal .

Notice that since 

i,  j  and  k  are  al l  

perpendicular 

i    j  =  j    i  =  i    k  =  k    i  =  

j    k  =  k    j  =  0

Since i  and  j  and  k  are 

al l  one unit in  length  

i    i  =  j    j  =  k    k  =  1

In  1686 Newton  

publ ished  

Philosophiae 

Naturalis Principia 

Mathematica,  in  which  

he detai led  three 

laws of motion.  In  

understanding and  

applying these we 

need  to know how to 

resolve a  orce into 

two perpendicu lar 

d irections and  to fnd  

the resultant o orces 

that are perpendicu lar.  

You  may wish  to 

explore these laws 

urther.
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3 Determine whether these pairs of vectors are perpendicular,   

parallel or neither.

a  a =  2i  +  4j  and b  =  4i   2j   b  c  =  
2

1









  and d  =  

1

2











c u =  

















8

2

2

 and v  =  

4

1

1



















 d a =  3i   2j  +  k and b  =  3i   2j   k

e OX  =  

1

0

0
















 and OZ  =  

0

0

1
















 f n  =  2i   8j  and m  =  i  +  4j  

g AB  =  
2

2









 and CD  =  














1

1

4 Find (a +  3b)    (2a  b) if a =  i  +  j  +  2k and b  =  3i  +  2j   k.

5 Given that a =  3i   5k,  b  =  2i  +  7j  and c  =  i  +  j  +  k,  

nd the vector d  such that a   d = 9,  b    d = 11  and  c   d =  6.

6 Find the angle between the vectors a and b  if | a|  =  3 ,   

| b|  =  2 and  a   b  =  6.

7 Find the angles between these vectors,  giving your answer in  

degrees to one decimal place.

a 
2

1








 and 

2

5









  b  

4

0









 and 











3

1

c 2i  +  5j  and 2i   5j

EXAM-STYLE QUESTIONS

8 Consider the points A(2,4),  B(1 ,9) and C(3,2).  Find

a AB  and AC

b AB    AC

c the cosine of the angle between AB and AC.

9 Find the angles between these pairs of vectors.

a 

















1

2

2

 and 

2

3

6

















 b  

2

3

1
















 and 

4

2

2




















c 2i  7j  +  k and i  +  j   k 
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EXAM-STYLE QUESTION

10 Points A,  B and C form a triangle.  Their position vectors are 

1

1

4









,   

2

3

4














 and 

2

1

1



















 respectively.  Find

a the lengths of the sides AB and AC

b the exact value of the cosine of the angle BAC

c the area of the triangle.

11 Find the angle between 

1

1

1
















 and the x-axis.

EXAM-STYLE QUESTION

12 The position vectors A  and B are 4i  +  4j   4k and i  +  2j  +  3k  

respectively,  relative to an origin O.

a Show that OA  and OB are perpendicular.

b Find the length of AB.

13  Find   if the vectors 2i +   j  +  k and i  2j  +  3k are 

perpendicular.

EXAM-STYLE QUESTIONS

14  Let a = 5i  3  j  + 7k,  b =  i +  j  + k.  Find   such that a +  b  is  

perpendicular to a  b.

15 Let a =  

p

p

2


















 and b  =  

2

3




















p .   

Find the value of p  such that a +  b  and a  b  are perpendicular.  

. Vector equation of a line

Suppose that a straight line passes through a  

point A  where A  has a position vector a and  

that the line is parallel to a vector b.

Now if we let R  be any point on the line,   

then AR  is parallel to b.

Any point R  on the line L can be found by  

starting at the origin then moving through the  

vector a to reach the line.  Now there must be  

some number t such that AR  =  t b.

Hence r =  OR  =  OA  +  AR  =  a +  tb

A

0

a

b

A

0

a

b

r

R

Vectors430



  The vector equation  of a line is given by r =  a +  t b where r  

is the general position vector of a point on the line,  a is a  

given position vector of a point on the line and b  is a  

direction vector  parallel to the line.  t is called the parameter.

Example 14

a   Find the vector equation of the line through (1 ,  1 ,  3) and parallel 

to the vector i  +  3j   k

b   Find the vector equation of the line through the points A(1 ,  0,  4) 

and B(2,  1 ,  1 ).

c  Find the acute angle between these two lines.

Answers

a  a =  i   j  +  3k and b  =  i  +  3j   k 

 The vector equation is

 r =  (i   j  + 3k) +  t (i  +  3j   k) 

b   OA  =  

 
 
 
  

1

0

4

 and OB  =  

 
 
 
 
 

2

1

1

  AB  =  OB   OA  = 

 
 
 
 
 

3

1

5

 Hence the equation of the line is  

r  =  

1

0

4

+

3

1

5

































t

c   The direction vectors are 

 
 
 
  

1

3

1

 and 

 
 
 
 
 

3

1

5

 Using a   b  =  | a| | b| cos 

 1    3  +  3    1  +  1    5  

=  1 1    35  cos 

  1  =  1 1  35  cos 

cos   =  
1

1 1 35

  =  cos1  
 
 
 

1

1 1 35

= 87.1 

Write the position 

vectors of A and B.

AB  is in the direction 

of the line.

To nd the angle 

between these two lines 

nd the angle between 

their direction vectors.

In the equation  

r = a + t b,  b  is the 

direction vector.
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Exercise 12J

1 Find the equation of the line parallel to vector a and passing  

through point B with position vector b  as given.

a  a = 
3

2









  b  =  











1

2

b  a = 
5

2








  b  =  











1

0

c  a = 

3

2

8

















 b  =  

3

1

2

















d a =  3i   j  +  k b  =  2j   k

2 Find a vector equation of the line which passes through  

the two points.

a (4,  5) and (3,  2) b  (4,  2) and (5,  2)

c (3,  5,  2) and (2,  4,  5) d  (0,  0,  1 ) and (1 ,  1 ,  0)

3 Find an equation of the line perpendicular to vector a and  

passing through point B with position vector b  as given.  

a  a = 
3

2









  b  =  











1

6

b  a = 
5

2








  b  =  











1

0

c  a = 

3

0

1
















 b  =  

4

2

1

















d a =  i   3j  +  4k b  =  5k

4 Determine whether the given point lies on the given line.

a (4,  5) r =  
2

1

1

2









 +









t

b (5,  2) r =  
5

1

4

3









 +










t

c (3,  5,  1 ) r =  




















+



















1

5

3

1

0

2

t

d (2,  1 ,  1 ) r =  2i    j    3k +  t (2j  3k) 

5 Find the equation of the line through the point (2,  4,  5) in the  

direction 2i  + 3j  + 8k.

 Find p  and q so that the point (p,  1 0,  q) lies on this line.
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6 Find the vector equation of a vertical line passing through the 

point (6,  5).

7 Are the lines represented by these vector equations coincident,  

parallel or perpendicular,  or none of these?

a r
1
 =  

3

4

2

1









 +










s  r

2
 =  









 +











9

10

6

3
t

b r
1
 =  

2

5

4

2









 +









s  r

2
 =  

2

1

1

2









 +









t

c r
1
 =  

5

1

4

3









 +










s  r

2
 =  

5

3

8

6









 +










t

d r
1
 =  

2

1

1

2









 +









s  r

2
 =  

2

2

1

1









 +









t

e r
1
 =  

5

7

4

3









 +










s  r

2
 =  

5

1

4

3









 +









t

8 Find the angle between these pairs of lines.

a r =  
   
   

   
   
   

2 1

1 4

3 0

 and r =  
   
   

   
   
   

6 2

1 0 1

4 1

b r =  t 

2

0

2
















 and r =  
















+

















4

7

2

1

3

1

t

EXAM-STYLE QUESTIONS

9 The points A  and B have coordinates (2,  3,  4) and (6,  7,  2) 

respectively.  The line l
1
 has equation r =  



















+

















1

1

2

1

2

6

t .

a Show that point A  lies on l
1
.

b Show that AB  is perpendicular to l
1
.

10 The gure shows a cuboid in which OA  =  2 m,   

OC =  5  m and OD =  3  m.  

  Take O as the origin and unit vectors i,  j  and k  

in the direction OA,  OC and OD respectively.

a  Express these vectors in terms of the unit  

vectors.

 i  OF  ii  AG

b Calculate the value of

 i  | OF |  ii  | AG |

 iii  Find the scalar product of OF  and AG .

c Hence nd the angle between the diagonals  OF and AG.

D

G F

BC

A

E

3 m

2  m

5 m

O
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11 Relative to a xed point O,  the points A  and B have position 

vectors i  +  5j   2k and 8i   3j  +  6k respectively.

a Find the vector AB .

b Find the cosine of angle OAB.

c Show that,  for all values of ,  the point P with position  

vector (1  +  7)i  +  (5   8)j  +  (2 +  8)k lies on the line through  

A  and B.

d Find the value of   for which OP is perpendicular to AB.

e Hence nd the point on the foot of the perpendicular from  

O to AB.

Intersection point of two vectors

If you are given the vector equations of two different lines,  you can 

work out where the lines cross.

Example 5

Two lines have equations r
1
 =  

   
   
   
      

3 1

0 + 1

1 1

s  and r
2
 =  

   
   
   
   
   

6 0

2 + 4

0 8

t .  

Show that the lines intersect and nd the coordinates of the point of 

intersection.

Answer

Two vectors are equal if  

their corresponding components are equal.  

r
1
 =  

     
     
     
          

3 1

= 0 + 1

1 1

x

y s

z

r
2
 =  

     
     
     
     
     

6 0

= 2 + 4

0 8

x

y t

z

3 +  s =  6 (1 )

s =  2 +  4t (2)

1  +  s =  8t (3)

Equation (1 ) gives s =  3

Substituting s =  3  into equation (2):

3  =  2 +  4t so t =  
4

Substituting s =  3  into equation (3):

 1  +  3  =  8t so t =  
4

Since the value of s and the value of t are 

consistent for all three equations the two 

lines must intersect.

r
1  
and r

2
 intersect if there 

is a value of t and a 

value of s such that  

r
1  
=  r

2
.

Equate components 

and solve the resulting 

simultaneous equations.

In  three d imensions, 

two l ines wi l l  ei ther

1   intersect   i f 

the value of the 

variables is  

consistent in  al l  

three equations

2   be parallel   they 

wi l l  have d irection  

vectors that are 

scalar multiples of 

each  other

3   be skew   i f the 

l ines are not  

paral lel  and  the 

values are not 

consistent so 

the l ines do not 

intersect.  

O

A

B

P

Q

AB  and  PQ are skew 

 they never meet.

 x =  3  +  s

  y =  s

 z =  1  +  s

 x =  6

  y =  2 +  4t

 z =  8t

{  Continued  on  next page
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Substituting s =  3  into r
1
:

r
1
 =  

x

y

z
















=


















+

















3

0

1

3

1

1

1

 x =  3  +  3  =  6

 y =  0 +  3  =  3

 z =  1  +  3  =  2

Therefore the coordinates of the point 

of intersection are (6,  3,  2).

r
2
 =  

x

y

z
















=















+

















6

2

0

1

4

0

4

8

 x =  6

y =  2 +  4 
1

4







 =  3

 z =  0 +  8 
1

4







  =  2

To nd the point of 

intersection substitute the 

value of s into r
1
 to give 

the position vector of the 

point of in intersection.

Alternatively we could 

substitute the value of t 

into  r
2

This gives the same 

coordinates and is a 

useful way of checking 

the answer.

Exercise 12K

1 Find the coordinates of the point where r
1
 =  4i  +  2j  +  (2i   4j) 

intercepts r
2
 =  1 1 i  +  1 6j  + (i  + 2j).

2 The vector equations of two lines are given by r
1
 =  

4

2

8

2








 +









s  

and r
2
 =  

6

3

9

6








 +









t .  The lines intersect at the point P.  Find the 

position vector of P.

EXAM-STYLE QUESTIONS

3 The line l
1
 has equation 

 r =  

5

1

2

2

1

1

















+



















t

 The line l
2
 has equation

 r =  

3

2

4

2

1

2



















+

















s

  Show that the lines l
1
 and l

2
 intersect,  and nd the coordinates of 

the point of intersection.  
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4 Find where the lines with equations r
1
 =  i  +  j  +  t (3i   j) and  

r
2
 =  i  +  s j  intersect.

5 Show that the two straight lines r
1
 =  

3

0

5

1

1

2
















+

















t  and

r
2
 = 

1

4

0

1

1

1
















+

















s  are skew.

6 The lines L and M have vector equations

 L:  l  =  3i   2j  +  5k +  s (i  +  3j   5k)

 M:  m  =  14i   20j  +  6k +  t (3i   4j   3k)

a Show that the lines L and M meet and nd the position vector 

of their point of intersection.  

b Show that the lines L and M are perpendicular.

7 The line L has equation r =  

6

9

3

1

2

2
















+



















t .

 The point A  has coordinates (5,  7,  a),  where a  is a constant.  

 The point B has coordinates (b,  1 3,  1 ),  where b  is a constant.  

 The points A  and B lie on the line L.

a Find the values of a  and b.  

Point P lies on L such that OP is perpendicular to L.

b Find the coordinates of P.

c Hence nd the exact distance OP.

8 The points A  and B have position vectors a =  2i   j  +  2k and  

b  =  3i   2j   k respectively,  relative to a xed origin O.

a Determine a vector equation of the line L
1
,  passing through  

A  and B.  

The line L
2
 has vector equation r =  7i  +  3k +  s (2i  +  j  +  2k).

b Show that the lines L
1
 and L

2
 intersect and nd the position 

vector of the point of intersection C.

c Find the length of the line AC.

d Find,  to the nearest degree,  the acute angle between the lines 

L
1
 and L

2.

Extension material on CD: 

Workesheet 12 -  Equation  of 

a  line  in  three dimensions
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2.5 Applications of vectors

Vectors are applicable to real-life situations that include vector 

quantities such as displacements and velocities.  

Example 6

The position vector of a boat,  A,  t hours after it leaves a harbour is 

given by r
1
 =  t 

 
 
 

30

15
.  A second boat,  B,  is passing near the harbour.  Its 

position vector at time t is given by r
2
 =  

   
   
   

50 10
+

5 10
t .

a   How far apart are the two boats at the time the rst boat  

leaves the harbour?

b   How fast is each boat traveling?

c   Are the boats in danger of colliding if one of the boats does not 

change course?

Answers

a   At t =  0 boat A is at the origin  with position vector 
 
 
 

0

0
  

and boat B has position vector 
 
 
 

50

5
 therefore the distance between 

them is 
2 5

50 + 5 = 2525  =  50.2 km.

b   The speed of the boats is found by calculating the magnitude of 

their direction vectors  this is each boats velocity vector.

  For boat A the vector that it will pass through in one hour is 
 
 
 

30

15
 

which has length 
2 2

30 +15 = 1125  =  33.5 km.

 Therefore boat A has a speed of 33.5 km h1 .

  For boat B the vector that it will pass through in one hour is 
 
 
 

10

10
  

which has length 
2 2

10 +10 = 200  =  14.1  km.

 Therefore boat B has a speed of 14.1  km h1 .  

c   For the boats to collide there would need to be a value of t such 

that the position vectors of the two boats are the same.

 x components:  30t =  50 +  10t   t =  2.5  h

 y components:  1 5t =  5  +  10t   t =  1  h

 Therefore the boats will not collide.

Exercise 12L

1 The position vector of ship S  is 30 km north and 60 km east.

  The position vector of buoy B is 20 km north and 45 km east.

 What is 

a the position of the ship relative to the buoy

b the exact distance from the ship to the buoy?

Chapter 12 437



2 A particle P is at the origin O at time t =  0.  The particle moves  

with constant velocity and arrives at the point Q with position  

vector 

x

y



















=


20

8
 m 4 seconds later.  Find

a the velocity of P

b the position of P if it continues moving past this point with  

the same velocity for 6 more seconds.  

Another particle T is moving with constant velocity (12i   5j) m s1 .

It passes through the point A  whose position vector is (4i   j) m at t =  0.

c Find the speed of the particle.

d Find the distance of T from O when t =  3  s.

e Will the two particles collide?

3 In this question distances are given in kilometres and time in hours.   

A unit vector represents a displacement of 1  km.

  At 3  p.m.  a man is standing on the top of a cliff looking out to sea  

and observing two ships traveling.  Ship As position relative to a  

point on the shore is given by 3i  +  3j  and it is traveling with a  

velocity of 4i  +  3j .  Ship Bs position is given by 4i  +  3j  and it is  

traveling with a velocity of 3i  +  3j.  Find

a the time at which the two ships will collide if one does not  

change course

b the point at which the ships will collide.  

EXAM-STYLE QUESTION

4 The position of two helicopters X and Y at time t seconds are given  

by the formulae

r
x

t=











+ 











1 1

3

3

1

1

4

 and 

   
   

     
      

1 2

7 1

2 9

y
tr  respectively.

Distances are given in metres.

a Find the speed of the two helicopters.

b Show that the two helicopters do not meet.

c Find the distance between the helicopters when t =  1 0.

Review exercise 

1 Prove using a vector method that the points A(1 ,  2,  3),  B(2,  3,  5)  

and C(7,  0,  1 ) are collinear.

EXAM-STYLE QUESTION

2 Show the points A,  B and C with position vectors 5i  j  +  6k,   

2i +  2j  and 3i  5j  + 8k respectively form a right-angled triangle.
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EXAM-STYLE QUESTION

3 Given that a =
5

1

3



















 and b =

















1

3

5
,  show that the vectors  

a +  b  and a  b are perpendicular.

4 Two lines with equations r
1
=



































+
0

6

1

7

3

1

s  and r
2
=














 

















+
3

1

2

2

4

1

t  intersect  

at the point P.  Find the coordinates of P.  

EXAM-STYLE QUESTIONS

5 A triangle has its vertices at A(2,  4),  B(1 ,  7) and C(3,  2).  

a Find AB and AC .

b Find AB    AC.

c Show that cos B C = 3

2 5
.

6 Two lines L
1
 and L

2
 are given by 

   
   

    
      

1

6 2

2 2

3 1

sr  and 

   
   

     
      

2

0 1

1 2 1 1

7 3

tr .

a P is the point on L
1
 when s =  4.  Find the position vector of P.

b Show that P is also on L
2
.

7 The line L
1
 has vector equation r = 












+











2

3

3

1

3

2

t .  

 L
2
 is parallel to L

1
 and passes through the point B(2,  2,  4).

a Write down a vector equation for L
2
 in the form r =  a +  s b.

  A third line L
3
 is perpendicular to L

1
 and is represented by r =
















+

















3

11

7

7

1

q x .

b Show that x =  3.
c Find the coordinates of the point C,  the intersection of L

1  
and L

3
.

d Find BC .

e Find | BC |  in the form a b  where a  and b  are integers to be found.
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EXAM-STYLE QUESTION

8 (In this question distances are measured in km and  time in 

hours. ) At noon a lighthouse keeper observes two ships A and B.  

 Ship As position at time t is given by 
   

    
   

1

4 4

3 1 7
r .

 Ship Bs position at time t is given by 
   

   
   

 
2

4 12

9 5
r  .

a Show that A and B will collide,  and nd the time when this 

will occur and the position vector of the point of collision.

In order to prevent collision,  at 1 2:15 ship A changes its  

direction to 
1 6

1 7

 
 
 

.  

b Find the distance between A and B at 1 2:30.

Review exercise

1 Find the size of the angle between the two vectors 
3

5

 
 
 

 and 
2

4





.  

Give your answer to the nearest degree.

EXAM-STYLE QUESTIONS

2 The vertices of the triangle PQR are dened by the position vectors

OP  = 

3

2

1

 
 
 

 
 

,  OQ  =  

3

1

0

 
 
 

 
 

 and OR  =  

2

1

5

 
 
 

 
 

.  Find

a  QR and QP  b  PQR  c  the area of triangle PQR.

 3  A tent OABCDE is a triangular prism with a constant cross-

section that is an equilateral triangle with sides of 2 m.  The tent 

is 4 m long.  The base OADC is horizontal.  Support poles are to be 

laid along the diagonals BC and BD.

  Take O as the origin and unit vectors i  and j  in the directions of 

OA  and OC respectively,  k is a unit vector vertically upwards.

a Express these vectors in terms of the unit vectors i,  j  and k.

 i  OC  ii  OB  iii  OD

b Hence nd vectors BC and BD .

c Calculate the values of

 i  | BC |  ii  | BD |

 iii  the scalar product of BC and BD .

d Hence nd the angle between the support poles.

4 Given that a =  xi  +  (x   2)j  +  k and b  =  x2i    2x j    1 2x k where x 

is a scalar variable,  nd

a the values of x for which a and b  are perpendicular

b the angle between a and b  when x =  1 .

2  m

2 m

2  m
4 m

4 m

O A

D
C

B

E
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EXAM-STYLE QUESTIONS

5 The points P and Q have position vectors 

1

1

3

















 and 

1

5

5
















 

respectively,  with respect to an origin O.

a Show that OP is perpendicular to PQ .

b Write down the vector equation of the line L
1
,  which passes 

through P and Q.

 The line L
2
 has equation 

2 1

1 3

2 2


   
   
    

      

 r .

c Show that the lines L
1
 and L

2
 intersect and nd the position 

vector of their point of intersection.

d Calculate,  to the nearest degree,  the acute angle between the 

lines L
1
 and L

2
.

6 All distances in this question are in metres and time is in 

seconds.

  An insect is ying at a constant height.  At time t =  0,  the insect is 

at point A  with coordinates (0,  0,  6).  Two seconds later the insect 

is at point B with coordinates (6,  2,  6).

a Find vector AB .

  The insect continues to y in the same direction at the same 

speed.

b Show that the position vector of the insect at time t is given by 

 

0 3

0 1

6 0

x

y

z

t

     
     

     
     
     

  .

  At time t =  0,  a bird takes off from the ground.  The position 

vector of the bird at time t is given by 
x

y

z

t




















































= +
36

18

0

3

4

1

.  

c Write down the coordinates of the starting position of the 

bird.

d Find the speed of the bird.

 The bird reaches the insect at point C.

e Find the time the bird takes to reach the insect.  

f Find the coordinates of C.
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CHAPTER 12 SUMMARY

Vector:  basic concepts

 A vector  is a quantity that has size (magnitude) and direction.   

Examples of vectors are displacement and velocity.  

 A scalar  is a quantity that has size but no  direction.  

Examples of scalars are distance and speed.

 The unit vector in the direction of the x-axis is i.   

In two dimensions i =










1

0
 and in three dimensions i =

















1

0

0

 The unit vector in the direction of the y-axis is j.   

In two dimensions j =










0

1
 and in three dimensions j =

















0

1

0

 In three dimensions the unit vector in the direction of  

the z-axis is k,  where

k =  

0

0

1
















 

 The vectors i,  j,  k are called base vectors.

 If AB = 
a

b
a b





 = +i j  then | AB |  =  

2 2
a b .

 If AB  =

a

b

c

a b c










= + +i j k  then | AB |  =   

2 2 2
a b c .

 Two vectors are equal  if they have the same direction and the same  

magnitude;  their i,  j,  k components are equal too,  and so their column  

vectors are equal.

 You can write AB  as  BA .

 Two vectors are parallel  if one is a scalar multiple of the other.

So,  AB  and RS  are parallel if AB  =  k RS  where  k is a scalar quantity.   

This can also be written as a =  kb.

 The point with coordinates (x,  y) has position  vector  OP  =  
x

y
x y









 = +i j .

  To nd the resultant  vector  AB  between two points A  and B,  subtract the position 

vector of A  from the position vector of B.  

Continued  on  next page
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 If A  =  (x
1
,  y

1
,  z

1
) then a  =  OA  =  x

1
i  +  y

1
j  +  z

1
k 

and if B =  (x
2
,  y

2
,  z

2
) then b =  OB  =  x

2
i  +  y

2
j  +  z

2
k

AB  =  AO  +  OB

=  OB    OA

=  b    a

= (x
2
   x

1
)i  +  (y

2
   y

1
)j  +  (z

2
   z

1
)k 

Distance AB =  
2 2 2

2 1 2 1 2 1
( ) ( ) ( )x x y y z z    

 A vector of length 1  in the direction of a is found by using the formula a

a

.

 A vector of length k in the direction of a is found by using the formula k 
a

a
.

Addition and subtraction of vectors

 The resultant vector,  u   +  v,  is the third side of the triangle formed when u and v  are 

placed next to each other head to tail.

u  +  v

v

u

 Vectors are subtracted by adding a negative vector.

Scalar product

 Scalar product   

If a =  a
1
i  +  a

2
 j  and b  =  b

1
i  +  b

2
 j  then a   b  =  a

1
b
1
 +  a

2
b
2
.   

Similarly if a =  a
1
i  +  a

2
 j  +  a

3
k and b  =  b

1
i  +  b

2
 j  +  b

3
k then  

a   b  =  a
1
b
1
 +  a

2
b
2
+  a

3
b
3
.

 The scalar product  a   b = | a| | b|  cos   where   is the angle between the vectors.

 For perpendicular  vectors a   b  =  0.  

 For parallel  vectors a   b  =  | a| | b| .  

 For coincident  vectors a   a =  a2.  

Vector equation of a line

 The vector equation  of a line is r =  a + t b  where r is the general position vector of 

a point on the line,  a is a given position vector of a point on the line and b  is a 

direction vector  parallel to the line.  t is called the parameter.

O

A

B

b

a

b  a
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444 Theory of knowledge:  Separate or connected?

Separate or connected?
Mathematics is often separated into different topics,  or elds of knowledge.

 List the different elds of mathematics you can think of.

 Why do humans feel the need to categorize and compartmentalize knowledge?

Theory of knowledge

Algebra and Geometry
In  th is chapter you  represented  vectors geometrical ly and  

used  them to prove geometrical  properties.  You  also used  

vector algebra  to describe and  general ize geometrical  

properties.

  So where do vectors ft  in  Algebra  or Geometry?

Making connections
Making connections between  seemingly d ierent 

mathematical  domains develops understanding.  The French  

mathematician  Ren Descartes (15961650) was one o the 

frst to use algebra  to solve geometry problems.  H is key 

development was Cartesian   or coordinate  geometry.

As long as algebra and geometry have been separated,  their progress have been slow 

and their uses limited,  but when these two sciences have been united,  they have lent 

each mutual forces,  and have marched together towards perfection.

Joseph Louis Lagrange,  17361813,  French mathematician

Proving Pythagorass theorem
Here is  a  right-angled  triangle.   

To prove Pythagoras  theorem we need   

to  show that a +  b =  c

e French  

one o the 

 key 

etry.

arated,  their progress ave een slow 

ces have been united,  they have lent 

l ly and  

o  used  

al

?

You can see the
 links 

between algebra
 and 

geometry when they 

are used to tack
le 

the same problem. 
a

b

c



T
h
e
o
ry
 o
f k

n
o
w
le
d
g
e

445Chapter 12

Draw and  cut out our triangles identical  to th is one.

Arrange them to make a  square with  side lengths a + b  l ike th is:   

  What is  the area  o the white square in  the center?

Rearrange the triangles to make another  

square with  the same side length, l ike th is:

  What are the areas o the two white squares?

The area  o the central  square in  the frst  

d iagram must be equal  to the sum o the  

areas o the two squares in  the second   

d iagram.  That is  c =  a +  b

 
Use the same diagram, but look at the triangles instead   

o the squares.  

  Use these two methods or fnding the area  o the large square  

with  side lengths a  +  b.  

Method 1.   Square the side lengths:  (a  +  b)

Method 2.   Calculate the area  o the our congruent triangles  

  and  add  th is to c,  the area  o the square.

Methods 1 and  2  both  give expressions or the area  o the  

large square.  

Equating these gives b +  2ab  +  a =  2ab  +  c   a +  b =  c

Represent the sides o the right-angled  triangle by vectors  

a,  b  and  c.

Because they orm  a  triangle,  a  +  b  =  c  

So     (a  +  b). (a  +  b)  =  c.c  

Expanding th is gives   a.a  +  a.b  +  b.a  +  b.b  =  c.c  

a.b  =  b.a  =  0,  because a  and  b  are perpendicular 

So    a.a  +  b.b  =  c.c  

or     a +  b =  c

b

a

c

ab

ab

b

a

b

ac

c

a b

ab

b

a

b

a

c

c

c

c

a b

ab

b

a

b

a

c

c

c

c

GGEOMETRIC PROOF

a

b

c

  Which  method  o 

proo d id  you  preer?

  Which  was the 

easiest?

  Which  was the most 

beautiu l?

AALGEBRAIC PROOF

VVECTOR PROOF
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Circular  

functions

CHAPTER OBJECTIVES

3.2 Defnition  o cos  and  sin  in  terms o the unit circle;  defnition  o tan  as 



sin

cos

3.2 Exact values o trigonometric ratios o 
   
, , ,

6 4 3 2
0 ,  and  their multiples

3.3 The Pythagorean  identity  2 2
cos s in = 1  

3.3 Double-angle identities or sine and  cosine

3.3 Relationship between  trigonometric ratios 

3.4 The circular unctions sin  x,  cos x and  tan  x

3.4 Composite unctions o the orm  f (x)  =  a sin  (b(x +  c))  +  d

3.4 Transormations

3.4 Appl ications o trigonometric unctions

3.5   Solving trigonometric equations in  a  fnite interval ,   

both  graphical ly and  analytical ly

13

You should  know how to:  

1  Find the exact values of certain 

trigonometric ratios.

 e.g.   Find the exact value of sin 30.  

sin 30 =  0.5

 e.g.    Find the exact value of tan
 

 
 




.

  tan 
 

 
 




 =  1

2 Work with the graphing functions of  

your GDC.

 e.g.   Use the graphing functions of your 

GDC to nd the x-intercepts of the 

graph of f (x) =  x3   3x2 +  2.

  x  0.732,  1 ,  2.73

 e.g.   Use the graphing functions of  

your GDC to solve the equation  

4x2   7 =  2ln x.  x  0.0303,  1 .38

Skills check

1 Find the exact value of

a sin 45 b  tan 60

c cos 150 d  sin 225

2 Find the exact value of

a sin




 b  tan




c cos  d  sin




3 Use the graphing functions of your GDC 

to nd the x-intercepts of the graph of 

each function.

a f(x) = 2x3   x + 5 b  f(x) = ln(x2  3)

4 Use the graphing functions of your GDC 

to solve each equation.  

a   


  = +  b  x4 =  3    x2

Before you start

Circular functions
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The London Eye,  on the south bank of the River Thames,  was 

opened to the public in the year 2000.  Each of the 32 capsules can 

carry up to 25 people.  It is a major tourist attraction,  and has an 

average 3.5 million visitors each year.

The Eye makes approximately one revolution every 30 minutes.  It is 

about 1 35 metres tall at the highest point.  A passenger in one of the 

capsules travels in a circle in a complete revolution.  The passengers 

height above the boarding platform can be modeled by the function 

   2

30
67. 5 cos 1 5 67.5h t t

 
 
 

   ,  

where h  is the height in metres,  and t is the time in minutes after a 

passenger boards the capsule.  This is an example of a circular 

function,  which you will study in this chapter.

1.1

150 

Circular Functions

0.30103

300

0

1

x

y

[  Th is is  the  graph   

of the  function  

which  models the  

 passengers  height 

above  the   boarding  

platform.
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13.1  Using the unit circle

In this section,  we will continue to work with the unit circle.  

  The unit circle has its center at the origin  

(0,  0) and a radius length of 1  unit.   

The terminal side of any angle   in  

standard position will meet the unit  

circle at a point with coordinates  

(cos,  sin).

Look at some angles in standard position in the unit circle.   

If the angle   opens in a counterclockwise direction (from the  

positive x-axis),  then   is positive.  These angles can be measured  

in degrees or in radians.

45

x0

A(1 ,  0)

y

B(cos 45 , sin  45 )

     

x0

A(1 ,  0)

y

r

3

B(cos    , sin     )
r

3

r

3

x0

A(1 ,  0)

y

7r

6

7r

6

7r

6
B(cos     , sin      )

  

x0

A(1 ,  0)

y

B(cos 335 , sin  335 )

335

If the angle   opens in a clockwise direction (from the  

positive x-axis),  then   is negative.  

x0

y

B(cos 80 , sin  80 )

80

A

   

x

0 A(1 ,  0)

y


4r

3

4r

3

4r

3
B(cos (     )  , sin  (     ))

Remember that 

the unit circle has 

equation  x2 +  y2 =  1.

In  th is d iagram, AB  

()  is  in  standard  

position.

The point A  has 

coordinates (1, 0),  

and  the point B  

has coordinates 

(cos,  sin).

i

x0

A(1 ,  0)

B(cos i, sin  i)

y
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If we know the sine and cosine values for an angle,  we can give  

numerical coordinates to the point where the angle meets  

the unit circle.

x0

A(1 ,  0)

y

30

B
1
2(     ,    )3

2

    

x0

A(1 ,  0)

y

135

B(                 )2

2

2

2
 ,

Investigation    sine,  cosine and tangent on the 
unit circle

You  can  also use the unit circle to help you  understand  the sine and   

cosine values o angles whose terminal  sides l ie  on  the x- and  y-axes.  

Sketch  each  angle in  standard  position  on  the unit circle.  Use your  

sketch  (not your GDC) to help you  determine the sine, cosine and   

tangent o each  angle.

Angles in  degrees:

1 90 2  180 3  270

4 360 5  90 6  180

Angles in  radians:

7 0  8  


2
 9    

10 
3

2
 11  





3

2
 12  4

In Chapter 1 1 ,  you used right triangles to help you nd  

the exact values of sine,  cosine and tangent for 30,  45 and 60.   

You will now extend this to include other special angles in degrees  

and radians.

Angle measure

degrees, radians
Sine Cosine Tangent

0, 0 radians 0 1 0

30,  


6

1

2

3

2

1 3
=

33

45,  


4

1 2
=

22

1 2
=

22

1

1
= 1

60,  


3

3

2

1

2

3

1
= 3

90, 


2
1 0 undefned

It is  important or you  

to remember these 

values, as you  wi l l  be  

required  to  know them 

without using your 

GDC.

Chapter 13
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In Chapter 1 1 ,  you discovered that supplementary angles have the  

same sine value.  You also found that these angles have opposite  

cosine values.  

For example,  sin 30 =  sin150,  and cos150 =  cos 30.

Now,  you will use the unit circle to nd other angles with related   

trigonometric values.  

Consider angles in each quadrant that form the same angle with the  

x-axis.  As the coordinates on the unit circle represent the cosine and  

sine values,  you can see that angles in different quadrants have related  

sine and cosine values.

i

ii

i

x

(x,  y)

(x,  y)(x,  y)

(x,  y)

y
For angles in  the second 

quadrant,  the sine is  

positive,  and  the cosine is  

negative.

For angles in  the third  

quadrant,  the sine and 

cosine values are both 

negative.

For angles in  the rst 

quadrant,  the sine and 

cosine values are both 

positive.

For angles in  the fourth 

quadrant,  the cosine is  

positive,  and the sine is   

negative.

  For any angle ,  



 




 ,  where cos    0.

It follows that,  for angles in the rst and third quadrants,  the tangent  

will be positive,  and for angles in the second and fourth quadrants,   

the tangent will be negative.

Example 1

Find three other angles with the same value as:

a   sine 35

b  cosine 35 

c   tangent 35.

Answers

a To nd angles with the same sine:

x

y

325

35

215

145

sin 35 = sin 145 = sin (215) = sin (325)

These angles al l  form  

a  35 angle with  the 

x-axis.

{  Continued  on  next page

Angles with the same sine values meet 

the unit circle at points with the same 

y-coordinates.

To nd angles with the same sine values,  

draw a  horizontal line across the unit 

circle.

Circular functions
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b To nd angles with the same cosine:

x

y

325

35

35

325

cos 35 = cos 325 = cos (35) = cos (325)

c To nd angles with the same tangent:

x

y

325

35

145

215

tan 35 = tan 215 = tan (145) = tan (325)

This last example helps illustrate some useful properties.

  For any angle :

sin    =  sin(180   )

cos    =  cos(  )

tan    =  tan(180 +  )

Exercise 13A

1 Sketch each angle in standard position on the unit circle.   

a 75 b  1 10 c  250 d  330

e 100 f 270 g  180 h  40

2 Sketch each angle in standard position on the unit circle.

a 



 b  




 c  





 d  
 



e 





 f 








 g  2  h  3  

3 Find three other angles (in degrees) with the same sine as  

the given angle.

a 60 b  200 c  75 d  1 1 5

4 Find three other angles (in degrees) with the same cosine as  

the given angle.

a 35 b  1 30 c  295 d  240

These angles al l  form  

a  35 angle with  the 

x-axis.

These angles al l  form  

a  35 angle with  the 

x-axis.

These angles are 

measured  in  radians.

Angles with the same cosine values 

meet the unit circle at points with the 

same x-coordinates.

To nd angles with the same cosine 

values,  draw a  vertical line across the 

unit circle.

Tangent values are positive in  the rst 

and  third  quadrants.  

To nd angles with the same tangent 

values,  draw a  line through the origin  of 

the unit circle.
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5 Find three other angles (in degrees) with the same tangent as  

the given angle.

a 50 b  1 00 c  220 d  25

6 Find three other angles (in radians) with the same sine as  

the given angle.

a 



 b  




 c  4.1  rad d  3  rad

7 Find three other angles (in radians) with the same cosine as  

the given angle.

a 



 b 1  rad c  2.5  rad d  







8 Find three other angles (in radians) with the same tangent as  

the given angle.

a 



 b  1 .3  rad c  




 d  5 rad

Example 2

Given that sin 50 =  0.766 (to 3  signicant gures),  nd the values of

a cos 50 b  cos 1 30 c  sin 230 d  cos (50)

Answers

a sin2 50 +  cos2 50 =  1   

      (0.766)2 +  cos2 50 =  1    

 cos2 50  = 1    (0.766)2   

 cos 50 =   
2

1 0.766  

      cos 50  = 0.643 (3  sf)

b 

x

y

130

50

(0.643,  0.766)(0.643,  0.766)

cos 1 30 =  0.643 (3  sf)

Use sin2   +  cos2   =  1,  the 

Pythagorean identity found in 

Section 11. 3.   

Substitute sin 50  = 0.766,  then 

solve for cos .

It is a good strategy to make a 

sketch of the angles on a unit 

circle.  This makes the relationships 

between the angle easier to see.

{  Continued  on  next page
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c 

x

y

230
50

(0.643,  0.766)

(0.643,  0.766)

sin 230 =  0.766

d 

x

y

50

50

(0.643,  0.766)

(0.643,  0.766)

cos (50) =  0.643

Use similar sketches to help answer 

parts c and d.

Exercise 13B

1 Given that sin 70 =  0.940 and cos 70 =  0.342 (to 3  sf),  nd  

each value.

a sin 1 10 b  cos (70) c  cos 250 d  sin 290

Exam-Style Questions

2 Given that sin
 



  
=  



  
and cos 




 =  




,  nd each value.

a sin



 b  cos




 c  sin

 
 

 
 d  cos

 
 

 





3 Given that sinA  =  0.8 and cosA  =  0.6,  nd each value.

a sin (180   A) b  cos (A) c  cos (360   A)

d sin (180 +  A) e  tan A  f tan (A)

g sin (360   A) h  tan (180 +  A)

4 Given that sin  =  a  and cos  =  b,  nd each value in  

terms of a  and b.

a tan   b  sin (    ) c  cos (  +  ) d  tan (  +  )

e sin (  +  ) f cos () g  sin (2    ) h  cos (   )

These related  angles al l   

make an  angle of 50 

with  the x-axis.
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13.2 Solving equations using the unit circle

Suppose we want to solve an equation such as sinx =  



.  

We know that sin 30 =  



,  but we also know that  

sin 1 50 =  




,  sin 




 =  




,  and sin 
 

 
 




 

=  



.  

So what is the value of x in the equation sinx =  



?  

In fact,  there are an innite number of values we could substitute for 

x,  so we need more information about the values of x that we are 

looking for.  We need to know two things:

 Is x measured in degrees or radians? 

 What is the domain?

Now suppose we want to solve the equation sinx =  



,   

for 360   x   360.  There are two positions on the unit circle

for which sinx =  




,  so we will nd the angles at those positions 

which are within our domain 360   x   360.  

150

210

30

330

The equation has four solutions within the given domain.

x =  330,  210,  30,  1 50

Example 3

Solve the equation cos x =  
2

2
,  2    x   2.

Answer

3r

4

5r

4

5r

4

3r

4

,

,

x =  
   

 
5 3 3 5

, , ,
4 4 4 4

You know cos 
3

4

 
 
 

 = 
2

2
.  

Draw a vertical line to help nd the 

other position on the unit circle with 

this same cosine value.

Once you have found both positions 

on the unit circle,  nd all the angles 

within the domain that have their 

terminal sides at these positions.
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Example 

Solve the equation tan x =  3 ,  0   x   720.

Answer

240

600

60

420

x =  60,  240,  420,  600

tan 60 = 3 .

Draw a line through the origin to 

nd the other position on the unit 

circle with this same tangent value.

You can nd the angles 420 and 

600 by making another rotation 

around the unit circle.

Exercise 13C

1 Solve each equation for 360   x   360.

a sin x = 



 b  cos x = 





 c  tan x =  1

d sin x =  0 e  cos2 x =  



 f tan2 x =  





2 Solve each equation for 2        2.

a sin  =  



 b  tan  =  0 c  cos  =  



d sin  =  1  e  2tan2  =  6 f sin  = cos

3 Solve each equation for 180       720.

a cos  =  1  b  sin  =
2

2

c sin  = cos  d   3tan2x   1  =  8

4 Solve each equation for     x   .

a sin x =  1  b  2sin x +  3  =  2

c 10 sin2x =  5  d 4cos2x +  2 =  5

Example 5

Solve the equation sin(2x) =  
2

2
,  0   x   360.

Answer

If 0   x   360,  then 0   2x   720

135

495

45

405

2x =  45,  1 35,  405,  495

x =  22.5,  67.5,  202.5,  247.5

We know that  

sin45 = sin135 =  2
2
.

To nd the other angles,  make 

another rotation around the 

unit circle.

These angles represent the value 

of 2x,  not the value of x.



Although  the 

number i tself had  

been  studied  for 

centuries, the use 

of the   symbol  was 

introduced  in  1706 by 

Wi l l iam  Jones (Welsh, 

16751749).  
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Example 6

Solve the equation 2sin2x +  5sinx   3  =  0,  0   x   2.

Answers

2sin2x +  5sin x   3  =  0

(2sin x   1 )(sin x +  3) =  0

sin x =  
1

2
 or sin x =  3

x =  
 5
,

6 6

This is a quadratic-type equation.

Solve by factorizing.

The value of sine cannot be less than 

1,  so we can disregard sinx = 3.

Exercise 13D

1 Solve each equation for 180   x   1 80.

a cos (2x) =  



 b  6sin (2x)   2 =  1

c sin  
 
 



   cos  
 
 



 =  0 d  sin2  
 
 



= 3cos2  
 
 



2 Solve each equation for         .

a sin (2) =  



 b  tan (3) =  1

c cos2
 

 
 

 =  



 d  sin2  

 
 





 =  1

EXAM-STYLE QUESTION

3 Solve each equation for 0       2.

a 2cos2x   5cos x   3  =  0 b  2sin2x +  3sin x +  1  =  0

c tan2x +  2tan x +  1  =  0 d  sin2x =  6sin x   5  

. Trigonometric identities

In this section,  we will look at special kinds of equations called  

identities.  You are already familiar with one important  

trigonometric identity,  sin2x +  cos2x =  1 .  

This equation is an identity,  because it is true for ALL values of x.  

Another identity with which you are familiar is tanx =  








,  the 

denition of tangent,  which is also true for every value of x.
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Double-angle identity for cosine

The diagram shows the angles   and   drawn in standard position  

in the unit circle.

The length of segment CD is equal to the length of segment BD,   

and we have BD =  CD =  sin.

 BC =  BD +  CD,  so BC = 2sin.  [1 ]

We can see that BAC =  2.  The length of segment BC can be  

found using the cosine rule in ABC:

 BC2 =  AB2 +  AC2   2(AB)(AC)cos(2)

 BC2 =  1 2 +  1 2   2(1 )(1 )cos(2) =  2   2 cos(2)

 BC =        [2]

Now we have two expressions for BC.

If we put [1 ]  and [2]  equal,  we nd 

 2sin  =       .  

Squaring both sides gives us 4sin2  =  2   2cos(2).  

Rearranging this equation gives us 2cos(2) =  2   4sin2.  

Finally,  we divide by 2 to get cos(2) =  1    2sin2.

   The equation cos(2) =  1    2sin2  is an identity,  as it is true 

for all values of .

We will use this identity to help us nd other identities.

We know sin2  +  cos2  = 1 ,  so sin2  =  1    cos2.  

Using substitution,  we get cos(2) =  1    2(1    cos2).

Rearranging this equation gives us

 cos(2) =  2cos2    1 .

We can substitute sin2  +  cos2  = 1  into this equation to get 

2cos(2) =  2 cos2    (sin2  +  cos2),  which gives us

 cos(2) =  cos2    sin2.

The three equations we have just found are:   

  The double-angle identities  for cosine:

 cos(2 ) =  1    2sin2

 = 2cos2    1

 = cos2   sin2

1

1

A D

B(cos i, sin  i)

C(cos (i) , sin  (i))

i

i
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Double-angle identity for sine

Now we will nd a double-angle identity for sine.

We know that sin2(2) +  cos2(2)  = 1 ,  so 

 cos2(2) =  1    sin2(2).  [1 ]

From the double-angle identity for cosine,

 cos(2) =  1    2sin2

 cos2(2) =  (1    2sin2)2 [2]

 1    sin2(2) =  (1    2sin2)2

 1    sin2(2) =  1    4sin2  +  4sin4

 4sin2   4sin4  = sin2(2)

 4sin2 (1    sin2) =  sin2(2)

 4sin2  cos2  =  sin2(2)

 2sin  cos  =  sin(2)

  The double-angle identity for sine is sin(2) =  2sin  cos

Example 7

Given that sinx =  
3

4
,  and 0 <  x <  90,  nd the exact values of  

a  cos x b  sin(2x)

c cos(2x) d  tan(2x).

Answers

a  sin2x +  cos2x =  1

 
 
 
 

2

3

4
+ cos2x =  1

 cos2x =  1    
9

16
 =  

7

16

 cos x =  
7

4

b  sin(2x) =  2sin x cos x

 sin(2x) =  
3

4

7

4


















 sin(2x) =  3 7

8

Pythagorean identity.

Substitute the value of sin x.

Take the square root of 
7

16
.

Double-angle identity.

Substitute the value of sin x and 

cos x.

Equate [1]  and  [2]

1  sin2   =  cos2  

Take square roots of 

both  sides

Remember, i f x  is  

an  acute angle, the 

cosine must be 

positive.

{  Continued  on  next page
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c  cos(2x) =  1    2sin2x

 cos(2x) =  1    2
3

4

2







  =  1  

9

8

 cos(2x) = 
1

8
 

d  tan(2x) =  
 

 

sin 2

cos 2

x

x

 tan(2x)  =  

3 7

8

1

8



















 

=
3 7

8

8

1


















 tan(2x) =  3 7

Use a double-angle identity.

Substitute the value of sin x.

Denition of tangent.

Substitute the values of sin (2x) and 

cos (2x).

Example 8

Given that cos  =  
4

5
,  and 

3

2


<   <  2,  nd the exact values of 

a sin  b  cos(2).

Answers

a sin2  +  cos2  =  1

 sin2  +  
4

5

2







 = 1

 sin2  =  1    
16

25
 =  

9

25

 sin  = 
3

5

b  cos(2) =  2cos2    1

 cos(2) =  1
4

5

2







   =  

32

25
1

 cos(2) =  
7

25
 

Pythagorean identity.

Substitute the value of cos.

Take the square root of 
9

25
.

Use a double-angle identity.

Substitute the value of cos .

Notice that,  in Example 8,  we could nd the values of sin   and  
cos (2) without ever nding the measure of the angle .

Remember, i f  

3

2
 <    <  2,  the 

angle wi l l  be in  the 

fourth  quadrant.  The 

cosine is  positive but 

the sine is  negative.

You  could  use any of 

the three identities for 

cos(2x).
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Exercise 13E

Exam-Style Questions

1  Given that sin  =



,  and 0 <    <  90,  nd the exact 

 value of each.

a sin(2) b  cos(2)  c  tan(2)

2 Given that cosx =  



,  and 90 <  x <  1 80,  nd each value.

a sin(2x) b  cos(2x)  c  tan(2x) 

3 Given that cos  =  



,  and 0 <    <  ,  nd each value.

a tan   b  sin(2) c  cos(2) d  tan(2)

4 Given that sinx =  



,  and 180 <  x <  270,  nd each value.

a sin(2x) b  cos(2x)  c  tan(2x) d sin(4x)

Exam-Style Question

5 Given that tan  =  



,  and 0 <    <  ,  nd each value.

a sin   b  cos   c  sin(2) d  cos(2)

6 Given that sin(2x) =  



,  and 





 <  x <  




,  nd each value.

a cos(2x) b  tan(2x) c  sin(4x) d  cos(4x)

7 Given that tanx =  



,  and 0 <  x <  90,  nd each value in terms  

of a  and b.

a sin x b  cos x c  sin(2x) d  cos(2x)

You can also use identities when working with equations.

Example 9

Solve the equation sin (2x) =  sin x for 0    x   360.   

Do not use your GDC.

Answer

 sin(2x) =  sinx

2(sinx)(cosx) =  sinx

2(sinx)(cosx)   sinx =  0

(sinx)(2cosx   1 ) =  0

sinx =  0 or 2cosx   1  =  0

If sinx =  0,  then x =  0,  180,  360.

If 2cosx   1  =  0,  then cosx =  
1
,

so x =  60,  300.

x =  0,  60,  1 80,  300,  360

Use double-angle identity.

Rearrange.

Factorize.

You  should  be able  to 

answer al l  o these 

questions without 

fnding the size o the 

angle.

There are more 

trigonometric 

identities.  What 

are they? What 

identities are used  

in  other areas o 

mathematics?
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Example 0

Prove that (1  +  tan2  x) cos (2x) =  1    tan2x.

Answer

(1  +  tan2x)   cos(2x) =  1    tan2x

1 + 2cos 1 = 1
sin

cos

sin

cos

2

2

2

2

2

x

x

x

x
x









( ) 

cos 1 + 2sin   =  12 2

2

2

2

2

sin

cos

sin

cos
x x

x

x

x

x
  

cos + 2sin2 2x x  = 2
sin2x +  cos2x =  1

Rewrite using sin x and cos x.

Multiply through on the left 

side of the equation.

Simplify.

Divide by 2.

In Example 10,  we ended up with a known identity,  which is true 

for all values of x.  Therefore,  the original equation is true for all 

values of x and is also an identity,  though it is not one you must 

learn.

When you show equations to be true in this way,  it is called  

proving identities .

Exercise 13F

1 Solve each equation for 0    x   1 80.  
a sin (2x) =  cos x b  sin (2x) =  cos (2x)

c (sin x +  cos x)2 =  0 d  cos2 x =




2 Solve each equation for 180        1 80.

a 2sinx cosx =  



 b  sinx(1    sinx) =  cos2x

c cos2x =  



+ sin2x d  cos(2x) =  sinx

3 Solve each equation for 0   x   .
a tanx =  sinx b  2cos2x   1  =  





c cos(2x) =  cosx d  sin(4x) =  sin(2x)

4 Solve each equation for 0       .
a (sin(2x) +  cos(2x))2 =  2 b  sinx   1  =  cos2x

c cos2x =  cos(2x) d  2sin2x =  1

5  Prove each identity.

a (sinx +  cosx)2 =  1  +  sin(2x) b 


   



  

c 





 ( ) = 




 

 

 
   d  



 
 




 


  

 
 

e cos4x   sin4x =  cos(2x) 
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Exam-Style Questions

6 The expression 2sin 3x cos 3x can be written in the form sin kx.  

Find the value of k.

7 The expression cos 4x can be written in the form 1    bsin2x cos2x.  

Find the value of b.

13.4 Graphing circular functions

In previous sections,  we have used the unit circle to nd 

relationships between different angles and their sine,  cosine and 

tangent values.  In this section,  you will see how these values can be 

used to help you understand the trigonometric functions y =  sinx,   

y =  cosx,  and y =  tanx.  You will also practice graphing these 

functions with the GDC to help you solve equations.

Sine and cosine functions

You already know the exact sine values for many angles,  as seen  

in the table.

Angle measure (x)

degrees, radians

Sine value

(sinx)

Angle measure (x)

degrees, radians

Sine value

(sinx)

0, 0 radians 0 210,  
7

6

1

2

30, 


6

1

2
225,

 

5

4
 

1

2
=

2

2

45,  


4

1 2
=

22
240,  

4

3


3

2

60,  


3

3

2
270, 

3

2
1

90, 


2 1 300,  
5

3


3

2

120,  
2

3

3

2
315,  

7

4


 

1

2
=

2

2

135,  
3

4

1 2
=

22
330,  

11

6


1

2

150,  
5

6

1

2
360, 2 0

180,  0
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If we let y =  sin x,  we can plot these values as coordinates on a graph.

x

y

9090 180 270 360 450 540

0.5

0

0.5

1 .0

1 .0

  Graphing  the  equation  y =  sinx on  th is  

same  set of axes,  we  see  th is:

x

y

0 909090180 180 270 360 450 540

.5

.5

1 .0

1 .0  

r
x

y

0 r

2

2r3r

2

5r

2

r 3rr

2


.5

.5

1 .0

1 .0

We can see that the graph of the function y =  sinx is generating the  

same sine values that we found using the unit circle.  

Similarly,  if we let y =  cosx,  we can plot the cosine values we know,   

along with the graph of the function y =  cosx.

 y =  cosx,  with  x measured  in  degrees:  y =  cosx,  with  x measured  in  rad ians:

x

y

0 909090180 180 270 360 450 540

.5

.5

1 .0

1 .0

r
x

y

0 r

2

2r3r

2

5r

2

r 3rr

2


.5

.5

1 .0

1 .0

  I f we  measure  x i n  rad ians,  the  

graph  has the  same shape.
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  If we compare the sine and cosine functions,  we see many 

similarities.  

 The curves are the same size and shape,  only their 

horizontal positions on the axes differ.  The sine curve 

passes through the origin (0,  0),  and the cosine curve 

passes through the point (0,  1 ).

 The functions are periodic,  which means that they repeat  

the same cycle of values over and over.  The period,  or  

length of one cycle,  is 360 or 2.  This means that if you 

look at two points whose x-coordinates are 360 (or 2) 

apart,  the y-coordinates of those two points would be the 

same.

 Both functions have a maximum value of 1  and a 

minimum value of 1 .  Each of these functions has  

an amplitude  of 1 .  The amplitude is the difference  

between the horizontal axis of the wave (y =  0,  in  

this case) to a maximum or minimum value (y =  1  or  

y =  1 ,  in this case).  We can also say that the amplitude  

is one-half the vertical distance from a maximum to a 

minimum.

We can use the graphs of y =  sin x and y =  cos x to help us to solve  

equations,  much as we used the unit circle to help us solve equations  

earlier in this chapter.

Consider the equation sinx =  



,  360   x   360.  

By graphing a horizontal line y =  



 on the same set of  

axes as y =  sin x,  we can see that there are four points where  

sin x =  



.

These points correspond to the values

x =  330,  210,  30,  1 50.

y

x0

y =  sin  x

y

x0

y =  cos x

x

y

0
180 360180360

1

1
y =  sin  x

y =
1

2
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Example 11

Solve the equation cos  =  0.4,  360       360.  

Give your answers to the nearest tenth.

Answer

 

  =  293.6,  66.4,  66.4,  293.6

Enter y = cos x and  

y = 0.4 into the GDC,  and 

set an appropriate window to 

view the graph.  Be sure your 

GDC is in DEGREE mode!

There are four intersection 

points within this domain,  

so the equation will have 

four solutions.  Use 6:Analyze 

Graph |  4:Intersection to nd 

these intersection points.

To change to degree 

mode  press  and  

choose 5:Settings & 

Status |  2:Settings |  

2:Graphs & Geometry

Use the  key to  

move to Graphing 

Angle and  select 

Degree.  Press  

and  then  select 

4:Current to return  to 

the document.

The GDC can  be very 

helpful  in  solving 

equations with  sine 

and  cosine functions.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

Chapter 13



466

Example 12

Solve the equation sinx =  0.25x   0.3,  2    x   2.  

Give your answers to three signicant gures.

Answer

Enter y = sinx and  

y = 0. 25x  0. 3 into the GDC,  

and set an appropriate window  

to view the graph.

Be sure your GDC is  

in RADIAN mode!

There are three intersection points 

within this domain,   

so the equation will have  

three solutions.  Use 6:Analyze 

Graph |  4: Intersection to nd 

these intersection points.

Angle measures are in  

radians

To change to radian 

mode  press  and  

choose 5:Settings &  

Status |  2:Settings |  

2:Graphs & Geometry

Use the  key to 

move to Graphing 

Angle and  select 

Radian.  Press   

and  then  select 

4:Current to  return  to  

the document.

x =  2.15,  0.416,  2.75  

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.
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Exercise 13G

In questions 1  to 4,  use your GDC to solve each equation.   

Give your answers to the nearest degree.

1 sin x = 



,  360   x   360 

2 cos   =   ,  180       360

3 sin   =  0.9,  0       360 

4 sin x =  cos(x   20),  0   x   540

In  questions 5  to 8,  use your GDC to solve each equation.   

Give your answers to three signicant gures.

5 sin   = 



,  2    x   2

6 cos   =  
1
2

e

,      x   2

7 cos x =  x,      x   2

8 sin x =  x2   1  ,  2    x   2

Tangent function

Investigation   graphing tan x

For the sine and  cosine functions, we began  with  values for sinx and   

cosx that we al ready knew.  

Now try a  simi lar approach  to the function  y =  tanx.

1 List the tangent values for the angles:   

0,  30, 45, 60, 120, 135, 150, 180, 210, 225, 240,  

300, 315, 330, 360.

2 On a  piece of grid  paper, plot these values as points.  Let the x-axis  

represent the angle (measured  in  degrees), and  let the y-axis  

represent the value of tanx.  

3 Why are there no tangent values for the angles 90 or 270?  

What feature do you  sometimes have on  the graph  of a  function   

for values that do not exist?

4 Connect the points on  your grid  paper to sketch  the graph  of  

y =  tanx.

5 Graph  the function  y =  tanx  on  your GDC, and  compare i t to   

your sketch.

      Are  your graphs simi lar?
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If you had been using radians,  rather than degrees,  the graph of the  

tangent function would look like this:

r
x

y

0
r

2

3r

2

r 2rr

2


3r

2


1

2

3

1

2

3

  Like the sine and cosine functions,  the tangent function is 

periodic.  There are vertical asymptotes at values of x where 

the function does not exist.  The same cycle of values repeats 

between each pair of vertical asymptotes.  

The period of the tangent function is 180 (or   radians).  Unlike 

the sine and cosine functions,  the tangent function does not 

have an amplitude.  It has no maximum or minimum values.

Example 13

Solve the equation tan  =  1    x ,  2         2.  

Give your answers to three signicant gures.

Answer

       

  =  4.88,  1 .90,  0.480,  2.25,  4.96

There are ve intersection points 

within this domain,  so the 

equation will have ve solutions.

Be sure your GDC is  in  

RADIAN  mode!

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.
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Exercise 13H

In questions 1  to 4,  use your GDC to solve each equation.   

Give your answers to the nearest degree.

1 tan x =  2,  360  x   360 

2 tan   =    ,  180       360

3 tan   =  1 .5,  0       360 

4 tan x =  cos x,  0   x   720

In questions 5  to 8,  use your GDC to solve each equation.   

Give your answers to three signicant gures.

5 tan   =  




,  2    x   2

6 tan   =  ,          

7 tan x =  2x   3,  0   x   2

8 tan x =  4   x2,  2    x   2

.  Translations and stretches of  
trigonometric functions

Investigation    transformations of sinx and  

cosx

Using your GDC in  radian  mode, graph  the functions y =  cos x

and  y =  cos
 

 
 


2

x  on  the same axes.

What do you  notice about the graphs of these two functions? 

What do they have in  common?

Describe how the graphs are d ifferent, and  try to explain  why th is is  happening.

Now, repeat th is process for each  of these pairs of functions.

1  y =  sin  x  and  y =  sin  x +  3

2 y =  cos x  and  y =  2  cos x

3 y =  cos x  and  y =  cos (2x)

4 y =  sin  x  and  y =  sin  
 

 
 


3

x

5 y =  sin  x  and  y =  cos 
 

 
 


2

x
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In the last section,  we looked at the basic trigonometric functions  

y =  sin x,  y =  cos x and y =  tan x.  Now we will study transformations  

of these functions.

Lets begin by looking at the graphs of the sine and cosine functions,  

and reviewing some vocabulary relating to these functions.

r x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


1

1
y =  sin  x

These functions have a period  of 2  (or 360,  if we were graphing  

the functions in degrees rather than radians).  

These functions have an amplitude  of 1 .  

The graphs of these functions can be transformed in the same way 

that you transformed the graphs of other functions earlier in this 

book;  see Chapter 1 .

Translations

  The function y =  sin(x) +  d is a vertical translation  of the  

standard sine curve.  

The curve shifts up if d is positive,  down if d is negative.

The function  y =  sin(x   c) is a horizontal translation  of the  

standard cosine curve.  The curve shifts to the right if c is 

positive,  left if c is negative.

It is important to note that a translation does not change the  

period or the amplitude of a trigonometric function.

  This graph  shows a  vertica l  translation .   

The  sine  curve  has been  sh ifted  up   

2  un its.  The  green  arrow shows the   

d irection  of the  translation .

r
x

y

0
r

2

3r

2

r 2rr

2


1

1

2

3

y =  sin  x

y =  sin  x + 2

  This  graph  shows a  horizonta l  translation .  

The  sine  curve  has been  sh ifted  


2
 un its to  

the  right.  The  green  arrow shows the   

d irection  of the  translation .

r
x

y

0
r

2

3r

2

r 2rr

2


1

1

y =  sin  x y =  sin  (          )r
2

x 

A horizontal  

translation  is  also 

known  as a  phase 

shift .

You  need  to be very 

fami l iar with  the 

features of the basic 

sine and  cosine 

curves.

r x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


1

1
y =  cos x
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  The function y =  cos(x) +  d is a vertical translation  of the 

standard cosine curve.  

The curve shifts up if d is positive,  down if d is negative.

The function  y =  cos(x   c) is a horizontal translation  of the 

standard cosine curve.  The curve shifts to the right if c is 

positive,  left if c is negative.

As with the sine curve,  a translation does not change the period  

or the amplitude of the cosine function.

  This graph  shows a  vertica l  translation .   

The  cosine  curve  has been  sh ifted   

down  3  un its.  The  green  arrow shows  

the  d irection  of the  translation .

r
x

y

0
r

2

3r

2

r 2rr

2


1

2

3

4

1
y =  cos x

y =  cos x  3

  The graph  below shows a  horizonta l   

translation.  The  cosine  curve  has been  

sh ifted  
3

4
 un its to  the  left.  

r
x

y

0
r

2

3r

2

r 2rr

2


1

1

y =  cos x y =  cos (          )3r

4
x +

Now consider the graph of the tangent function.

r
x

y

0
r

2

3r

2

r 2rr

2


3r

2


1

2

3

1

2

3

Remember that this function has a period of   (or 1 80).  It has no  

amplitude,  because there are no maximum or minimum points.  

There are vertical asymptotes at x =  
 

 



 

,  etc.   

(or at x =  90,  x =  270,  etc).
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As with the sine and cosine functions,  vertical and horizontal  

translations do not change the period of the tangent function.

We can combine horizontal and vertical translations by looking at  

equations in the form y =  sin(x   c) +  d,  y =  cos(x   c) +  d,  and  

y =  tan(x   c) +  d.

Example 14

Sketch the graph of y =  sinx.   

On the same set of axes,  sketch the graph of:

a y =  sinx +  1   b y =  sin x 
2

3







   c y =  sin x 

2

3







  +  1

Answers

a y =  sinx +  1

r
x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


1

1

2

b y =  sin x 
2

3









r x

y

0
r

3

2r

3

5r

3

4r

3

r 2r2r r

3


2r

3


5r

3


4r

3
 1

2

1

2

The basic sine curve is shown in red,  the translated 

function is shown in blue.  This is a vertical shift of 

1 unit upward.  

Again,  the basic sine curve is shown in red,  the new 

function is shown in blue.  This is a horizontal shift 

of 2
3

  units to the right.  

c y =  sin x 
2

3









  +  1

r x

y

0
r

3

2r

3

5r

3

4r

3

r 2r2r r

3


2r

3


5r

3


4r

3
 1

2

1

2

This is a combination of the translations from parts 

a and b,  with the new function shown in blue.  

The basic sine curve (shown in red) has been shifted 
2

3

  units to the right,  and 1 unit up.
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Example 15

Write an equation for each function,  as directed.

a Write a sine equation.

r
x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


1

2

3

b Write a cosine equation.

 

r
x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


1

1

c  Write one sine and one cosine equation.

 

r x

y

0
r

3

2r

3

5r

3

4r

3

r 2r2r r

3
2r

3


5r

3


4r

3


0.5

1

0.5

1

Answers

a   y =  sinx   2

b   y =  cos
 

 
 
x

4
+

c   y =  cos
 

 
 
x + 0.5

3

  or

  y =  sin + 0.5
6

x
 

 
 

You can see this is a sine curve with 

a maximum value of 1 and a 

minimum value of 3.  It has been 

shifted down 2 units.

You can see this is a cosine curve 

which has been shifted to the left by 

4
.

You can see this as a cosine curve 

which has been shifted to the right by 

3


,  and up 0.5.

You might also view this as a sine 

curve which has been shifted to the 

left by 

6
,  and up 0.5.

Because the shapes 

of the sine and  cosine 

curves are so simi lar,  

there may be many 

correct equations for 

the graph  of a  sine or 

cosine function.
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Exercise 13I

For questions 1  to 8,  sketch the graph of the function  

for 2    x   2.  

1 y =  sinx   5  2  y =  cosx +  2

3 y =  tan
 

 
 
  4  y =  sin

 
 

 


5 y =  cos    6  y =  sin
 

 
 
    2

7 y =  cos 
 

 
 




    1 .5  8  y =  tan

 
 

 


 

+  4

For questions 9 to 12,  write an equation for the function shown.

9  

r
x

y

0r 2r2r

1

1

0 

r
x

y

0r 2r2r

1

2

3

 

r
x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


2

4

6

6

4

2

 

r
x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


1

2

3
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Vertical stretches

   The functions y  =  asin x and y  =  acos x are  

vertical stretches  of the sine and cosine functions.   

When the graph of a function undergoes a vertical  

stretch,  every y-value in the original function is multiplied by 

the value of a.  

 If | a|  >  1 ,  the function will appear to stretch away from the 

x-axis.  

 If 0 <| a|  <1 ,  the function will appear to compress closer to 

the x-axis.  

 If a is negative,  the function will also be reected over the 

x-axis.

 With  a vertical stretch,  the amplitude  of the sine or cosine 

function will change from 1  to | a| .  The period of the 

function will not change.

In the graph below,  the sine curve has been stretched vertically  

by a factor of 3.  The maximum values are at y =  3,  and the  

minimum values are at y = 3.  The amplitude of the new  

function is 3.

r
x

y

0
r

2
3r
2

r 2r2r r

2
3r

2


1

1

2

3

2

3

y =  3  sin  xy =  sin  x

The next graph shows a vertical stretch that is also a reection about  

the x-axis.  All of the y-values in the standard cosine curve have  

been multiplied by 0.5.  

The maximum values are at y =  0.5,  and the minimum values  

are at y = 0.5  

The amplitude of the new function is 0.5.

r
x

y

y = cos x
y =  0.5cos x

0
r

2
3r
2

r 2r2r r

2


3r
2


1

1

y

x0

y =  asin  x

y =  sin  x | a| >1

y

x0

y =  sin  x

y =  asin  x | a| <1
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Example 16

Sketch the graph of y =  cosx.   

On the same set of axes,  sketch the graph of:

a y =  0.25cosx b y =  2cosx

Answers

a y =  0.25cosx

r
x

y

0 r

2
3r
2

r 2r2r r

2


3r
2


0.5

1 .0

1 .0

0.5

b y =  2cosx

r
x

y

0
r

2
3r
2

r 2r2r r

2
3r

2


1

2

2

1

The basic cosine curve is shown in blue,  the new 

function is shown in red.  This is a vertical stretch of 

stretch factor 0. 25.

Again,  the basic cosine curve is shown in blue,  the 

new function is shown in red.  

Every y-value in the blue function has been 

multiplied by 2 to give the red function.

Horizontal stretches

  The functions y =  sin(bx),  y =  cos(bx) and y =  tan(bx) represent 

horizontal stretches of the sine,  cosine and tangent functions.  

When the graph of a function undergoes a horizontal stretch,  

every x-value in the original function is multiplied by 




.  

We could also say that every x-value in the original function is 

divided by b.

Multiplying (or dividing) the x-values by a number in this way 

changes the period  of a trigonometric function.

 If | b|  >  1 ,  the period will be shorter,  and the function will 

appear to compress toward the y-axis.  

 If 0 <  | b|  <1 ,  the period will be longer,  and the function 

will appear to stretch away from the y-axis.

 If b is negative,  the function will also be reected over the 

y-axis.

When a sine or cosine function undergoes a horizontal stretch,  

the period of the function will change from 2  to 




,  or  

from 360  to 



.

y

x0

y =  sin  x

| b| >1

y =  sin  b  x

y

x0

y =  sin  x

y =  sinb  x

| b| <1
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  I n  the  graph  below,  the  sine  curve  in  

b lue  has a  period  o .

r
x

y

0
r

2

3r

2

r 2r2r r

2


3r

2


0.5

1 .0

1 .0

0.5

y = sin (2x)

y =  sin  x

  In  the  graph  below,  the  sine  curve  

in  b lue  has a  period  o 4.  The  

unction  has a lso  been  refected  

about the  y-axis.

r
x

y
y =  sin  xy =  sin  (0.5x)

0
r 2r 3r 4r2r3r

1

1

  For a function in the form y =  tan (bx),  the period will 

change from   to 




,  or from 180  to 
 



.

The graph to the right shows the function y =  tan(0.5x).  

The period of this function is 2.

Example 17

Sketch the graph of:  a y = sin (0.5x) b y = tan (2x) c y = 2 cos (3x)

Answers

a  y =  sin(0.5x)

r x

y

0r 2r 3r 4r2r3r

1

1

b  y =  tan (2x)

r
x

y

0
r

2

3r

2

r 2rr

2


2

4

4

2

c  y =  2 cos (3x)

r x

y

0r 2r

2

1

2

1

The period of this function is 
2

0. 5


,  or 

4.

The period of this function is 
2


.

The period of this function is 
2

3


.  

The amplitude is 2.

r
x

y

0r 2r 3r2r3r

2

4

2

4
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Exercise 13J

For questions 1  to 8,  sketch the graph of the function from 2    x   2.  

1 y =  0.5  sin x 2  y =  4 cos x 3  y =  tan  
 
 






4 y =  sin (2x) 5  y =  2 cos  
 
 




  6  y =  3  sin (3x)

7 y =  2.5 sin (0.5x) 8  y =  cos  
 
 






For questions 9 to 12,  write an equation for the function shown.

9  

r
x

y

0
r 2r 3r2r

2

1

3

4

5

6

7

8

2

1

3

4

5

6

7
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x

y

0
2r 4r 6r2r4r6r

1
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y

0
4r 6r2r4r6r

2
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2

4

6

2r

   

r
x

y

0
r 2r 3r2r 1

2

3

1

2

3

.  Combined transformations with sine  

and cosine functions

In this section,  we will be looking at functions of the form 

y =  asin(b(x   c)) +  d and  y =  acos(b(x   c)) +  d.

For functions of this type,  there are four possible transformations  

happening:

 a  represents a vertical stretch.  The amplitude of the sine or  

cosine function will be equal to | a| .

 b  represents a horizontal stretch,  which affects the period of the  

function.  The period of the sine or cosine function will be 

equal to 



.
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 c  represents a horizontal translation,  or shift.  The function will  

shift to the right if c is positive or to the left if c is negative.

 d  represents a vertical translation,  or shift.  The functions shifts  

up if d is positive or down if d is negative.

The function y =  2 sin 
  

   
  




 
  is shown in blue on the 

same axes as the basic sine curve (shown in red).  

r
x

y

0
r2r

1

2

3

1

2r 3r

This function has an amplitude of 2 and a period of 4.  The 

function y =  sinx has undergone four transformations to become the 

function in blue.  There have been two changes to the y-values and 

two changes to the x-values.

 There has been a vertical stretch of scale factor 2 and a vertical 

translation of 1 .  All the y-values in the standard sine function 

have been multiplied by 2,  then increased by 1 .

 There has been a horizontal stretch of scale factor 2 and a 

horizontal translation of 




.  All the  x-values in the original 

sine function have been multiplied by 2 (divided by 




),  

then decreased by 




.

The function y =  3  cos 
  

   
  




  is shown in blue on the 

same axes as the basic cosine curve (shown in red).

This function has an amplitude of 3  and a  

period of .  The function y =  cos x has  

undergone four transformations to become  

the function in blue.

 There has been a vertical stretch of scale factor 3.   

All the y-values in the standard cosine function  

have been multiplied by 3.

 There has been a horizontal stretch of scale factor 



,  

a reection about the y-axis,  and a horizontal translation 

of 




.  All the x-values in the original cosine function have been 

divided by 2,  then increased by 



.

When sketching functions like these by hand,  it is best to take a 

step-by-step approach.

r
x

y

0
r

3

2

1

1

2

3

2r
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Example 18

Sketch the graph of the function y =  5  cos  2

3
+ 2x  

 
 

.

Answers

This function will have an amplitude of 5  and 

a vertical shift of 2.

The maximum and minimum values of the 

function will be 3  and 7,  respectively.
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0
r 2r 3r2r 1
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 2 2 3

2b 2

3

Period = = = 2 = 3
 

  
 

   
 
 

This function will have a period of 3  and a 

horizontal shift of .  
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The horizontal axis of the wave will be  

y = 2,  which is the vertical translation.

Mark these maximum and minimum values  

(shown in red) and the axis of the wave  

(shown in green).

These will be helpful guidelines when  

graphing the function.

The standard cosine curve has a maximum  

where x = 0,  so this function will have a  

maximum where x = .

As the period is 3,  there will be another maximum 

3  units to the right,  where x = 2.  Mark these 

maximum points on the red line.

Use your knowledge of the features of the cosine 

curve to mark other points,  such as the minimum 

and the points on the axis of the wave.

Midway between two maximum values,   

there is a minimum value.  

Midway between the maximum and minimum 

values,  there will be points on the green  

(horizontal) axis.

{  Continued  on  next page
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r
x

y

0
r 2r 3r2r

2

4

6

8

2

4

Connect these points and sketch the function.

You may want to erase the guidelines when your 

sketch is complete.

Example 19

Find the amplitude and period,  then write one sine equation and  

one cosine equation for the function shown in the diagram.

r
x

y

0
r2r

1

1

2

3

2r 3r 4r

Answer

The amplitude is 
3 1

2
= 2

 ( )

The vertical shift is 
3 1

2
1

+ 
=

( )

The period is 4

1 5
+

2 4
= 2 sin + 1xy

  
  
  

 

The amplitude is one-half the difference between the 

maximum and the minimum value.

The period is the horizontal distance it takes for the 

function to complete one cycle.  The easiest way to 

nd this is by looking at the horizontal distance from 

a maximum point to a maximum point or from a 

minimum point to a minimum point.

For a sine function,  the horizontal translation is 

found by looking at the x-coordinate of a point on 

the horizontal axis of the wave,  with a positive 

gradient.  This corresponds to the point (0,  0) on the 

standard sine curve.

In this function,  one such point is ,
5

4
1




 
 
 

,  so the 

horizontal  translation is 
5

4


 .

{  Continued  on  next page
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1
+

2 4
= 2 cos + 1y x

  
  

  

The sine and cosine function have the same 

amplitude,  period,  and vertical translation.  

For a cosine function,  you can nd the horizontal 

translation by looking at the x-coordinate of a 

maximum point on the curve.  This corresponds 

to the point (0,  1),  which is a maximum on the 

standard cosine curve.  In this function,  one such 

point is ,
4

1
 

 
 

,  so the horizontal translation  

is 
4


 .

Remember,  there may be more than one possible correct equation  

that can be written for a given sine or cosine function.

  For sine and cosine functions of the same curve,  the horizontal 

translations will differ by one-fourth the period of the function.

Exercise 13K

For questions 1  to 4,  write one sine and one cosine equation  

for the function.
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For questions 5  to10,  make a neat sketch of the function over  

at least one full cycle.

5 
  

  
  

 


 
   6  

  
   

  
  


 

7 
  

  
  

 


     8   
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13.7 Modeling with sine and cosine functions

Many real-life situations can be modeled using sine and cosine  

functions.  Examples include tide heights,  sunrise times,  and  

average temperatures.  In this section,  we will use our knowledge  

of transformations to look at how sine and cosine functions  

can be used to model data.

  To create a cosine function model for data you need to know:

 the amplitude of the function

 the vertical translation

 the horizontal translation

 the period.

The sine function has the same amplitude,  vertical translation 

and period but its horizontal translation is one-fourth of the 

period to the left of the cosine curve.

Example 20

Create a model for this data,  which shows the depth of the water 

measured off a buoy in the ocean over an 18-hour period,  starting at 

midnight.

Time 0:00 2:00 4:00 6:00 8:00 10:00 12:00 14:00 16:00 18:00

Water  

depth  (m)
6.7 8.3 9.1 8.1 6.4 5.6 6.7 8.4 9.2 8.2

Answer

Enter data into lists (label these time 

and depth),  then plot the data on the 

GDC.  The independent variable,  time,  

will be on the x-axis,  and the water 

depth will be the dependent variable on 

the y-axis.

From the graph,  the 

minimum value is 5. 6 metres,  

which occurs at 10:00.  The 

maximum value is 9. 2 metres.  

Use these values to estimate 

the amplitude.

Be sure your GDC is in  

RADIANS mode.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

{  Continued  on  next page
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The data is clearly periodic,  with the water height rising and falling in 

an apparent pattern.

Now try to nd a trigonometric function to model this data.

To develop the model,  estimate the amplitude,  period,  and vertical and 

horizontal translations of the function.  

The amplitude is one-half the vertical distance between the maximum 

and minimum values.

Estimated amplitude =  
9.2 5 .6

2
= 1 .8


 metres

The vertical translation is the value half-way between the maximum and 

minimum values.

Vertical translation =  
9.2 + 5.6

2
= 7.4

The period is the horizontal distance the function takes to complete 

one cycle.  The maximum values are at 4:00 and 16:00,  so estimate the 

period to be 12 hours.

Finally,  estimate the horizontal translation.  To create a cosine model for 

the data,  the easiest way is to look for a maximum point.  The plotted 

points seem to have maximum point where x =  4 and where x =  16.  Use 

either of these x-values for the horizontal translation.

Substitute these estimates into the equation y =  a  cos(b(x  c)) +  d

y x= 1 .8cos 4 + 7.4
2

12


( )



 .  

Enter this equation into the GDC and graph the function on the same 

axes as the data points.  

The function appears to be a very good model for the data.

You could try to make minor adjustments to get a better t .

You  can  also fnd  the 

vertical  translation  

by subtracting the 

ampl itude rom  a  

maximum value, or by 

adding the ampl itude 

to a  min imum value.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

You  could  create a  

sine unction  instead.  

Try i t  you  should  get  

y =   1.8sin    
 

 
x

2

12
1  

+ 7.4 

Circular functions



485

Example 21

The following set of data can be modeled by the function  

y =  a cos (b(x   c)) +  d.

x 1 2 3 4 5 6 7 8 9 10 11

y 4 7.6 9.4 7.6 4 2.2 4 7.6 9.4 7.6 4

a Use the data to estimate the period,  amplitude,  and vertical and  

horizontal translations.

b Write the cosine function which models the data.

c Graph the function on the same axes as the data points.

d Use the regression function on your GDC to get a sine model for 

the data, and graph this function on the same axes as the data 

points.

Answers

a Amplitude =
9.4 2.2

2

= 3.6


 

 Vertical translation =  
9.4 + 2.2

2

= 5.8

 Horizontal translation =  3

 Period =  9   3  =  6

b x= 3 .6cos 3 + 5 . 8
2

6



( )









 

c 

d   

Be sure your GDC is in  

RADIAN  mode!

Use the Sine 

Regression  function  

under the STAT CALC 

menu.  Be sure to tel l  

the GDC which  l ists 

contain  the data  (x,  y).

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.
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Exercise 13L

For each set of data,  

a Use the data to estimate the period,  amplitude,  and vertical  

and horizontal translations.

b Write a cosine function in the form y =  acos (b(x   c)) +  d 

 to model the data.

c Graph the function on the same axes as the data points.

d Use the regression function on your GDC to get a sine  

model for the data,  and graph this function on the same axes  

as the data points.

1 

x 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

y 11.8 8.5 2.2 5.5 11.8 8.5 2.2 5.5 11.8 8.5 2.2

2 

x 5 10 15 20 25 30 35 40 45 50 55

y 12.5 9.3 12.5 18.9 21.9 18.9 12.5 9.3 12.5 18.9 21.9

3 

x 2 4 6 8 10 12 14 16 18 20 22

y 1.8 2.1 1.8 1.3 0.7 0.5 0.7 1.3 1.8 2.1 1.8

When you have a function to model data,  you can use that function  

to make predictions.

Example 22

The function

h t t( ) ( )





= 67.5cos 15 + 67.5

2

30




can be used to model the height of a passenger above the boarding platform on the London Eye.  

a    Use this function to estimate the height of a passenger above the platform 

 i  8 minutes after boarding

 ii  19 minutes after boarding.

b Use this function to estimate how long it takes for a passenger to rst reach a height of 100 m.

Answers

a i  8 minutes after boarding:  

  h 8 = 67.5cos 8 15 + 67.5 74.6
2

30
( ) ( )









 

   The passenger is approximately 74.6 metres above the 

platform.

Substitute t = 8 in the function.  

{  Continued  on  next page

What real  l i e 

situations can  be 

modeled  by periodic 

unctions? what 

adjustments might 

need  to be made 

to account or 

fuctuations in  the 

data? 
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 ii  19 minutes after boarding:

  

h
p

19 = 67.5cos
2

30
19 15 + 67.5 1 12.7( ) ( )






 

   The passenger is approximately 1 12.7 metres above the 

platform.

b h t t( ) ( )





= 67.5cos

2

30
15 + 67.5 = 100




 t   9.90 minutes

Set the function equal to 100,  for 

the height.

Exercise 13M

EXAM-STYLE QUESTIONS

1 The depth of the water at the end of a pier can be estimated 

       by  the function d t t( ) ( )( )= 5.6sin 0.5236 2.5 +14.9 ,  where d is the  

depth of the water in metres,  and t is the number of hours after  

midnight.

a What is the period of this function?

b Estimate the depth of the water at midnight.

c Estimate the depth of the water at 14:00.

d At what time will the water rst reach its highest depth?

2 The average high temperature in a city can be modeled by 

       the  function   ( ) ( )( )=  +          ,  where  

T is the temperature in degrees Celsius,  and d is the day of  

the year (1  Jan =  1 ,  1 4 Jan =  14,  etc, . . . )

a What is the expected high temperature in this city on the  

rst day of February?

b What is the highest expected temperature,  and on what day  

does it occur?

c How many days each year are expected to remain below  

freezing?

3 A Ferris wheel at an amusement park reaches a maximum  

height of 46 metres and a minimum height of 1  metre.  It takes  

20 minutes for the wheel to make one full rotation.

a If a child gets on the Ferris wheel when t =  0,  how high  

will he be after riding for 10 minutes?

b Write a sine function to model the height of the child  

t minutes after boarding the Ferris wheel.  

c How high is the child if he has been riding for 3  minutes?

d For what length of time will the child be higher than  

40 metres?

Chapter 13
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EXAM-STYLE QUESTION

4 The owner of an ice cream shop tracks his annual sales and  

discovers he sells a minimum of 5 gallons of ice cream on the rst  

day of January,  and a maximum of 37 gallons on the rst day  

of July.

a Assuming the annual sales can be modeled by a cosine  

function,  create an equation to model this situation.   

Let x represent the month.

b How many gallons would he expect to sell on the rst day  

of April?

 c  During what month would he expect to sell 30 gallons of  

ice cream in one day?

Review exercise 

1  Given that cos 70 =  0.342 (to three signicant gures),   

nd the values of

a cos 1 10

b cos 250 

c cos (290)

2 Given that sin 40 =  0.643 (to three signicant gures),   

nd the values of

a sin 140

b sin 320 

c sin (140)

3 Solve each equation for 360   x   360.

a  




 

b 





 

c  


    

EXAM-STYLE QUESTIONS

4 Solve the equation sin 2x +sin x =  0,  for 0   x   .

5 The graph of f ,  for 0   x   9,  is shown.

a Given that the function can be written in the form 

      ( ) ( )( )=  +sin ,

 i  nd the values of a,  c and  d.

 ii  explain why 





 .

b Write down the interval for which  ( ) > .



2

0

4

1 2

6

8

10

12

3 4 5 6 7 8 9 x

y

The graph  has a  

maximum at (6, 11)  

and  a  minimum at 

(2, 1)

Extension material on CD: 

Worksheet 13 -  Modeling  

temperatures project
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6 Given that cos
2

5
x = ,  and x is an acute angle,  nd

a  sin x b  tan x c  sin 2x

7 Sketch the graph of the function    2
2

5

3cos 1f x x
 

  
 

 ,  

      for 3   x   5.

Review exercise 

1 Solve each equation for 180  x   360.

a sinx =  0.75 b  cosx =  0.63 c  tanx =  2.8

2 Solve each equation for 2        2.

a 2sin cos

3


  

  
 

 b  cosx =  3x   1  c  
 

  
 


  




 

3 The graph of f ,  for 0   x   7,  is shown.

a Given that the function can be written in the form  

f x a bx c( ) = +cos ,  

nd the values of a,  b and  c.

b Write down the solutions to the equation      .

4  The depth of the water at the end of a shing pier is given by 

       the  function     
 

 
 


      ,  where D is the depth 

       of the water in metres,  and t is the number of hours after  

midnight.  

Low tide occurs at 4:00,  when the depth of the water is 6 m,  and  

high tide occurs at 10:00,  when the depth of the water is 14 m.

a Find the values of P and of Q.

b Sketch a graph of the function D,  for 0   t   24.

c At what time does the water rst reach a height of  

8  metres?

d Fishing is prohibited when the water depth is less  

than 8 metres.  How many hours each day is shing prohibited?

5 The longest day of the year in a city is 21  June,  with  

1 5 hours of daylight.  The shortest day of the year is  

21  December,  with 9.35 hours of daylight.  

The  number of hours of daylight can be modeled by the function 

h x A x B( ) ( )=  +    ,  where x is the day of the year 

(i.e.  x = 1  on 1  Jan).

a Find the value of A  and of B.

b How many hours of daylight would you expect on 1  Feb?

2

0

4

1 2

B(4,  1)

A(2,  7)

1

1

3

5

6

7

3 4 5 6 7 x

y
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CHAPTER 13 SUMMARY

Using the unit circle

  The unit circle has its center at the origin (0,  0) and a radius length  

of 1  unit.  The terminal side of any angle   in standard position  

will meet the unit circle at a point with coordinates (cos,  sin).

            

i

x0

A(1 ,  0)

B(cos i, sin  i)

y

  For any angle ,  



 




 ,  where cos    0.

 For any angle :

 sin   =  sin(180   )

 cos   =  cos()

 tan   =  tan(180 +  )

Trigonometric identities

 The equation cos(2 ) =  1    2sin2  is an identity,  as it is true  

for all values of .

 The double-angle identity for cosine are:

  cos(2) =  1    2sin2

  =  2cos2    1

  = cos2   sin2

 The double-angle identity for sine is sin (2 ) =  2 sin   cos 

Graphing circular functions

 The sine and cosine functions have graphs of the same size and shape but different 

horizontal positions on the axes.  The functions are periodic  with period 360  or 2.  

Both functions have a maximum value of 1  and a minimum value of 1 ,  and an 

amplitude  of 1 .  

 Like the sine and cosine functions,  the tangent function is periodic.   

There are vertical asymptotes at values of x where the function  

does not exist.  The same cycle of values repeats between each  

pair of vertical asymptotes.  

 The period of the tangent function is 180 (or   radians).  Unlike  

the sine and cosine functions,  the tangent function does not have  

an amplitude.  It has no maximum or minimum values.

 The function y =  sin (x) +  d is a vertical translation  of the standard  

sine curve.  The curve shifts up if d is positive,  down if d is negative.

Continued  on  next page

Circular functions
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 The function  y =  sin (x   c) is a horizontal translation  of the  

standard cosine curve.  The curve shifts to the right if c is positive,   

left if c is negative.

 The function y =  cos (x) +  d is a vertical translation  of the standard  

cosine curve.  The curve shifts up if d is positive,  down if d is negative.

 The function  y =  cos (x   c) is a horizontal translation  of the  

standard cosine curve.  The curve shifts to the right if c is  

positive,  left if c is negative.

 The functions y =  asin x and y =  acos x are vertical stretches   

of the sine and cosine functions.  When the graph of a function  

undergoes a vertical stretch,  every y-value in the original  

function is multiplied by the value of a.

 With a vertical stretch,  the amplitude  of the sine or cosine  

function will change from 1  to | a| .  The period of the function  

will not change.

 The functions y =  sin (bx),  y =  cos (bx) and y =  tan (bx) represent  

horizontal stretches  of the sine,  cosine and tangent functions.   

When the graph of a function undergoes a horizontal stretch,   

every x-value in the original function is multiplied by 



.  

 When a sine or cosine function undergoes a horizontal  

stretch,  the period of the function will change from  

2  to 




,  or from 360  to 



.

 For a function in the form y =  tan (bx),  the period will change  

from   to 




,  or from 180  to 
 



.

Combined transformations with sine  
and cosine functions

 For sine and cosine functions of the same curve,  the horizontal  

translations will differ by one-fourth the period of the function.

Modeling with sine and cosine functions

 To create a cosine function model for data you need to know:

 the amplitude of the function

 the vertical translation

 the horizontal translation

 the period.

 The sine function has the same amplitude,  vertical  

translation and period but its horizontal translation is one-fourth  

of the period to the left of the cosine curve.
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You often get this type of question in trigonometry:

This question is an example of pure mathematics.  If we 

ignore the effects of friction and air resistance,  the weight 

should oscillate indenitely.  But in real life,  the oscillations 

will reduce until the weight comes to rest.

Theory of knowledge:  Pure vs.  applied  mathematics

Pure vs.  applied mathematics
Mathematics is often categorized into pure  and applied.   

What is the difference between the two areas?  

Theory of knowledge

A weight is suspended on 

a spring,  as shown.  When 

the weight is pulled down 

and released,  it will 

oscillate up and down.

If we let h  =  0 represent the
 

resting height of the weight,  

the oscillation height at
 

time t seconds is given by 

h(t) =  a  sin (b  (t  c))

The weight is pulled down 

5cm and completes one full 

oscillation every two 

seconds.  Find the value
s of 

a,  b  and c.

Ignore the efects o 

riction and air resist
ance.

As far as the 

laws of 

mathematics refer 

to reality,  they are 

not certain; and 

as far as they are 

certain,  they do 

not refer to 

reality.

Albert Einstein,  

Sidelights on 

Relativity

  What is  the point of 

studying pure mathematics 

problems l ike th is, when  

the results are unreal istic 

in  real  l i fe?

  Should  we only study 

appl ied  mathematics, 

which  could  have some 

practical  use?  

 pure  and applied.  

o areas?  

s far as the 

aws of 

atics refer 

,  they are 

in; and 

ey are 

y do 

o
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{ George Boole  

(181564)

Applications of pure mathematics

Practical  appl ications are oten  ound  or 

pure mathematics  sometimes many years 

ater the frst ideas were ormulated.

Modern  computers use the binary (base 2)  

number system.  German  mathematician  

Gottried  Wi lhelm  Leibniz (16461716) 

wrote about th is number system, which  

uses only 0s and  1s, in  the early 1700s.   

When  he was studying th is  pure 

mathematics  idea, he d idnt know how i t 

would  be used  300 years later.

George Boole, an  Engl ish  mathematician, 

developed  h is Boolean  Logic system in  the 

1850s.  This system was later used  in  d igital  

electronics.  

In  physics, elementary particles were 

d iscovered  through  arguments involving the 

beauty, symmetry or elegance o the 

underlying mathematics.

Perhaps al l   pure  mathematics wi l l  be used  

to model  some aspect o real  l i e one day.

rge Boole 

1564)

      

Pure mathematicians study mathematics for its own sake,  

without having any application in mind.  Applied 

mathematicians use mathematics to help them research,  model 

and solve problems in other areas of knowledge,  for example 

physics,  economics,  computer science and engineering.

  Can  we model  the real  world  with  

mathematics because we create 

mathematics to mirror the world, or 

because the world  is  intrinsical ly 

mathematical?

  What does th is tel l  us about the 

relationship between  the natural  

sciences, mathematics and  the natural  

world?

  I s  mathematics invented  or d iscovered?

There  are  1 0   

types of  people  in  

this world:  those  who  

understand  b inary 

and  those  who  don't.

Pure mathematics in applications

Studying applied mathematics has led to the development of 

entirely new mathematical disciplines,  such as statistics and 

game theory.

1

2

3

Applications

Practical  appl ications 

pure mathematics  s

ater the frst ideas wer

Modern  computers use t

number system.  German  

Gottried  Wi lhelm  Leibniz (

wrote about th is number sy

uses only 0s and  1s, in  the 

When  he was studying th is  p

mathematics  idea, he d idnt k

would  be used  300 years later.

Pure math

without hav

mathematici

and solve pro

physics,  econo

Pure ma

1

Physics is mathematical  

not because we know so much about the 

physical world,  but because we know so little; 

it is only its mathematical properties  

that we can discover.

Bertrand Russell,  English  mathematician and 

philosopher (18721970)



Calculus with 
trigonometric 
functions

CHAPTER OBJECTIVES:

6.1 Tangents and  normals, and  their equations

6.2  Derivative o sin  x,  cos x,  tan  x, including dierentiation  o a  sum and a  real  multiple, 

chain  rule, product and  quotient rules, second derivative o these unctions

6.3  Local  maximum and  minimum points, points o inexion, graphs o unctions, 

including the relationship between  graphs o f,  f   and  f 

6.4   Indefnite integral  o sin  x and  cos x,  including composites with  the l inear unction  

ax +  b,  integration  by inspection, or substitution  o the orm  f (g(x))g (x)dx

6.5  Anti -d ierentiation  with  a  boundary condition  to determine the constant term, 

defnite integrals, areas between  the curve and  the x-axis, areas between  curves, 

volumes o revolution  about the x-axis  

6.6  Kinematic problems involving d isplacement s,  velocity v and  acceleration  a,  total  

d istance traveled

14

Before you start
You should  know how to:  

1 Find the exact value of trigonometric 

functions for unit circle values.

2 Use trigonometric identities to solve 

equations.

e.g.  Solve cos 2x =   cos x  for 0   x   2.  

 cos 2x =   cos  x

 2cos2  x  1  =   cos x

 2cos2 x +  cos x  1  =  0

  (2cos  x  1 )(cos x +  1 ) =  0

 1

2
5

,
3 3

cos  or cos 1

,

x x

x
 



  



3 Use the product,  quotient and chain rules 

to nd derivatives.

e.g.  Find the derivative of f (x) =  x2  ln x.  

 f (x) =  x2 ln x

2 1
( ) (ln )(2 )

x
f x x x x

 
 
 

   = x +  2x ln x

Skills check

1 Find the exact value of

a 
7

4
cos


 b  

3

2
in



c 
1 1

6
tan


 d  

4

3
sin



2 Solve each equation for 0   x  2.

a 1  +  tan x =  sin2 x +  cos2 x

b sin 2x  cos x =  0

c sin2 x =  1  +  cos x

3 Find the derivative of

a f (x) =  2x3 ex

b f (x) =  x ln(x2) 

c 
2

5

4
( )

x

x
f x






d f x
x

x
( )

ln
=
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At The Chocolate Factory in Ghirardelli Square,  San Francisco,  

California,  a vat of milk chocolate is stirred by a stirrer blade which 

is driven by a wheel that pushes the blade back and forth across the 

bottom of the vat.

In the chocolate stirrer,  the periodic circular motion of the wheel is 

translated into periodic linear motion of the blade.  The diagram shows 

the mechanism.  One end of a rod is attached to a wheel or crankshaft 

and the other end of the rod is attached to the stirrer  

blade inside the vat.  As the wheel turns,  the rod pushes the stirrer 

blade backwards and forwards across the vat.  The distance  

between the center of the wheel and the stirrer blade can be modeled  

by a function like this:  d () = 2cos   + 2
25 4 sin  ,  where d is the 

distance in metres and   is the angle of rotation of the wheel in radians.

To nd the angle of rotation when the blade is the shortest distance 

from the center of the wheel,  you would use the derivative of d ().

Many real world phenomena,  such as heart rhythms,  movement  

of hands on a clock,  the tides and circular motion,  have periodic 

behavior  they follow a pattern that recurs at regular intervals.   

Periodic behavior can be modeled by trigonometric functions  sine,  

cosine and tangent  which are periodic functions.  You can see  

from their graphs that each functions values recur.  

In this chapter you will nd derivatives of the sine,  cosine  

and tangent functions and integrate sine and cosine functions,  in 

order to investigate the behavior of periodic functions like this one.

rod  

d

wheel  

vat

blade 

i

x0

sin  x

y

r

2

r 2rr2r 3r

2

r

2


3r

2


1

1

2

2

cos x

tan x
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.  Derivatives o trigonometric unctions

In Chapter 7 you met these properties of derivatives,  where c is a 

constant real number.

Constant rule:   d

dx
c 

Constant multiple rule:  
d

[ ]
d

( ) ( )
x

cf x cf x

Sum or diference rule:  
d

dx
f x g x f x g x[ ( ) ( )] ( ) ( ) =   

Product rule:  
d

d
[ ( ) ( )] ( ) ( ) ( ) ( )

x
f x g x f x g x g x f x     

Quotient rule:  
 2

d ( ) ( ) ( ) ( ) ( )

d ( ) ( )
, ( ) 0

f x g x f x f x g x

x g x g x
g x

     
 

 


Chain rule:  
d

[ ( ( )) ]
d

( ( )) ( )f g x
x

f g x g x  

Investigation:  The derivative of sine

Here is  the graph  of f (x)  =  sin  x for 2    x   2.  Use i t to  answer  

the questions below.

1  There are four values of x in   

2    x   2  where the  

gradient of the tangent l ine to  

f (x)  =  sin  x is  equal  to zero.   

What are they?

Use these values to plot four  

points that are on  the graph  of the derivative of f against x.

2  List the intervals of 2    x   2   where the graph  of f (x)  =  sin  x  

is  increasing and  those where it is decreasing.  When f is  increasing,  

what is  true about the sign  of the derivative of f ? When  f is   

decreasing, what is  true about the sign  of the derivative of f ? Use  

th is information  and  the points you  plotted  in  question  1 to make a   

possible sketch  of the graph  of the derivative of f.

3  Use a  GDC to graph  the derivative of f (x)  =  sin  x in  the interval   

2    x    2.  Be sure your GDC is  in  radian  mode.  

  Compare the graph  of the derivative on  your GDC to the one you   

drew in  question  2.  Adjust your drawing i f necessary.

4  Make a  conjecture based  on  the graph  of the derivative of  

f (x)  =  sin  x.  What function  do you  th ink is  the derivative of sine?

5 Verify your conjecture numerical ly with  a  GDC by comparing the table  

of values for the function  you  graphed  in  question  3  and  the function   

you  chose in  question  4.

x0

f(x)  =  sin  x

f(x)

r

2

rr 3r

2

r

2


3r

2
 1

1

2

2

The gradient of a  

horizontal  l ine is 0.  

So at the values of 

x where the tangent 

l ines to f are horizontal  

the derivative of f is  

equal  to 0.

Enter the graph:


d

d

1( ) (s in ( ) )
x

f x x
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In the investigation,  you should have found that 
d

d

(sin ) cos
x

x x .

Now consider the derivative of f (x) =  cos x.

If you translate the graph of sine to the left 
2


,  you get the graph

of cosine.  So 
2

( ) cos sinf x x x
 

 
 

   .

Hence,  
d d

d d 2

2

2

(cos ) sin

cos (1)

cos

x x
x x

x

x







  
  
  

  
   

  

 
 
 

 



 

If you translate the graph of cosine to the left 
2


,  you get a  

reection of the graph of sine in the x-axis.  So

2

( ) cos sinxf x x
 

 
 

   .

Therefore we conclude that 
 

 
 

   
d

d 2

(cos ) cos sin
x

x x x

Finally consider the derivative of f (x) =  tan x.  We know that

s n

cos

( ) tan
x

x
f x x  ,  where cos x   0.

So,  
d

d

d

dx x

x

x

x x x x

x

x(tan )
sin

cos

cos (cos ) sin ( sin )

(cos )

= 







=
 

=

2

ccos sin

cos

cos
cos

2 2

2

2

1
0

+

= 

x

x

x
x,

  Derivatives of sine,  cos and tan:

f (x) =  sin x   f (x) =  cos x

f (x) =  cos x   f (x) =   sin x

   
2

1

cos

( ) tan ( ) , cos 0
x

f x x f x x

Use the identity  

cos2    +  sin2    =  1  to  
simpl iy the numerator.

Apply the quotient 

ru le.

Using the chain  rule:

 



 



  
  

  

      
      
      

  
  
  

  

 

d

d 2

d

2 d 2

1

2

s in

cos

cos

x

x

x

x x

x

x0

f(x)  =  sin  xf(x)  =  cos x

f(x)

r

2

r

2

rr 3r

2

r

2


3r

2
 1

1

2

2

x0
r

2

r

2

rr 3r

2

r

2


3r

2
 1

1

2

f(x)  =  sin  x f(x)  =  cos x

f(x)

You  can  examine a  

geometric justifcation  

o th is act in  the TOK 

section  at the end  o 

th is  chapter.
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Example 

Find the derivative of each function.

a  f (x) =  sin x +  cos x  c y
x

= 1

tan

b  y =  cos(t2)   d f (x) =  sin3  (2x)

Answers

a   f (x) =  sin x +  cos x 

    f (x) =  cos x  sin x

b y t

y

=

 = 

cos ( )

[ sin( )]

2

2
t

derivative of outside
function with reespect 

to inside function

derivative of inside
fu

  
 [ ]2t

nnction with
respect to t

t t



= 2 2sin( )

c y

x

x

x

x

x x

=

=

= 
( )

 











= 

1

1

1

1

2

2

2 2

1

tan

cos

tan cos

tan

(tan )y

 or  1
2sin x

d f x x

x

f x x x

( ) sin ( )

sin ( )

( ) sin ( ) cos ( ) ( )

sin

=

= ( )
 = ( ) ( )

=

3

3

2

2

2

3 2 2 2

6 22 2 2( ) cos ( )x x

Take the derivative of each term.  

Apply the chain rule,  where the 

outside function is u(t) = cos t and 

the inside function is v (t) = t2.

Rewrite using rational exponents.

Apply the chain rule,  where the 

outside function is u (x) = x1  and 

the inside function is v (x) = tan x.

Apply the chain rule twice.  First 

the outside function is u(x) = x3  

and the inside function is v(x) = 

sin (2x).  Then when nding the 

derivative of sin (2x),  the outside 

function is u(x) = sin x and the 

inside function is v(x) = 2x.

Exercise 14A

In questions 110,  nd the derivative of each function.

1 f (x) =  3sin x  2cos x 2  y =  tan (3x)

3 
2

sin x
y   4  s (t) =  cos2 t

5 ( ) sinf x x  6  y =  tan2 x

7 y x
x= +cos sin ( )
2

4  8  f x
x

( )
cos ( )

= 1

2

9 2

4

sin ( )x
y



  10  f (x) =  sin (sin x) 

In  the 17th  and  

18th  centuries the 

development o 

mechanical  devices 

shited  the feld  o 

trigonometry rom  i ts  

original  connection  to 

triangles to model ing 

periodic motion.  

Joseph  Fourier 

(17681830), a  

French  mathematician  

and  physicist,  ound  

that almost any 

periodic unction, 

such  as the vibration  

o a  viol in  string or 

the movement o the 

pendulum  on  a  clock, 

could  be expressed  as 

an  infnite sum  o sine 

and  cosine unctions.

The osci l lation  o a   

spring and  the 

movement o a  

pendulum  are 

examples o simple 

harmonic motion.  

How are trigonometric 

unctions and  calculus 

used  to  model  th is  

motion?
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EXAM-STYLE QUESTIONS

11 Differentiate with respect to x.

 a  tan (x3) b cos4 x 

12 A function has the equation y =  sin(3x  4).  

a Find 
d

d

y

x
.   b Find 

2

2

d

d

y

x
.

Example 

Find the equations of the tangent line and the normal line to the curve 

f (x) =  cos 3x at the point where 
9

x


 .

Answer

9 9

1

3 2

cos 3

cos

f
 



    
    

    


 

The point of tangency is 
1

,
9 2

 
 
 

.

 

3
9 9

3

3 2

3 3

2

( ) 3 sin 3

3 sin

3 sin 3

f x x

f
 



    
    

    

  
       

  

  

   

 

The slope of the tangent line 

at 
9

x


  is 
3 3

2
.

The slope of the normal line at

9
x


  is 

2

3 3
 or 

2 3

9
.

Tangent line:  
1 3 3

2 2 9
x

 
   

 
 

Normal line:  
1 2 3

2 9 9
y x

 
  

 
 

Evaluate the function f at x
9

=

p

 to 

nd the point of tangency.

Find the derivative of f and

evaluate it at x
9

=

p

 to nd the

slope of the tangent line.

The normal line is perpendicular 

to the tangent line,  so the slopes are 

negative reciprocals.

Use the pointslope equation for a 

line,  y  y
1
 = m(x  x

1 
),  to write the 

equations.

Exercise 14B

In questions 1  and 2,  nd the equations of the tangent line and the 

normal line to the curve at the given value of x.  

1 
2

( ) sin cos ;f x x x x


  

2 
4

( ) 2 tan ;f x x x


 

Slope  is  another 

word  for gradient .
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EXAM-STYLE QUESTIONS

3 The point P 
p

2
0,







  lies on the graph of y =  sin (2x).

Find the gradient of the tangent to the curve at P.

4 Let f (x) =  cos (2x).

a Write down the value of 
3

f
 

 
 

.   

b Find f (x).
c Find the equation of the tangent line to f at 

3
x


 .

5 Consider the function f (x) =  3  sin x for 0   x   2.   
Find the value(s) of x for which the tangent lines to

the graph of f are parallel to the line 
3

2
4y x  .

1.2 More practice with derivatives 

You now know the derivatives of these functions:
d

d

d

d
d

d

d

d
d

d

x
x

x

x x

n n

x x

nx n x x

x x

[ ] , [ ]

[ ] [ ]

sin cos

cos sin

= =

= =

 



1 1

e e

xx x x x
x x x x[ln ] [tan ] cos,

cos
,= => 1 1

0 0
2

d

d

Using these facts and the rules stated at the beginning  

of Section 14.1 ,  you can nd the derivatives of a wide  

variety of functions.

Example 

Find the derivative of each function.

a f (x) =  4e2x  +  sin (3x +  2) c y =  cos3  x sin x

b y =  ex  sin x  d s(t) =  ln(sin t) 

Answers

a  f (x) =  4e2x  +  sin (3x +  2)

 f (x) =   4(e2x)(2) +  [cos (3x +  2)]  (3)
=  8e2x  +  3cos (3x +  2)

b   y =  ex sin x

     y   =  ex  (cos x) +  sin x (ex)

        =  ex(cos x +  sin x)

c  y   =  cos3 x sin x

         =  (cos x)3  sin x

     y   =   (cos x)3  (cos x) +  sin x (3(cos x)2) (sin x)
        =  cos4 x  3cos2 x sin2 x

d  s t t

s t
t

t t

t t

( ) ln(sin )

( )
1

sin
(cos ) cos

sin tan

=

 = = or
1

Use the constant,  multiple and chain rules to 

differentiate the rst term and the chain rule to 

differentiate the second term.

Use the product rule.  

Use the product rule and apply the chain rule 

when nding the derivative of (cos x) 3.

Apply the chain rule.

 

Most phenomena in  the sciences, 

engineering, business and  other 

felds can  be modeled  by an  

elementary function.  An  

elementary unction  is  a  unction  

that is  algebraic, transcendental ,  or 

a  sum, d i erence, product, quotient 

or composition  o algebraic and  

transcendental  unctions.

Algebraic functions  

 Polynomials

 Rational  unctions

 Functions involving radicals

Transcendental functions 

(cannot be expressed  as sums, 

d ierence, products, quotients and  

radicals involving xn)

 Logarithmic unctions

 Exponential  unctions

 Trigonometric unctions

 Inverse trigonometric unctions

 With  the exception  o the inverse 

trigonometric unction, you  can  now 

dierentiate almost any elementary 

unction.
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Exercise 14C

In questions 110,  nd the derivative of each function.

{  Continued  on  next page

EXAM-STYLE QUESTIONS

11 a  Let f (x) =  ln(3x2).  Write down f (x).

b Let 
2

( ) sin
x

g x .  Write down g (x).  

c Let  2

2
( ) ln(3 ) sin

x
h x x .  Find h (x).

12 Given that 



2

sin

1 cos
( )

x

x
f x  and f x

x a x b x

x
 =

+ +

+
( )

cos ( cos sin )

( cos )

1

1

2 2

2 2
,  

nd a  and b.

You can use the rst and second derivatives of a function  

to analyze the graph of a function.

Example 

Consider the function f (x) =  sin x +  cos x for 0   x   2.  Analyze it without using a GDC.

a  Find the x- and y-intercepts.

b   Find the intervals on which f is increasing and decreasing and the relative extreme points.

c   Find the intervals on which f is concave up and concave down and the inexion points.

d  Use the information from parts a  to c  to sketch the graph of f.

Answers

a  sin x +  cos x =  0

sin x =  cos x
3 7

,
4 4

x
 



x-intercepts:  
3

4


 and 

7

4


.

f (0) =  sin 0 +  cos 0

 =  0 +  1

 =  1

y-intercept:  1

To nd the x-intercept,  set the function equal to 0 and 

solve for x.  Use your knowledge of unit circle values to 

nd the solutions.

To nd the y-intercept,  evaluate the function when 

x = 0.

1 
 
 
 

  
3

( ) 6 cos 2 3f x x x


3 f (x) =  xex  ex

5 f (x) =  ex (sin x  cos x)

7 y =  e3x cos 4x   

9 f (x) =  (ln x)(cos x)

2 y
x

x
=

+

sin

cos1

4 s t t( ) sin
=
1

2

2e

6 s(t) =  t tan t

8  tan 2y x

10 f (x) =  ln (cos x) 

See Chapter 7,  

Section  7.
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b  f (x) =  sin x +  cos x

 f (x) =  cos x  sin x

 cos x  sin x =  0

 cos x =  sin x

 f (x) =  0 at  
5

,
4 4

x
 



Increasing:  
4

0 x


   and 5

4
2x


 

Decreasing:  
5

4 4
x


 

Relative maximum point:  
4
, 2

 
 
 

Relative minimum point:  
5

,
4

2
 

 
 



c  f (x) =   sin x  cos x

 sin x  cos x = 0

 sin x =  cos x
3 7

,
4 4

x
 



Concave up:  
3 7

4 4
x


 

Concave down:  
3

0
4

x


   and 
7

2
4

x


 

Inexion points:  
3

, 0
4

 
 
 

 and 
7

, 0
4

 
 
 

d  

x0

f(x)

1

1

2

2

2rr 7r
4

5r
4

3r
4

3r
2

r

4
r

2

, )( r4 2

5r
4

,    )(  2

Find the derivative of f and nd where f (x) = 0.

Make a sign diagram for f .   

f is increasing when f    is positive and decreasing 

when f   is negative.  

r

4
5r
4

+  +f'(x)

2r0

The rst derivative test tells us that relative extrema 

occur when the rst derivative changes sign.  

Evaluate f at 
4

x


  and 5

4

  

to nd the maximum and minimum values.

Find the second derivative of f and nd where  

f (x) = 0.

Make a sign diagram for f .   

f is concave up when f  is positive and concave 

down when f  is negative.  

3r
4

7r
4

2r

 

0

+f''(x)

Inexion points occur when the second derivative 

changes sign.  Evaluate f at 
3

4
x


  and 

7

4


 to nd

the y-coordinates of the inexion points.

Derivatives are useful for nding both relative extrema and  

absolute extrema on a closed interval.
Absolute extrema are 

sometimes cal led  

' global  extrema' .
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Example 5

a   Show how to use the second derivative test to nd the x-coordinates of the relative extrema of 

f (x) =  ln x +  sin x on 0   x   2.

b   Find the global extrema of the function f (x) =  x +  sin (x2) on the closed interval 0   x   .

Answers

a  f (x) =  ln x +  sin x

 f x

x

x
( ) cos

cos 0

1

1

x

x

= +

+ =

x   2.04,  4.48

f x x
x

 = ( ) sin
1
2

f (2.04)    1 .1 1  <  0   

relative maximum at x =  2.07

f (4.48)   0.925 >  0    

relative minimum at x =  4.49

b  f (x) =  x +  sin (x2)

 f (x) =  1  +  2x cos (x2)

 1  +  2x cos (x2) =  0

 x =  1 .392,  2.115,  2.834

 f (0) =  0

 f (1 .392)   2.33

 f (2.1 15)   1 .14

 f (2.834)   3.82

 f ()   2.71

  The maximum is 3.82 and the 

minimum is 0.

Find the rst derivative and set 

it equal to zero to nd the critical 

numbers.  Use a GDC to solve.  

Find the second derivative  

and evaluate each of the  

critical numbers from the rst 

derivative in the second derivative.   

f  > 0 implies a relative minimum  

and f (x) < 0 implies a relative maximum.

Find the rst derivative.

Set it equal to zero to nd  

the critical numbers.   

Use a GDC to solve.

Evaluate f at the endpoints  

of the interval and each of  

the critical numbers from  

the rst derivative.  The largest value is the global maximum and the 

smallest is the minimum.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

Exercise 14D

Do not use a GDC for questions 15.

For questions 1  and 2,  nd any relative minimum points and relative 

maximum points of the function on the given interval.

1 f (x) =  3 sin x +  cos x,  0   x   2

2 f (x) =  2 sin x +  cos 2x,  0   x   2

For questions 34,  nd the intervals on which the function is 

increasing,  decreasing,  concave up and concave down.  Find any 

relative minimum points,  relative maximum points and inexion 

points.  Use this information to sketch a graph of the function.

3 ( ) sin , 0f x x x   

4 f (x) =  cos2 (2x),  0   x     
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EXAM-STYLE QUESTIONS

5 Let f (x) =  cos 2x +  cos2 x.

a Show that f (x) =  3sin 2x.

b f  has one relative minimum point on the interval  

0   x  .  Find the coordinates of this point.  

c Find f (x).

d Find the coordinates of the inexion point(s) of f on the  

interval 0   x   .

You may use a GDC for questions 68.

6 Let f (x) =   + x sin x.

a i  Find f (x).

 ii  f (x) can be expressed in the form ax sin x +  b cos x.   

Find a  and b.

b i  Solve the equation f (x) =  0 for 0   x   2.  

 ii    Hence use f (x) to identify the x-coordinate of any relative 

minimum points and any relative maximum points of f  for  

0   x   2.

7 Let f (x) =  x2 cos x.

a Find f (x).

b Hence nd the global extrema of f (x) =  x2 cos x on the 

interval 0   x   5.

8 The photograph shows the machine that stirs chocolate in The 

Chocolate Factory in Ghirardelli Square,  San Francisco.  A vat of 

milk chocolate is stirred by a stirrer blade that is driven by a wheel 

that pushes the blade back and forth across the bottom of the vat.  

Suppose that the distance between the center of the wheel and the 

stirrer blade can be modeled by the function 

 d( ) cos sinq q q= + 2 25 4
2

 

  where d is the distance in metres and   is the angle of rotation of 

the wheel in radians.  

a Find d ().

b Sketch a graph of d () for 0       2,  and label the 

coordinates of all x-intercepts and relative minimum and 

maximum points.

c  i   Explain how to use the graph of d ()
 
to determine the  

angle of rotation when the blade is at the shortest distance 

from the center of the wheel.  What is this angle and this 

distance?

 ii   At which angle(s) of rotation is the distance between the 

center of the wheel and the blade changing the fastest? 

Explain how you determine your answer.

d

i
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14.3 Integral o sine and cosine

You met these integration rules in Chapter 9.

Power rule:  x x x C nn n

n
d =

+

+
+ 

1

1

1 1,

Constant rule:  k dx =  kx +  C 

Constant multiple rule:   kf (x) dx =  k  f (x)  dx

Sum or diference rule:   (  f (x)   g (x)) dx =   f (x)  dx   g (x) dx

Integrals o 
1

x

 and  ex:  
1

0
x

x x C xd = + >ln ,

 ex dx =  ex +  C 

Integral with linear composition:

f ax b x F ax b C
a

( ) ( ) ,+ = + +d
1

 where F  (x) =  f (x).

These integrals result directly from the derivatives  

of sine and cosine.  

  Integrals o sine and cosine

sin x dx =  cos x +  C cos x dx =  sin x +  C

The integrals of the composition of sine or cosine with a linear 

function are:

  sin ( + )d cos ( )
1

a
ax b x ax b C= + +-

cos ( ) d sin ( )
1

a
ax b x ax b C+ = + +

You can use the substitution method to nd some integrals or 

perhaps recognize when you have an integral of the form

 f (g (x))  g (x) dx.

Check:

d

d
( cos ) =

( sin ) = sin

x

x

x x



 

d

d
(sin ) = cos

x

x x
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Example 

Find the integrals.

a  3  sin x dx     b  cos (4x  6) dx

c  ex  sin (ex) dx  d  x3 cos (3x4) dx

Answers

a 3 sin x dx =  3 sin x dx

     =  3  (cos x) +  C

     =  3cos x +  C

b cos (4 6)d sin (4 6)
1

4
x x x C  +=

c  ex sin (ex) dx =  
d

d

u

x







 sin u dx

= sin u du

= cos u  +  C

= cos ex  +  C

d x3cos (3x4) dx = 
1

12

du

dx
cos d







  u x

=
1

12
cos u du

=

=

+

+

1

12

1

12
3 4

sin

sin ( )

u C

x C

Use the constant multiple rule and then integrate sine.

cos ( sin ( ) Cax b dx ax b
a

+ = +)
1

+

Recognize this as the form 

f(g(x))g (x) dx and write down the answer

or let u = ex and then use 
du

dx
e= x .  Simplify,  integrate 

and substitute ex for u.

Let u = 3x4  and then 
u

x
x= 12 3 ,

so 
1

12

du

dx
x







 =

3 .

Simplify and integrate.

Substitute 3x4 for u.

Exercise 14E 

Find the integrals in questions 110.

1 (2cos x +  3sin x) dx 2  x x x2 1

3
+ 
















cos d

3   sin( x) dx 4
 

sin(2x +  3)dx

5 20x3  cos (5x4
 
)  dx 6  (2x  1 )cos (4x2  4x) dx

7 
e

d
tan( )

cos ( )

3

2 3

x

x
x  8  

cos (ln )x

x
xd

9 cos x sin2 xdx 10  
sin

cos

x

x
xd ,  for cos x >  0
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EXAM-STYLE QUESTIONS

11 Let f (x) =  e  sin x cos x.  

a Find f (x).

b Write down  f (x) dx.

12 Let f (x) =  ln(cos x).

 a  Show that f (x) =  tan x.  

 b Hence nd tan x ln(cos x) dx.

You can use the Fundamental Theorem of Calculus  to evaluate denite 

integrals:  

b

a

f x x F b F aF x
a

b

( ) ( ) ( )( )d = = [ ] ,  where F is an antiderivative of f.

Example 7

Evaluate the denite integral without a GDC to get the exact value.   

Then check your answer by evaluating the denite integral on a GDC.

a 
4



0

2cos dx x  b 
2



4



sin( ) cos ( )2 2
3x x xd

Answers

a 
4



0

2cosx dx =  2
4



0

cosx dx

=

= 

 









2

2 0

0

4

4

sin

sin sin

x
p

p

=










=

2 0

2

2

2

Using a GDC:

4



0

2 1 41cos .x xd   and since 

2 1 41 . ,  our answer is veried.

Apply the Fundamental Theorem of Calculus.

Use unit circle values to evaluate.

Look at the investigation in Section 9. 3 if you need 

to review how to enter a denite integral into your 

calculator.

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

See Section  9.4.

{  Continued  on  next page
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b 

2



4


sin ( ) cos ( )2 23

4

2 31

2

x x x

u x
x

x u

x

d

=  



=

=




p

p

d

d
d

=  1

2

 u=1

=  





=   ( )

= 


1

2

1

4

1

8
1 0

1

8

4

0

1

4

u

( )

Using a GDC:  
2



4


sin ( ) cos ( ) .2 2 0 1253x x xd = 

and since  = 1

8
0 125. ,  our answer is veried.

Let u = cos (2x) and 
du

dx
= 2sin (2x) .  

Substitute  





1

2

u

x

d

d
 for sin (2x) and u3 for cos3 (2x).

When 
4

x


 ,  u = = =
p p

cos 2 cos 0
24

















When x =
p

2
,  

2
cos 2 cos 1


    

  
  

  
 

Then apply the Fundamental Theorem of Calculus.

Evaluate the denite integral on your GDC.

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

Exercise 14F  

Evaluate the denite integral without a GDC to get the exact value.  

Then check your answer by evaluating the denite integral on a GDC.

1 



3



3

cosx dx

 

2  


0

(2sin x +  sin 2x) dx

3 
 
 
 





2

0

2

3
cos dx x



 4  


ln
4


ln

3

e  xcos (ex) dx

You can use denite integrals to nd area and volume.

   When the area bounded by the curve y =  f (x),  the x-axis and 

the lines x =  a  and x =  b  is rotated 360 about the x-axis,  the 

volume of the solid formed is 

b

a

 y2dx.  
x0

y

u=0
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Example 8

A portion of the graph of f (x) =  x sin x is shown in the diagram.  

a   Find the area of the shaded region.

b   Write down the integral representing the volume of the  

solid formed when the shaded region is rotated 360  

about the x-axis.

Hence,  nd the volume of the solid.

Answers

a  x sin x =  0

 x =  0 or sin x =  0  

 x =  0,  

 

0



x x x(sin ) .d  3 14

b 
0



x x x(sin )  
2

d 13.8

Set the function equal to 0 to nd the x-coordinates 

of O and A.  

Set up the denite integral and evaluate on a GDC.  

Notice that the area of this region happens to be .

Use 

b

a

 y2dx to set up the denite integral and 

evaluate on a GDC.

You can also nd the area between two curves.

   If y
1
   y

2
 for all x in a    x   b,  then 

b

a

( )y y x
1 2
 d  is the area 

between the two curves.

Example 9

Find the area of the region in quadrant 1  that is bounded by the curves y =  0.4x and y =  sin x.

Answer

Area =  

2.125

0

(sin (x))   0.4x) dx

  0.623

Use a GDC to help sketch a graph and nd the 

points of intersection where sin x = 0.4x.

The area is equal to 

b

a

( )y y dx
1 2


where a = 0 and b   2. 125.   

Since sin x   0.4x for 0   x   2. 125,   

choose y
1
 = sin x and y

2
 = 0.4x.

Exercise 14G  

In questions 12,  a region is bounded by the given curves.  Use a 

denite integral to nd the area of the region.

1 y =  x sin x and y =  2x  6  in quadrant l 

2 y =  x2  2 and y =  x +  cos x 

xA0

f(x)  =  x sin  x

y

y

xO

Quadrant

1

Quadrant

4

Quadrant

3

Quadrant

2
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EXAM-STYLE QUESTIONS

3 Given that 

k

0

cos x xd =
1

2
 and  

2

0 k

,  nd the exact value of k.

4 Let ( ) tanf x x.  Consider the region in the rst quadrant 

bounded by f,  the x-axis and the line x =  2.

a Find the area of the region.

b  Write down the integral representing the volume of the solid 

formed when the region is rotated 360 about the x-axis.  

Hence nd the volume of the solid.

5 The graph represents the function f (x) =  a  sin (bx).

a Find the values of a  and b.

b  Hence nd the area of the shaded region.

6 The diagram shows part of the graph of 

y =  cos x +  sin 2x.  Regions A  and B are shaded.

a i   y =  cos x +  sin 2x can be written as 

y =  cos x(c +  d sin x).  Find the values of c and d.

 ii   Hence nd the exact values of the two x-intercepts  

shown in the diagram.

b i  Find the area of region A.

 ii  Find the total area of the shaded regions.

c Find the volume of the solid formed when region A  is  

rotated 360 about the x-axis.

1. Revisiting linear motion

Derivatives and integrals are used in kinematics problems involving 

motion along a straight line.

Suppose that an object is moving along a straight line and that its 

position from an origin at any time t is given by the displacement 

function s(t).  We then have the following relationships.

Displacement function = s (t)

Velocity  v t
s

t
( ) =

d

d
 =  s(t)

Acceleration  a t
v

t
( ) =

d

d
 =  v(t) or s(t)

Total distance traveled from time t
1
 to t

2
 =  

t
2

t
1

| v (t)| dt

We will now look at some examples where the linear motion is 

modeled by trigonometric functions.

x0

(r,  2)
y

4rr 2r 3r 7r

2

5r

2

3r

2

r

21

1

2

2

x

A

B
0

y

1

1

2

2 4

2

Extension material on CD: 

Worksheet 14  -  More  

trigonometric derivatives 

and integrals

Remember that 

In itial ly   at time 0 

At rest   v(t)  =  0 

In itial ly at rest  

    v(0)  =  0

Moving right or up 

   v(t)  >  0 

Moving left or down   

   v(t)  <  0 

Speed  = | velocity|

Calculus with trigonometric functions510



Example 10

A particle moves along a horizontal line.  The particles displacement,  in 

metres,  from an origin O is given by s(t) =  5   2cos 3t  for time t seconds.

a  Find the particles velocity and acceleration at any time t.

b  Find the particles initial displacement,  velocity and acceleration.

c   Find when the particle is moving to the right,  to the left and 

stopped during the time 0   t   .

d   Write down a denite integral that represents the total distance 

traveled for 0   t     seconds and use a GDC to nd the distance.

Answers

a  v(t) =  0  2(sin 3t)(3) 

 =  6sin 3t

 a(t) =  6(cos 3t)(3)

 =  1 8cos 3t

b  s(0) =  5   2cos (3(0))

         =  5   2(1 ) =  3  m

 v(0) =  6sin (3(0))

         =  6(0) =  0 m s1

 a(0) =  1 8cos (3(0))

         =  1 8(1 ) =  1 8 m s2

c v(t) =  0

 6sin 3t =  0 

   sin 3t =  0

         3t =  0,  ,  2,  3

         2
, ,

3 3
0,t

 


The particle is at rest at

2
0, ,  

3 3
and 

 
  seconds.

The particle moves right for

3
0 t


   and 

2

3
t


 

seconds and left for 

2

3 3
t

 
   seconds.

d  



0

| 6sin 3t|  dt =  1 2 m

v(t) =  s(t)

a(t) = v(t)

Evaluate each function at t = 0

The particle is at rest when  

v(t) = 0.  The particle moves right 

when v(t) > 0 and left when  

v (t) < 0.  A sign diagram is  

helpful to analyze the motion.

r

3

2r

3

+

0

 +v(t)

r

The total distance traveled from time 

t
1
 to t

2
 is 

t
2

t
1

| v(t)|  dt.  Use a GDC to

evaluate the integral.  

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.
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Example 

A particle moves along a straight line so that its velocity,  v m s1  at time t seconds is given by  

v(t) =  5sin t cos2  t.

a  Find the speed of the particle when 
5

6
t


 seconds.

b   When t =  0,  the displacement,  s,  of the particle is 3  m.   

Find an expression for s in terms of t.  

c   Find an expression for the acceleration,  a,  of the particle in terms of t.

Answers

a 2

2

5 5 5
5 sin cos

6 6 6

1 3
5

2 2

15

8

v
       

     
     

  
        



Speed = = 15

8

15

8

1ms

b 5 5

5

5

2 2

2

31

3

sin cos

(

t t t u t

u

C

s

u

t

u

u

d d

d

d

d



= 





=













=  +

tt t C) cos=  +5

3

3

3 0

3 1

5

3

5

3

14

3

3=  +

=  +

=

cos ( )

( )

C

C

C

So s t t( ) cos=  +5

3

14

3

3

c a t v t

t t t t t

t t

( ) ( )

sin (cos )( sin ) cos ( cos )

sin cos

= 

= [ ] +
= 

5 2 5

10

2

2 ++ 5 3cos t

Velocity has both magnitude and direction,  and 

speed is the magnitude of velocity.  Therefore  

speed = | velocity| .

Integrate velocity to get displacement.

Using substitution let u = cos t,   

then 
du

dt
t= sin

so  
du

dt
t= sin .

Use the fact that s(0) = 3 to nd C.

Use the product rule and the chain rule to nd the 

derivative of velocity.

Exercise 14H 

Do not use a GDC for question 13.

EXAM-STYLE QUESTION

1 A particle moves along a straight line so that its displacement s in 

metres from an origin O is given by s (t) =  e  t sin t for time t seconds.  

a Write down an expression for the velocity,  v,  in terms of t.

b Write down an expression for the acceleration,  a,  in terms of t.
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2 A particle moves along a straight line.  The particles 

displacement,  in metres,  from an origin O is given by   

s (t) =  1   2sin t for time t seconds.  

a Calculate the velocity when t =  0.

b Calculate the value of t for 0 <  t <    when the velocity is zero.
c Calculate the displacement of the particle from O when the 

velocity is zero.

3  The velocity v m s1  of a moving body along a horizontal line at 

time t seconds is given by v (t) =  esint cos t.

a i   Find when the particle is at rest during the interval

0   t   2.
  ii    Find when the particle is moving left during the interval  

0   t   2.
b Find the bodys acceleration a  in terms of t.

c The initial displacement s is 4 metres.  Find an expression for 

s in terms of t.

You may use a GDC for questions 46.

4 An object starts by moving from a xed point O.  Its velocity  

v m s1  after t seconds is given by v (t) =  4 sin t +  3cos t,  t   0.   

Let d be the displacement from O when t =  4.

a Write down an integral which represents d.

b Calculate the value of d.

5 A particle moves with a velocity v m s1  given by 

v t t
t

( ) ( ) sin=  +








1

2

2
 where t   0.

a i  Find the acceleration at time 1 .5 seconds.  

 ii   A particle is speeding up when velocity and acceleration 

have the same sign and slowing down when the signs are 

different.  Determine whether the particle is speeding up or 

slowing down at time 1 .5  seconds.

b Find all the times in the interval 0 <  t <  4 that the particle 

changes direction.

c Find the total distance traveled by the particle during the time 

0 <  t <  4.  

6 The velocity,  v,  in m s1  of a particle moving in a straight line is 

given by v (t) =  e  2sin t   1 ,  where t is the time in seconds for  

0   t   1 2.  

a Find the acceleration of the particle at t =1 .

b i  Sketch a graph of v(t) =  e  2sin t  1  for 0   t   1 2.
 ii   Determine the value(s) of t,  for 0   t   1 2 where the particle 

has a velocity of 5  m s1.

 iii   At time t =  0 the particle is at the origin.  Use the graph of 

velocity to explain whether or not the particle returns to the 

origin in the interval 0   t   1 2.
c Find the distance traveled in the 12 seconds.  
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Review exercise
1 Find the derivative of

a f (x) =  cos (1   2x) b y =  sin3  x

c s (t) =  e  tan t d   2( ) sinf x x

e f (x) =  x 2  cos x f y =  ln(tan x)

g f (x) =  (ln x)(sin x) h  y =  2 sin x cos x

2 Find the integral of

a 4 3x x x( )sin d  b  cos ( )3x xd

c sin ( )4 1x x+ d  d  x x xcos ( )2 2 d

e 
sin ( )

cos ( )

2 1

2 12

t

t
t

+
+



 d  f 

sin (ln )x

x
x


 d

g x x xxe dsin cos
2

2  h  
6

2 2

cos

( sin )

x

x
x

+


 d

3 Evaluate the denite integral of

a 



3




3

sin x dx b 


0

(1  +  sin x) dx

c 


0

(sin x +  cos 2x) dx d 



2

0

5
3

2sin cosx x xd

EXAM-STYLE QUESTIONS

4 Find the equation of the normal to the curve with equation  

y =  cos (3x  6) at the point (2,  1 ).

5 Find the coordinates of the point on the graph of 
 
 
 


2

sin
x

y ,

0   x   ,  at which the tangent is parallel to the line 
1

4
3x  .

6 A curve with equation y = f (x)  passes through the point (0,   2).  Its 

gradient function is f (x) = x  sin x.  Find the equation of the curve.

7 The graph represents the function f (x) =  p  sin(x) +  q,   p,  q     

Find

a the values of p and  q

b the area of the shaded region.

Review exercise
1 A region is bounded by the given curves.  Use a denite integral 

to nd the area of the region.

a y =  2cos2 x +  cos x +  1 ,  x = 0,  x =  2 and the x-axis

b  2 siny x  and y =  0.5x



x0

f (x)

r

2

r 2r3r

2

2

4
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2 A region is bounded by the given curves.  Use a denite integral 

to nd the volume of the solid formed when the region is rotated 

360 about the x-axis.

a y =  sin x and the x-axis for 0   x  
b y =  e  cos x,  x =  0 and x =  2

EXAM-STYLE QUESTIONS

3 The area under the curve y =  cos x between x =  0 and x =  k,

where  
2

0 k

,  is 0.942.  Find the value of k.

4 Let s(t) =  2e  cos  (5t)   4.

a i    Find s (t).
 ii   Show that s  (t) =  50 e  cos  (5t)  (sin2 (5t)  cos (5t)).

 iii  Hence verify that s has a relative minimum at 
5

t

.

b s is the displacement function for a particle moving along a 

straight line,  where s is measured in metres and t is in seconds.  

Find the total distance traveled by the particle from  

t =  0 to t =  2 seconds.

CHAPTER 14 SUMMARY

Derivatives of trigonometric functions

 Derivatives of sine,  cos and tan:

f (x) =  sin x   f (x) =  cos x

f (x) =  cos x  f (x) =   sin x

   
2

1
,

cos

( ) tan ( ) cos 0
x

f x x f x x

Integral of sine and cosine

 Integrals of sine and cosine:

sin cosx x x Cd =  +

cos sinx x x Cd = +

 sin ( ) cos ( )ax b x ax b C
a

+ =  + +

 d

1

cos ( ) sin ( )ax b x ax b C
a

+ + +=

 d

1

 When the area bounded by the curve y =  f (x),  the x-axis and the  

lines x =  a  and x =  b  is rotated 360 about the x-axis,  the volume 

of the solid formed is 
a

b

y 2 dx.

 If y
1
   y

2
 for all x in a    x   b,  then 

a

b

(y
1
   y

2
) dx is the area  

between the two curves.  
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From conjecture to proof
The investigation into the derivative of sine in Chapter 14 graphed the 

derivative of sin x,  which led to the conjecture that d   
dx
 (sin x) =  cos x.   

This was tested with several values and found to be true for these values.

  Does this prove that d   
dx
 (sin x) =  cos x?

Follow these steps to nd the derivative of sine using geometry.   

  For each step,  are you using inductive or deductive reasoning?

Theory of knowledge

S
  Why is  SOQ  equal  to 

  

2
   h   x? 

  Find  a  l ine segment paral lel  to  SO.  

  Hence, why is  OQA  a lso equal  to 
  

2
   h   x ?

  Use OQP and  OQA to explain  why AQP =  
h   

2
 + x   .

S
Here is  a  un it circle.  QOP = h  radians.

  How you  do know that QOP is isosceles?

  Hence, why is OQP equal  to 
  h  

2
 radians? 

  And  why is  arc QP equal  to h?

STEP ONE: S
  As h  approaches zero, how does the 

length  of arc QP compare to the length  of 

segment QP?     

STEP TWO:

STEP THREE:

S
Q

P

RO

h

x

S

Q

P

RO

h

x

 Hence, 

 And  wh   a

  

    

S
Q

P

RO

h

x

A

Theory of knowledge:  From conjecture to proof
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{ John  Wal l is  (16161703) 

Mathematical symbols

The underlying concepts o calculus 

come rom investigating l imits at infnity.  

Engl ish  mathematician  John  Wal l is  is  

credited  with  introducing the symbol    

or infnity.

  Could  calculus have developed  

without the use o mathematical  

symbols?

S
  Why does QA  equal  sin (x + h)   sin x  ?

STEP FOUR:

Now show that 
d   

dx
 (sin x)  =  cos x.  

Explain  each  l ine o working:  

 
d   

dx
 (sin x)  =  l im  

sin (x +  h)   sin x  

h

 = l im  
QA   

arc QP

 =  l im  
QA   

QP

 =  l im  [cos (
h   

2
 +  x)]

 =  cos x

  Which  type o reasoning d id  you  use to 

show that 
d   

dx
 (sin x)  =  cos x? Deductive or 

inductive? 

  Explain  your answer.  Give an  example o 

the other type o reasoning.  

  Does th is  prove that 
d   

dx
 (sin x)  =  cos x?

SSTEP FIVE:

h0

h0

h0

h0

 

03)  

S Q (cos (x + h),  sin (x + h))

P (cos x, sin x)

RO

h

x

A

h   

2
 +  x

S
Q

P

RO

h

x

A

sin (x + h)   sin x

h   

2
 +  x

Every meaningful mathematical 

statement can also be expressed in plain 

language.  Many plain-language 

statements of mathematical expressions 

would ll several pages,  while to express 

them in mathematical notation might 

take as little as one line.  One of the 

ways to achieve this remarkable 

compression is to use symbols to stand 

for statements,  instructions and so on.

Lancelot Hogben  (18951975) 

Engl ish  scientist 
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Probability 
distributions

CHAPTER OBJECTIVES:

5.7  Concept of d iscrete random variables and  their probabi l i ty d istributions.

 Expected  value (mean), E(X)  for d iscrete data.

 Appl ications

5.8 Binomial  d istribution  and  i ts  mean  and  variance.

5.9 Normal  d istribution  and  curves.

 Standardization  of normal  variables (z-values)

 Properties of the normal  d istribution

You should  know how to:  

1 Calculate the mean of a set of numbers

  e.g.  Calculate the mean of this frequency 

distribution of x.

 

x 0 1 2 3

Frequency 3 6 9 2

x
fx

f
=

=




=
( ) + ( ) + ( ) + ( )

+ + +

=

0 3 1 6 2 9 3 2

3 6 9 2

30

20
1 5

   

.

2 Use 
n

r





  notation

 e.g.  Evaluate 
5

2







 
5

2









  =  

5

2 3

!

! !
 =  

5 4

2


 =  1 0

3 Solve equations

 e.g.  Solve the equation 
4

3
x
=

 4
3

x
=  

4 3= x
 

x = 4

3

Skills check

1 Calculate the mean of these frequency 

distributions of x:

a 
x 3 4 5 6 7 8

Frequency 3 5 7 9 6 2

b x 10 12 15 17 20

Frequency 3 10 15 9 2

  Repeat question 1  above using your 

GDC.

2 Evaluate

a 
6

2









  b  

8

5









  c  

9

6
0 3 0 7

3 6







( ) ( ). .

3 Solve these equations

a 
5 5

3 2
.

.
x

=

b 
x  =2 5

1 2
0 4

.

.
.

c 
9

0 2
1 6


=

x

.
.

15

Before you start

Probability d istributions518



The 2010 Soccer World Cup produced an unlikely celebrity.  Paul 

the octopus correctly predicted the results of 12 out of 14 football 

matches between 2008 and 2010!  Paul lived in a tank in the Sea Life 

Center in Oberhausen,  Germany,  and became internationally 

famous after his feeding behavior was used to predict the winners of 

a series of soccer matches.  Two boxes,  each containing a mussel and 

marked with the ag of one of the national teams in an upcoming 

match were placed in his tank.  His choice of which mussel to eat 

rst was interpreted as predicting that the country with that ag 

would win.  

Paul was right 86% of the time!  

This chapter will look at situations like this and how to determine 

the probability of an event if it were entirely due to chance.  Perhaps,  

though,  Paul really was able to predict the results of soccer 

matches!

Why do people want to 

bel ieve that someone 

or something (l ike an  

octopus)  can  predict 

the future when, 

rational ly,  predicting 

the future seems to 

be i l logical?
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15.1  Random variables

  A random variable  is a quantity whose value depends on chance.

Random variables are represented by capital letters.  

Here are some examples of random variables:

X = the number of sixes obtained when a dice is rolled 3  times.

B  = the number of babies in a pregnancy 

M =  the mass of crisps in a packet

T =  the time taken for a runner to complete 1 00 m.

There are two basic types of random variables:

Discrete random variables  These have a nite or countable 

number of possible values (e.g.  X and B above).

Continuous  random variables   These can take on any value in 

some interval (e.g.  M and T above).  

Consider the discrete random variable X,  the number of sixes 

obtained when a dice is rolled 3  times.  You can write P(X =  x) to 

represent the probability that the number of sixes is x  where x can 

take the values 0,  1 ,  2 and 3.

A d iscrete random 

variable  does not 

necessari ly need  to 

take just positive 

integer values (e.g.  

shoe sizes o a  set o 

students could  have 

possible values o 

4, 4.5, 5,  5.5,  

6,  6.5, ).

Use capital  letters or 

random variables.  Use 

lower case letters or 

the actual  measured  

values.

The frst random number table was publ ished  by Leonard  Tippett, an  Engl ish   

statistician, in  1927.  Tippett took numbers at random  rom census registers.   

By 1939 a  set o 100 000 digits was publ ished  by Maurice Kendal l  and   

Bernard  Babington  Smith  using a  special ized  machine operated  by a  human.

To use such  a  l ist,  decide the starting point,  the number o d igits, and  the  

d irection  (up, down, let,  right, d iagonal ,  etc. )  beore selecting the numbers.   

For example, starting at the 15th  number, on  the 5th  row going backwards  

gives 22, 40, 20, 44, 62, . . .

Most computers and  calculators can  now be used  to  generate random  

numbers.  These are in  act pseudo-random numbers:  that is,  they are  

numbers which  are generated  by a  mathematical  ormula  but which  have the  

appearance o random numbers.

73735 45963 78134 63873

02965 58303 90708 20025

98859 23851  27965 62394

33666 62570 64775 78428

81666 26440 20422  05720

15838 47174 76866 14330

89793 34378 08730 56522

78155 22466 81978 57323

16381  66207 11698 99314

75002  80827 53867 37797

99982  27601  62686 44711

84543 87442  50033 14021

77757 54043 46176 42391

80871  32792  87989 72248

30500 28220 12444 71840

Probability distributions of discrete  
random variables

   A probability distribution  for a discrete random variable is a 

list of each possible value of the random variable and the 

probability that each outcome occurs.
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Example 1

Let X be the random variable that represents the number of sixes obtained when a fair dice is 

rolled three times.  Tabulate the probability distribution for X.

Answer

X can take the values 0,  1 ,  2 and 3

P(3 sixes) =  
1

61

6

1

6

5

6

1

6

5

6

5

6

1

6

1

6

1

6

1

6

5

6

5

6

5

6

5

6

1

6

1

6

1

216
 =


1

6

1

6

5

6

5

216
 =P(2  sixes) =  

six

six

not

six

not

six

six


1

6

5

6

1

6

5

216
 =P(2  sixes) =  six


5

6

1

6

1

6

5

216
 =P(2  sixes) =  six


5

6

5

6

1

6

25

216
 =P(1  six)     =  six

six

not

six


1

6

5

6

5

6

25

216
 =P(1  six)     =  

not

six


5

6

1

6

5

6

25

216
 =P(1  six)     =  

not

six


5

6

5

6

5

6

125

216
 =P(0 sixes) =  

not

six

not

six

x 0 1 2 3

P(X =  x)
125

216

25

72

5

72

1

216

Use a tree diagram to 

nd the values of  

P ( X = 0),  P ( X = 1),

P(X = 2) and  

P ( X = 3) 

Write the probabilities 

in a table.

Notice that in the example the sum of the probabilities is  

1 25

216
 +  

25

72
 +  

5

72
 +  

1

216
 =  1  

  For any random variable X 

0   P(X =  x)   1    P( )X x= = 1

Example 2

The random variable X has the probability distribution 

x 1 2 3 4 5

P (X =  x) 7c 5c 4c 3c c

a Find the value of c b  Find P (X   4) 

Answers

a  7c +  5c +  4c +  3c +  c =  1

     20c =  1

 c =
1

20

b  P (X  4) = P (X =  4) + P (X =  5)

 =
3

20

1

20
+  = 

4

20

1

5
=

Using P 1( )X x= =

Solve for c

Sometimes P(X =  x)  is  

replaced  with  just P(x)  

or P
x
  these mean  

the same thing.

0   P(X =  x)    1   

means that a  

probabi l i ty must 

always be between  0 

and  1.

  P ( ) 1X x  

means that the sum  

of the probabi l i ties wi l l  

a lways be 1.

The solutions of 

lots of examination  

questions start with  

the fact that the total  

probabi l i ty must add  

up to 1.
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Exercise 15A 

1 Decide whether each random variable is continuous or discrete:

a  A is the age in completed years of the next person to call me  

on my phone.

b  B is  the length of the next banana I buy when shopping.

c  C is how many cats I will see before the rst white one.

d  D is the diameter of the donuts in the cafeteria .

2 Tabulate the probability distribution for each random variable:

a the sum of the faces when two ordinary dice are thrown

b the number of sixes obtained when two ordinary dice are thrown

c the smaller or equal number when two ordinary dice are thrown

d the product of the faces when two ordinary dice are thrown.

3 A fair six-sided dice has a 1   on one face,  a 2  on two of its faces  

and a 3  on the remaining three faces.

  The dice is thrown twice.  T is the random variable the total  

score thrown.  Find 

a the probability distribution of T

b the probability that the total score is more than 4.

4 A board game is played by moving a counter S squares forward  

at a time,  following this rule:

  A fair six-sided dice is thrown once.  If the number shown is even,   

S is half that number.  

  If the number shown is odd,  S is twice the number shown on the dice.

a Write out a table showing the possible values of S and their  

probabilities.

b What is the probability that in a single go in the game the  

counter moves more than 2 spaces?

5 The random variable X has the probability distribution 

x 1 2 3 4

P(X =  x)
1

3

1
c c

a Find the value of c.

b Find P(1  <  X <  4).  

Exam-Style Question

6  The probability distribution of a random variable Y is given by  

P(Y =  y) =  cy3 for y =  1 ,  2,  3

 Given that c is a constant,  nd the value of c.

A air d ice means a  

d ice that is  equal ly 

l ikely to  land  on  any o 

the aces.

In  question  6,  

P(Y =  y)  =  cy3  

This  is  cal led  a  

probabi l i ty unction  or 

Y.  You  can  use i t to 

fnd  the probabi l i ty at 

various values o the 

random variable Y.
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Exam-Style Questions

7 The random variable X has this probability distribution.

x 1 0 1 2

P(X =  x) 2k 4k2 6k2 k

 Find the value of k.

8 The random variable X has the probability distribution given by 
1

1

3
P ( )

x

X x k



 
 
 

   for x =  1 ,  2,  3,  4 and k is a constant.

 Find the exact value of k.

9  The discrete random variable X can take only the values 0,  1 ,  2,  

3,  4,  5.  The probability distribution of X is given by 

 P (X =  0) =  P (X =  1 ) =  P(X =  2) =  a

 P (X =  3) =  P (X =  4) =  P(X =  5) =  b

 P (X   2) =  3P (X <  2) 

 where a  and b  are constants.

a Determine the values of a  and b.

b Determine the probability that the sum of two independent 

observations from this distribution exceeds 7.

10   The discrete random variables A  and B are independent and have 

these distributions:

A 1 2 3

P (A =  a)
1

3

1

3

1

3

B 1 2 3

P (B =  b)
1

6

2

3

1

6

  The random variable C is the sum of one observation from A   

and one observation from B.

a Show that P( )C = =3
5

18
.

b Tabulate the probability distribution for C.

Expectation

The mean  or expected value  of a random variable X is the average 

value that we should expect for X over many trials of the 

experiment.   

The mean or expected value of a random variable X is represented 

by E (X).

Expectation  is  

actual ly the mean  

of the underlying 

d istribution  (the parent 

population).  I t is  often  

denoted  by .
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We would expect the mean to be the same in each case.  Therefore 

we can nd the mean or expected value of the random variable D  

by just multiplying each value of d by its respective probability  

(the equivalent of conducting the experiment just once).

   The expected value of a random variable X is 

E P( ) ( )X x X x= = .

Example  

Here is the probability  

distribution from Example 1 :  

What is the expected value  

of X ? 

Answer

Using the formula:

E( ) 0

3

E

125

216
1

25

72

2
5

72

1

216

X =  + 

+  + 

































(( ) =
1

2
X

Use E X x P X x( ) =( )= 

Therefore if 3 dice are rolled a large 

number of times,  you should expect 

the mean number of sixes to be 0.5.

x 0 1 2 3

P (X =  x)
125

216

25

72

5

72

1

216

Investigation  dice scores 
Two dice are rol led  together and  the d ierence,  

D,  between  the scores on  the d ice is  noted.

1 Copy and  complete the probabi l i ty d istribution  or D.  

d 0 1 2 3 4 5

P(D  =  d)  10

2 This experiment is  repeated  36 times.  Copy and  complete the  

ol lowing table to show the expected  requency o obtaining  

each  o the d ierent values o d.

d 0 1 2 3 4 5

Expected  

requency
10

3 Calculate the mean  o th is requency d istribution.

4 The original  experiment is  repeated  100 times.  Repeat  

questions 2  and  3  or th is situation:

d 0 1 2 3 4 5

Expected  

requency

250

9

5 What do you  notice?

6 What would  the mean  be i  the experiment were repeated   

10 times? Or 1000 times? Or just once?

You  may fnd  i t helpul  

to draw a  sample 

space diagram l ike the 

ones in  Chapter 3.

{  Continued  on  next page
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Using a GDC:

E(X) = x  =  0.5

Enter the list of possible x-values 

in x and the set of corresponding 

probability values P(X = x) in p.  

Now use One-Variable Statistics as 

when nding the mean of a data set.  

Use x as the X1 List and p as the 

Frequency List.

Note that the expected value of X 

does not need to be a value of X that 

is actually obtainable.

Exercise 15B

1 When throwing a standard six-sided dice,  let X  be the random 

variable dened by X =  the square of the score shown on the dice.

 What is the expectation of X?

Exam-Style Question

2 The random variable Z has probability distribution

z 2 3 5 7 11

P (Z =  z)
1

6

1

6

1

6
x y

 and  E( )Z = 5
2

3

 Find  x and y.

3 A Fibonacci dice  is unbiased,  six-sided and labeled with these 

numbers:  1 ,  2,  3,  5,  8,  1 3.

 What  is the expected score when the dice is rolled?

4 The discrete random variable X has probability distribution 

 
36

p( )
x

x   for x =  1 ,  2,  3,   ,  8

 Find E(X).

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

For more on  entering 

data, see Chapter 17  

Sections 5.1 and  5.2
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Exam-Style Questions

5  For the discrete random variable P,  the probability distribution is 

given by 

 
P( )

, , , ,

( ) , , ,
X x

kx x

k x x
= =

=

 =







1 2 3 4 5

10 6 7 8 9

 Find 

 a  the value of the constant k  b E(X)

6  a   Copy and complete,  in terms of k,  this probability distribution 

for a discrete random variable,  X:

x 1 2 3

P (X =  x) 0.2 1k

b What range of values can k take? Give your answer in the 

form a    k   b,  a,  b    Q
c Find in terms of k the mean of the distribution.

7  X is a discrete random variable which can only take the three 

values 1 ,  2 and 4.  

 It is known that P(X =  2) =  0.3  and that the mean of the 

distribution is 2.8.

 Find P(X =  1 ).

8  Ten balls are in a bag.  They are all identical sizes  

but two of them are red and the rest are blue.   

Balls are picked out at random from the bag  

and are not replaced.

 Let R  be the number of balls drawn out up to  

and including the rst red one.

a List the possible values of R and their  

associated probabilities.

b Calculate the mean value of R.

c What is the most likely value of R?

9 Ten balls are in a bag as in question 8 above.  Again,  balls are 

picked at random,  but,  instead,  each ball is replaced before the 

next is drawn.

a Show that the probability that the rst red is drawn out on the 

second go is 
4

25
.

b Calculate the probability that the rst red is drawn after the 

third go.

c Derive a formula to nd the probability that the rst red is 

drawn on the nth go.

d What is the most likely value of R?
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Exam-Style Question

10   An instant lottery ticket is purchased for $2.  The possible prizes 

are $0,  $2,  $20,  $200 and $1000.  Let Z be the random variable 

representing the amount won on the ticket.  Z has the distribution:

z 0 2 20 200 1000

P (Z) 0.2 0.05 0.001 0.0001

a Determine P(Z =  0).   

b Determine E(Z) and interpret its meaning.   

c  How much should you expect to gain or lose on average  

per ticket?

. The binomial distribution

Denition of a  binomial distribution

Investigation  the binomial quiz

Here are fve questions.  The answer to each  question  is  either  

 true  or  alse .  Write down  the answer to each  question.   

You  may need  to guess the answer to some o them!

1 The bul letproo vest was created  by a  woman.  

2 On average, the eye muscles  move 300 000 times a  day.

3 Bowl ing was frst played  in  I taly.

4 I t took Leonardo da  Vinci  ten  days to paint Mona Lisas l ips.

5 Selachophobia  is  the ear o l ight ashes.  

Now look in  the Answers at the back o the book to fnd  the correct  

answers to these fve questions.  How many d id  you  get right?

Is this a  good  score? How many would  you  expect to get right i  you   

were just guessing the answer to every question?

To pass th is  test  you  need  to get 3  correct out o 5.

What is  the probabi l i ty that you  get exactly 3  right out o 5?

  The essential elements of a binomial distribution 

are:

   There is a xed number (n) of trials.  

    Each trial has only two possible outcomes  a 

success  or a failure .

    The probability of a success (p) is constant 

from trial to trial.

   Trials are independent of each other.  

   I n  the quiz above there are 5  trials.

   Here, success is getting the 

question  right and  ai lure is  getting 

the question  wrong.

   I n  th is case the probabi l i ty 

o success is  0.5 assuming 

you  obtained  every answer by 

guessing.

   I  you  get the answer to one 

question  right, i t does not mean  

you  are more or less l ikely to get 

the answer to  the next question  

right.
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The outcomes of a binomial experiment  and the corresponding 

probabilities  of these outcomes are called a binomial 

distribution.

The binomial distribution  describes the behavior of a discrete 

variable X if the conditions above apply.  

   The parameters that dene a unique binomial distribution are 

the values of n (the number of trials) and p (the probability of a 

success).  Any binomial distribution is represented as X   B(n,  p)

Consider this problem,  which you rst met in Chapter 3:  determine  

the probability of getting exactly two heads in three tosses of a 

biased coin for which P(head) =  
2

3

.

You could use a tree diagram to help you answer this question.  

HHH

HHT

HTH

HTT

THH

THT

TTH

TTT

2

3

2

3

1

3

2

3

1

3

1

3

2

3

2

3

2

3

2

3

1

3

1

3

1

3

1

3

H

H

T

T

H

H

H

H

H

T

T

T

T

T

P(two heads in three tosses) =   P(HHT) +  P(HTH)  

+  P(THH)

Each of the three probabilities are the same.  

P(HHT) =  P(HTH) =  P(THH) =  

2

2 1 4

3 3 27

   
   

   

And so P(two heads in three tosses) =  

2

2 1 1 2 4

3 3 27 9

3
   

    
   

However,  you should only use a tree diagram if the  

number of trials,  n,  is small.  

What if you were asked to nd the probability of  

obtaining exactly two heads in six tosses of this coin?  

The tree diagram for this question would be too  

large,  so we will look for a formula.

We often  use a  theoretical  

d istribution, such  as the binomial  

d istribution, to describe a  random 

variable that occurs in  real  l i fe.  

Th is process is  cal led  modeling and  

enables us to carry out calculations.  

I f the theoretical  d istribution  matches 

the real -l i fe variable perfectly,  then  

the model  is  perfect.  However, th is  is  

usual ly not the case.  General ly the 

results of any calcu lations wi l l  not 

necessari ly give a  completely accurate 

description  of the real -l i fe  situation.  

Does th is  make them any less useful?

Probability d istributions528



First note that the conditions for a binomial distribution have  

been met:  

   There is a xed number (n) of 

trials.

In this case there are six trials.

   Each trial has two possible 

outcomes  a success  or a 

failure.

Here a success is getting a head and 

a failure is getting a tail.

   The probability of a success (p) is 

constant from trial to trial.
The probability of a success is 

2

3
 each 

time the coin is tossed.

   Trials are independent of each 

other.

Getting a head on one trial will not 

affect the outcome of the next trial.

One combination of Hs and Ts that will produce 2 heads and 4 tails  

is HHTTTT

And P(HHTTTT) =  

2 4

2 1 4

3 3 729
( 0.00548. . . )

   
   

   


And every possible combination of 2 Hs and 4 Ts will have the  

same probability.

But how many combinations are there?

n

r









  represents the number of ways of choosing r items out of  

n items.

The number of combinations of 6 items that have 2 Hs  

and 4 Ts is therefore 
6

2

6

4
15









 =









 =

You can use your GDC to calculate 
6

2











Instead,  you could use the formula 
6

2
15

6

2 4

6 5

2









 = =

 =!

! !

or

the 3rd entry on the 6th row of Pascals triangle:

1   6  1 5   1 5   6  1

Therefore 

P(2 heads in 6 tosses) =  
6

2
15 0 0823 3

2

3

1

3

4

729

20

243

2 4






















 =  = = . ( )sf

The most usual  error 

when  calculating a  

binomial  probabi l i ty 

is  to forget that i f 

there are exactly  r 

successes, there 

must a lso be n    r 

fa i lures.

For more on  the 

binomial  expansion, 

see Chapter 6.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.
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Generalizing this method gives the binomial distribution  

function:  

   If X is binomially distributed,  X   B(n,  p),  then the probability 
of obtaining r successes out of n  independent trials,  when p  is 

the probability of success for each trial,  is 

P( )X r p p
n

r

r n r= = 





 ( ) 

1

This is often shortened to 

P( )X r p q
n

r

r n r= = 








 where q =  1   p

Example 4

X is binomially distributed with 6 trials and a probability of success 

equal to 
1

5
 at each attempt.  What is the probability of

a  exactly four successes b  at least one success?

c  three or fewer successes?

Answers

By hand:

a  P( = 4) =
6

4

= 15

=

= 0.01

1

5

4

5

1

625

16

25

48

3125

4

X



























2



5536

= 0.0154 (3 sf)

You can rewrite the question as

If X B 6,
1

5
~







  ,  what is 

a P (X = 4 )

b P (X  1)

c P (X  3)

Use P(X = r) = 
n

r









  p rq n   r

b  
6

4

5

4096

1 5 625

1 1 5 29

1 5 625

1

= 1

=

= 0.738 (3 sf)

 
 
 





c P  (X   3) =  0.983

For P(X   1) it is quicker to calculate 
1  P(X = 0) than to calculate  

P(X = 1) + P(X = 2) + . . .  + P(X = 6)

P(X  3) = P(X = 0) + P(X = 1) + 

P(X = 2) + P(X = 3)

Use your GDC for this calculation (see 

the following).

I t is  easy to confuse 

P(X <  r)  and  P(X   r)  

so read  the questions 

careful ly.

{  Continued  on  next page
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Using your GDC:

a  

b  

c  

Exercise 15C

1 X is binomially distributed with 4 trials and a probability  

of success equal to 
1

2
 on each trial.   

Without a calculator determine the probability of 

 a  P(X =  1 ) b  P(X <  1 ) 

 c P(X   1 )   d  P(X   1 )  

2  If X ~ ,B 6
1

3







  nd to 3  signicant gures

 a  P(X =  2) b  P(X <  2)

 c P(X   2)  d  P(X  2) 

3  If X is binomially distributed with 8 trials and a probability of 

success equal to 
2

7
 at each attempt,  what is the probability of 

 a  exactly 5  successes b  less than 5  successes

 c more than 5  successes d  at least one success?

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

In  question  2  b,  c,  

and  d  use Binomcdf 

instead  of Binompdf 

on  the calculator, as 

you  are calculating a  

cumulative probabi l i ty.  
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Example 5

The probability that I get a bus to work on any morning is 0.4.   

What is the probability that in a working week of ve days I will  

get a bus only twice?

Answer

By hand:

Let X be the number of days  

I get a bus.

X   B(5,  0.4)

P 2
5

2
0.4 0.6

10 0.16 0.216

0.3456

0.346 (3 sf

2 3

( )X = =








( ) ( )

=
=
=

 

))

Can you see why this is a binomial 

situation?

We require P(X = 2) 

Using your GDC:

Example 6

When administering a drug it was known that 80% of people using it 

were cured.  The testing program administered the drug to two groups 

of 10 patients.   

What is the probability that all 1 0 patients were cured in both groups?

Answer

Let X be the number of patients 

cured in a group of 10 .

P(X =  1 0) =  0.810 =  0.10737   

[P(X =  1 0)] 2  =  (0.10737)2  

=  0.0115 (3  sf) 

Multiply the probabilities  

P(X = 10) and P(X = 10)  

because the two events (the patients 

being cured in each group) are 

independent.  So for two groups of 10 

patients,  the probability all are cured 

is [P(X = 10)]2 

See Chapter 17, 

Section  5.12

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

Assume that X is  

binomial  since there 

are two outcomes:  

a  success is  a  cure 

and  a  ai lure is   not 

a  cure .  Assume that 

the trial  results rom  

patient to  patient are 

independent.  The 

fxed  probabi l i ty o 

success is 0.8.
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Exercise 15D

1 A regular tetrahedron has three white faces and one red face.   

It is rolled four times and the color of the bottom face is noted.   

What is the most likely number of times that the red face will end  

downwards? What is the probability of this value occurring? 

2 The probability that a marksman scores a bulls eye when  

he shoots at a target is 0.55.

 Find the probability that in eight attempts

a he hits  the bull ve times

b he misses  the bull at least ve times.

Exam-Style Questions

3 A factory has four machines making the same type of  

component.   The probability that any machine will  

produce a substandard component is 0.01 .  What is the probability  

that,  in a sample of four components from each machine,

a none will be faulty b  exactly 1 3  will be not be faulty

c at least two will be faulty?

4 The probability that a telephone line is engaged at a company  

switchboard is 0.25.  If the switchboard has 10 lines,  nd the  

probability that

a one half of the lines are engaged

b at least three lines are free (to 4 signicant gures)

5 The probability that Nicole goes to bed at 7:30 on a given day is 0.4.  

Calculate the probability that on ve consecutive days she goes to  

bed at 7:30 on at most three days.

6 In an examination hall,  it is known that 1 5% of desks are wobbly.  

a What is the probability that,  in a row of six desks,  more than  

one will be wobbly?

b What is the probability that exactly one will be wobbly in a  

row of six desks?

7 In the mass production of computer processors it is found that 5% are 

defective.  Processors are selected at random and put into packs of 1 5.

a A packet is selected at random.  Find the probability that it  

will contain

 i  three defective processors ii  no defective processors

 iii  at least two defective processors

b Two packets are selected at random.  Find the probability that  

there are

 i  no defective processors in either packet

 ii  at least two defective processors in either packet

 iii   no defective processors in one packet and at least two in the other.
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Example 7

A box contains a large number of carnations of which one-quarter are 

red.  The rest are white.  Carnations are picked at random from the box.  

How many owers must be picked so that the probability that there is at 

least one red carnation among them is greater than 0.95?

Answer

Let X be the random variable the 

number of red carnations.

X   B(n,  0.25)

P(X   1 )  =  1   P(X =  0) 

=  1   (0.75)n

1 (0.75) 0.95

log 0.05 log0.75

and so

log 0.75 lo

 >

>

<

n

n

n

n

0 05 0 75. ( . )>

gg 0.05

log 0.05

log 0.75
n >

n >  1 0.4

At least 1 1  carnations must be 

picked out of the box to ensure 

that the probability that there is 

at least one red carnation among 

them is greater than 0.95.

1

4
 are red,  so P(red) = 0. 25

We require P(X  1) > 0.95 

Solve the inequality for n.

The least value of n is 11.

Exercise 15E 

1 If X   B(n,  0.6) and P(X <  1 ) =  0.0256,  nd n.

2  1% of fuses in a large box of fuses are faulty.  What is the largest 

sample size that can be taken if the probability that there are no 

faulty fuses in the sample must be greater than 0.5?

3  If X   B(n,  0.2) and P(X   1 )  >  0.75,  nd the least possible  

value of n.

4   The probability that Anna scores a penalty goal in a hockey 

competition is 0.3.  Find the least number of attempts that  

she would need to take if the probability that a goal is  

scored at least once is greater than 0.95.

5  How many times must an unbiased coin be tossed so that  

the probability that at least one tail will occur is at least 0.99?

When  you  d ivide by a  

negative amount, the 

inequal ity reverses.
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Expectation of a  binomial distribution

Think of the example of the biased coin where P(H) =  
2

3
.   

If you toss the coin 3  times how many times would you expect  

to get a head? 

Intuitively the answer is 2.  

This is the same as calculating 
2

3

3 2 

   For the binomial distribution where X   B(n,  p),  the 

expectation of X,  E(X) =  np.

Example 8

A biased dice is thrown 30 times and the number of sixes seen is 8.   

The dice is then thrown a further 12 times.  Find the expected number 

of sixes for these 12 throws.

Answer

X   B(12,  p) where p = =

8

30

4

15

E( ) .X np= = =12 3 2
4

15


Let X be the number of sixes seen in 

12 throws.

Exercise 15F

1 a   A fair coin is tossed 40 times.  Find the expected number of 

heads.

b A fair dice is rolled 40 times.  Find the expected number of 

sixes obtained.

c A card is drawn from a pack of 52 cards,  noted and  

returned.  1 3  of these cards are labeled as Hearts.  This is 

repeated 40 times.  Find the expected number of Hearts.

The proo o th is  

ormula  is  not on  

the standard  level  

syl labus.

You  may wish  to 

conduct your own  

binominal  experiment 

and  explore how close 

your results are to 

the expected  binomial  

results.

The Galton  Board, quincunx or bean  machine, is  a  device or statistical  experiments named  ater Engl ish   

scientist Sir Francis Galton.  I t consists o an  upright board  with  evenly spaced  nai ls driven  into i ts upper  

hal,  where the nai ls are arranged  in  staggered  order, and  a  lower hal d ivided  into a  number o  

evenly-spaced  rectangular slots.  In  the middle o the top, there is  a  unnel  into which  bal ls  can   

be poured.  The unnel  is  d irectly above the top nai l  so that each   

bal l  al ls d i rectly on  to  th is nai l .

Each  time a  bal l  h i ts one o the nai ls,  i t can  bounce right or let  

with  equal  probabi l i ty.  

This process thereore gives rise to  a  binomial  d istribution  in  the  

heights o heaps o bal ls  in  the slots at the bottom.  

I  the number o bal ls  is  sufciently large then  the d istribution   

o the heights o the bal l  heaps wi l l  approximate a  normal   

d istribution  (See Section  15.3).  You  may wish  to investigate  

urther why th is is.
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Exam-Style Questions

2 X is a random variable such that X ~  B(n,  p).  Given that the 

mean of the distribution is 1 0 and p = 0.4,  nd n.

3 A multiple choice test has 1 5 questions and four possible answers 

for each one with only one correct answer per question.  Assume 

a student guesses each answer.

 If X is  the number of questions answered correctly  give:

a the distribution of X

b the mean of X

c the probability that a student will achieve the pass mark of  

1 0 or more purely by guessing.

4 100 families each with three children are found to have these 

numbers of girls:

Number of girls 0 1 2 3

Frequency 13 34 40 13

a Find the probability that a single baby born is a girl.

b Using your value from a  calculate the number of families with 

three children,  in a sample of 1 00,  you would expect to have 

two girls.

Variance of a  binomial distribution

Chapter 8 introduced the concept of the variance of a set of data,  as 

a measure of dispersion.  

The formula for the variance of the binomial distribution  is given in 

the formula booklet:

  If X ~  B(n,  p) then Var(X) =  npq where q =  p   1

Thinking about the original example of the biased coin where  

P(H) = 
2

3
,  if you toss the coin 3 times you expect to get a head 2 times.  

However,  obviously this will not happen every time.  If you repeat 

this experiment many times you will sometimes get 0,  1  and 3  heads.

Using the formula for variance,

  Variance =  npq =  3 =
2

3

1

3

2

3

 

In general 

  For the binomial distribution where X ~  B  (n,  p)

   expectation of X,  E(X) =  np  

   variance of X,  Var(X) =  npq where  q = 1  p.  

The proo o the 

variance ormula  is  

not on  the Standard  

Level  syl labus.

You  can  fnd  the 

standard  deviation, ,  

by taking the square 

root o the variance.

The expected  value  

o X,  E(X),  is  also 

cal led  the mean, .   

so  E(X)  =  .  
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Example 9

In a large company,  40% of the workers travel to work on public 

transport.  

A random sample of 1 5 workers is selected.

Find the expected number of workers in this sample that travel to work 

on public transport,  and the standard deviation.

Answer

Let W be the number of workers 

who travel to work on public 

transport.  

W ~  B(15,  0.4)

E(W ) =  1 5   0.4 =  6
Var(W ) =  1 5   0.4   0.6 =  3.6
Standard deviation is  

3.6  =  1 .90(3  sf)

n = 15,  p = 0.4

E(W) = np

Var(W) = npq

Standard deviation is square root of 

variance

Exercise 15G

1 If X ~  B  0,
1

4







 ,  calculate the mean and variance of X.

2 Find the mean and standard deviation of the binomial 

distribution  B (12,  0.6).

3 A fair coin is tossed 40 times.  Find the mean and standard 

deviation of the number of heads.

4 An unbiased dice is thrown 10 times.  Let X be the number of 

sixes obtained.  Find

a the expected number of sixes

b Var(X)

c P(X <  ).

Exam-Style Question

5 A frequent yer nds that she is delayed at a particular airport 

once in every 5  trips,  on average.  One year she uses the airport on 

22 occasions.  Using a binomial model,  nd 

a the expected number of journeys that will be delayed at that 

airport

b the variance

c the probability that she is delayed on fewer than 4 occasions.

6 At the local athletics club,  the expected number of people that 

can run 100 metres in under 1 3  seconds is 4.5 and the variance  

is 3.15.  

  Find the probability that at least 3  people can run 100 m in under 

13  seconds.
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Exam-Style Question

7 X is a random variable such that X ~  B (n,  p).  Given that the 

mean of the distribution is 7.8 and p  =  0.3  nd:

a n  b  the variance of X.

8 For a random variable X ~  B (n,  p),  E(X) =  9.6 and Var(X) =  1 .92.   

Find the possible values of n  and  p.  

Hence calculate P(X =  6) for each possible pair.

5. The normal distribution

Investigation  normal distribution

Col lect data  from around  50 students in  your school  for one of  

these categories:  height, weight, maximum hand  span, length  of  

foot, ci rcumference of wrist.  

1 Draw a  h istogram of the data

2 Where is  the peak of the h istogram?

3 Is  the h istogram roughly symmetrical?

4 Join  the midpoints of the tops of the bars of your h istograms with  a  curve.

Your histogram from the investigation is probably roughly 

symmetrical and the curve is bell-shaped with the majority of 

measurements around a central value.  

If more measurements were taken,  a histogram plotted and the 

midpoints of the tops of the bars joined with a curve,  then it would 

become more symmetrical and bell-shaped 

until it would look like the curve shown.  This 

is a normal distribution.

The normal distribution is probably the most 

important distribution in statistics,  since it is a 

suitable model for many naturally occurring 

variables.  These include the physical 

attributes of people,  animals and plants,  and 

even mass-produced items from factories.  The 

distribution could also be applied as an 

approximation of,  for example,  student exam 

scores,  times to complete a piece of work,  

reaction times,  or IQ scores.

In each case

 the curve is bell-shaped

 it is symmetrical about the mean ()

 the mean,  mode and median are the same.

xO

f(x)

The Gaussian Curve

The normal  curve is  also cal led  the Gaussian  

curve  after the German  mathematician  Carl  

Friedrich  Gauss (17771855).  Gauss used  the 

normal  curve to analyze astronomical  data  in  

1809.  In  Germany, the portrait of Gauss, the 

normal  curve and  i ts probabi l i ty function  appeared  

on  the old   10-Deutschmark note.

Although  Gauss played  an  important role in  

i ts h istory, the French  statisticians Abraham de 

Moivre (16671754) and  Pierre-Simon  Laplace  

(17491827) were involved  in  much  of the early 

work.  De Moivre developed  the normal  curve 

mathematical ly in  1733 as an  approximation  

to the binomial  d istribution, al though  h is  paper 

on  th is  was not d iscovered  unti l  1924 by Karl  

Pearson.  Laplace used  the normal  curve in  1783 

to describe the d istribution  of errors, and  in  1810 

he proved  an  essential  statistical  theorem cal led  

the Central  Limit Theorem.
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The characteristics of any normal distribution

There is no single normal curve,  but a family of curves,  each one 

dened by its mean,  ,  and standard deviation,  .

   If a random variable,  X,  has a normal distribution with mean 

  and standard deviation ,  this is written X ~  N  (,   2)

  and   are called the parameters  of the distribution.  

The mean is the central point of the distribution and the standard 

deviation describes the spread of the distribution.  The higher the 

standard deviation,  the wider the normal curve will be.

These three graphs show X
1
 ~  N  (5,  22),   

X
2
 ~  N  (10,  22) and X

3
 ~  N  (15,  22).   

The standard deviations are  

all the same,  so the curves are all the same  

width but 
1
 <  

2
 <  

3
.

These three graphs show X
1
 ~  N  (5,  1 2),   

X
2
 ~  N  (5,  22) and X

3
 ~  N  (5,  32).  Here the  

means are all the same and all the curves  

are centered around this but 
1
 <  

2
 <  

3
  

so curve X
1  
 is narrower than X 

2
,  and X

2
 is  

narrower than X
3
.

The curves may have different means and/or different standard 

deviations but they all have the same characteristics.

The area beneath the normal distribution curve

No matter what the values of   and   are for a normal probability 

distribution,  the total area under the curve is always the same  

and equal to 1 .  We can therefore consider partial areas under  

the curve as representing probabilities.

So in this normal distribution we could nd the probability  

P(X <  5) by nding the shaded area on the diagram.

Unfortunately the probability function (the equation of the  

curve) for the normal distribution is  very complicated and difcult 

to use.  

 

2

2

( )

21

2

( ) e

X

f X







 
 
 
 

 

   <  X <  

It would be too hard for us to use integration to nd areas under this 

curve!  However,  there are other methods we can use.

Remember that the 

mean, , is the average, 

and  the standard  

deviation, ,  is  a  

measure of spread.

Note that in  the 

expression X ~  N(,  2),  

 2 is the variance.  

Remember that the 

variance is the standard  

deviation  squared.

105 15 20
x

x1 x2 x3
f(x)

0

5 10
x

X1

X2

X3

f(x)

0

5
x

f(x)

0
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The standard normal distribution

The standard normal distribution  is the normal distribution where  

  =  0 and   =  1 .  The random variable is called Z.  It uses z-values  

to describe the number of standard deviations any value is away 

from the mean.

  The standard normal distribution is written Z ~  N  (0,  1 )

You can use your GDC to calculate the areas under the curve of  

Z ~  N  (0,  1 ) for values between a  and b and hence P(a  <  Z <  b).

Example 10

Given that Z ~  N (0,  1 ),  nd 

a P(2 <  Z <  1 ) b  P(Z <  1 ) c  P(Z >  1 .5)

d P(Z <  0) e  P(| Z|  >  0.8)

Answers

a P(2 <  Z <  1 ) =  0.819

b P(Z <  1 ) =  0.841

Using the distribution menu on 

your GDC,  choose normCdf and 

enter the values in this order: lower 

limit,  upper limit,  mean,  standard 

deviation.

Enter the lower limit as a very small 

negative number,   

9  10 999

c P(Z >  1 .5) =  0.933 Enter the upper limit as a very large 

number,  9  10 999

Note that the  

P(Z =  a)  =  0.  You  can  

th ink of th is  as a  l ine 

having no width  and  

therefore no area.   

This  means that

P(a  <  Z <  b)  =   

P(a    Z   b)  =   

P(a  <  Z   b)  =   

P(a    Z <  b)

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

{  Continued  on  next page
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d P(Z <  0) =  0.5

e P(| Z|  >  0.8)  =  1   0.576  

=  0.424

Here you do not need to use the 

calculator because the graph is 

symmetrical about the mean.

| Z|  > 0. 8 means

0.8 < Z < 0. 8

Exercise 15H

1 Given that Z ~  N  (0,  1 ) nd

a P(1  <  Z <  1 )  b  P(2 <  Z <  2)  c  P(3 <  Z <  3)

2 Find the area under the standard normal curve:

a between 1  and 2 standard deviations from the mean

b between 0.5 and 1 .5 standard deviations from the mean.

3 Find the area under the curve which is more than:

a 1  standard deviation above the mean

b 2.4 standard deviations above the mean.

4 Find the area under the curve that is less than

a 1  standard deviation below the mean

b 1 .75 standard deviations below the mean.

5 Given that Z ~  N  (0,  1 ) use the GDC to nd

a P(Z <  0.65) b  P(Z >  0.72) c  P(Z   1 .8)

d P(Z >  2) e  P(Z   0.28)

6 Given that Z ~  N  (0,  1 ) use the GDC to nd

a P(0.2 <  Z <  1 .2) b  P(2 <  Z   0.3) c  P(1 .3   Z   0.3)

7 Given that Z ~  N  (0,  1 ) use the GDC to nd

a P(| Z|  <  0.4)  b  P(| Z|  >  1 .24)

In Question 1  of Exercise 1 5H,  you found the probability  

that Z lies within one standard deviation of the mean,  two  

standard deviations of the mean and three standard deviations  

of the mean respectively.

You can see that most of the data for a normal distribution  

will lie within three standard deviations of the mean.

0 z

f(Z)

f(Z < 0) =  0.5

See Chapter 17, 

Section  5.13.

32



1123
z

f(z)

0

0.1

0.2

0.3

0.4

68.27%

95.45%

99.73%
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Probabilities for other normal distributions

Clearly,  however,  very few real-life variables are distributed like the 

standard normal distribution (with a mean of 0 and a standard 

deviation of 1 ).  But you can transform any normal distribution  

X ~  N  ( ,   2) to the standard normal distribution,  because all 

normal distributions have the same basic shape but are merely shifts 

in location and spread.

To transform any given value of x on X ~  N  ( ,   2) to its equivalent 

z-value on Z ~  N  (0,  1 ) use the formula 

 
=

x
z







You can then use your GDC to nd the required probability.

   If X ~  N ( ,   2) then the transformed random variable 
X

Z





  

has a standard normal distribution.

Example 11

The random variable X ~  N  (10,  22).  Find P(9.1  <  X <  1 0.3)

Answer

P(9.1  <  X <  1 0.3)

15 20105
0 x

f(x)
P(9.1  < x < 10.3)

z =

= 0.45

9.1 10

2





  z =

= 0.15

10.3 10

2



P(9.1  <  X <  1 0.3)  

=  P(0.45 <  Z <  0.15)

P(9.1< X <10.3) =  0.233

Draw a sketch.

Standardize each value of x.

Enter the values into your GDC.

Check that the answer looks 

reasonable when compared with your 

sketch.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.
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Exercise 15I

1 The random variable X ~  N  (14,  52).   

Find

a P(X <  1 6) b  P(X >  9) c  P(9   X <  1 2) d  P(X <  14)

2 The random variable X ~  N  (48,  81 ).   

Find

a P(X <  52) b  P(X   42) c  P(37 <  X <  47)

3 The random variable X ~  N  (3.15,  0.022).   

Find

a P(X <  3.2) b  P(X   3.1 1 ) c  P(3.1  <  X <  3.15)

Example 

Eggs laid by a chicken are known to have the mass normally 

distributed,  with mean 55 g and standard deviation 2.5 g.

What is the probability that

a an egg weighs more than 59 g b  an egg is smaller than 53  g

c an egg is between 52 and 54 g?

Answer 

W ~  N (55,  2.52)

60 65555045
0

w

f(w)
W ~ N(55, 2 .52)

Sketch rst.  

Mean = 55

3     = 3   2. 5 = 7.5

a P(W >  59) =  0.0548 (3  sf)

b P(W <  53) =  0.212 (3  sf)

c P(52 <  W <  54) =  0.230 (3  sf)

Enter the value in your GDC:  

lower limit,  upper limit,   

mean = 55,   

standard deviation = 2.5

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

Re
du
ce
d 
0
%

G
DC
5
N

You  can  also fnd  these solutions 

d irectly using the GDC.  Without using 

the standardization  ormula, th is  

is  the quickest and  most efcient 

method  o answering th is  question.  

But i t is  important to know the 

method  o standardization.

Enter lower l imit,  upper l imit,   

mean  = 10, standard  deviation  = 2.
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Exercise 15J

Exam-Style Questions

1 Households in Portugal spend an average of 100 per week on 

groceries with a standard deviation of 20.  Assuming that the 

distribution of grocery expenditure follows a normal distribution,  

what is the probability of a household spending:

a less than 130 per week

b more than 90 per week

c between 80 and 125 per week.

2 A machine produces bolts with diameters distributed normally 

with a mean of 4 mm and a standard deviation of 0.25 mm.

  Bolts are measured accurately and any which are smaller than 

3.5  mm or bigger than 4.5  mm are rejected.  Out of a batch of 500 

bolts how many would be acceptable?

3 The length of time patients have to wait in Dr.  Barretts waiting 

room is known to be normally distributed with mean 14 minutes 

and standard deviation 4 minutes.

a Find the probability that I will have to wait more than 20 

minutes to see the doctor.

b What proportion of patients wait less than 10 minutes?

4 Packets of Flakey akes  breakfast cereal are said to contain 

550 g.  The production of packets of Flakey akes  is such that  

the masses are normally distributed with a mean of 551 .3  g,  and 

standard deviation 15 g.  What proportion of packets will contain 

more than the stated mass? 

5 The mass of packets of washing powder is normally distributed 

with a mean of 500 g and standard deviation of 20 g.

a Find the probability that a packet chosen at random has a 

mass of less than 475 g.

b Three packets are chosen at random.  What is the probability 

that all packets have a mass which is less than 475 g?

The inverse normal distribution

Here you need to nd the value in the data that has a given 

cumulative probability.  For example,  a company lls cartons of juice 

to a nominal value of 150 ml.  5% of cartons are rejected for 

containing too little juice.  The owner of the company may wish to 

nd the cut-off point for the minimum volume of a carton.  

You can use your GDC to help nd this value.  The calculator  

has a function called Inverse Normal which will do this.  In these 

examples we will return to the standard normal distribution  

Z ~  N  (0,  1 )

See  Chapter 17,  

Section  5.14.
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Example 13

Given that Z ~  N  (0,  1 ) use your GDC to nd a

a P(Z <  a) =  0.877  b  P(Z >  a) =  0.2  c  P(a  <  Z <  a) =  0.42

Answers

a  

z

f(z)

0

0.877

a

P(Z < a) =  0.877

a = 1 .16 (3  sf)

b  

z

f(z)

0 . 2

a0

  

z

f(z)

0.8

a0

P(z < a)  =  0.8

P(Z > a) =  0.2       P(Z < a) =  0.8

a  =  0.842 (3  sf)

Draw a sketch.

Notice that to nd the value of a 

for P(Z > a) = 0. 2 you can more 

easily nd a for 

P(Z < a) = 0. 8

c  P(a < Z < a) =  0.42 

z

f(z)

0

0.42

0.29 0.29

a a

a  =  0.533 (3  sf)

The areas either side of  

the shaded region are the same 

size and equal to  

1
(1  0.42) = 0. 29.  Hence  

P(Z < a) = 1   0. 29 = 0.71

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.
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Exercise 15K

1 Find a  such that:

a P(Z <  a) =  0.922 b  P(Z >  a) =  0.342 

c P(Z >  a) =   0.005

2 Find a  such that:

a P(1  <  Z <  a) =  0.12 b  P(a  <  Z <  1 .6) =  0.787

c P(a  <  Z <  0.3) =  0.182

3 Find a  such that:

a P(a  <  Z <  a) =  0.3  b  P(| Z|  >  a) =  0.1096

4 Find the values of a  shown in these diagrams:

a 

5

a

0

0.95

5
z

f(z)  b  

321123
z

f(z)

0

0.2

a

Once again,  however,  we are more likely to be dealing with 

distributions that are not the standard normal distribution.

Example 

Given that X ~  N(15,  32) determine x where P(X <  x) =  0.75

Answer

 
x

f(x)

0

0.75

15
x

x =  1 7.0

z
x

=

 15

3

Draw a sketch to show the value of x 

required.

This question is best done on the 

GDC.  In invNorm enter x,  mean,  

standard deviation.

You could also answer the question 

by rst standardizing the value of x.

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

{  Continued  on  next page
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P (X <  x) =  0.75

P Z
x< =








15

3
0 75.

x

x

 =

=

15

3
0 6745

17 0

.

.

Example 15

Cartons of juice are such that their volumes are normally distributed 

with a mean of 1 50 ml and a standard deviation of 5  ml.

5% of cartons are rejected for containing too little juice.   

Find the minimum volume,  to the nearest ml,  that a carton must 

contain if it is to be accepted.

Answer

Let V be the volume of a carton.   

V ~  N(150,  52)

P (V <  m) =  0.05

V

f(V)

0 150

0.05

m

The minimum volume is 142 ml to 

the nearest ml.

Let m be the minimum volume that 

a carton must have to be accepted.

Draw a sketch.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.
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Exercise 15L

1 X ~  N(5.5,  0.22) and P(X >  a) =  0.235 Find the value of a.

2 The mass,  M,  of a randomly chosen tin of dog food is such that  

M ~  N(420,  102).  Find

a the rst quartile b  the 90th percentile.

Exam-Style Question

3 Regulations in a country insist that all mineral bottles that claim  

to contain 500 ml must have at least that amount.  Yummy Cola  

has a machine for lling bottles,  which puts an average of 502 ml 

into each bottle with a standard deviation of 1 .6 ml and follows a  

normal distribution.  

a An inspector randomly selects a bottle of Yummy Cola.   

What is the probability that it will break the regulations?

b What proportion of bottles will contain between 500 ml and 

505 ml?

c 95% of bottles contain between  a  ml and b  ml of liquid where  

a  and b  are symmetrical about the mean.  What are a  and b?

4 The masses of lettuce sold at a hypermarket are normally distributed 

with a mean mass of 550 g and standard deviation of 25 g.

a If a lettuce is chosen at random,  nd the probability that its  

mass lies between 520 g and 570 g.

b Find the mass exceeded by 10% of the lettuces.

5 The marks of 500 candidates in an examination are  

normally distributed with a mean of 55 marks and a  

standard deviation of 1 5  marks.

a If 5% of the candidates obtain a distinction  

by scoring d marks or more,  nd the value of d.

b If 10% of students fail by scoring f marks or less,   

nd the value of f.

You may also be given cumulative probabilities and asked to nd 

either the mean (if   is known) or the standard deviation (if   is 

known) or both.  

Example 6

Sacks of potatoes with mean weight 5  kg are packed by an automatic 

loader.  In a test it was found that 10% of bags were over 5.2 kg.   

Use this information to nd the standard deviation of the process.

Answer

Let M be the mass of potatoes in a 

sack.

M ~  N(5,   2)

10% (0. 1) of bags were over 5. 2 kg.

1

4

 o the values are 

less than  the frst 

quarti le.

Extension material on CD: 

Worksheet 15 -  Normal 

distribution  as an  

approximation  to  a  b inomial 

distribution

{  Continued  on  next page
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P(M >  5.2) =  0.1

m

f(m)

0
5

0.1

5.2

Z =  
5 . 2 5 0 . 2

 




0. 2
P 0. 1Z


 
 
 



or 
0 . 2

P 0.9Z


 
 
 



0.2
1 .28155. . . .


=

 = 0.156 (3  sf)

Draw a sketch.

Standardize.

From the GDC  

P(Z < 1. 28155 .  .  . ) = 0.9

Example 17

A manufacturer does not know the mean and standard deviation of the diameters of ball bearings 

she is producing.  However a sieving system rejects all ball bearings larger than 2.4 cm and those 

under 1 .8 cm in diameter.  It is found that 8% of the ball bearings are rejected as too small and 

5.5% as too big.  What is the mean and standard deviation of the ball bearings produced?

Answer

Let D be the diameters of ball bearings produced.

D ~  N(,  2)

P(D <  1 .8) = 0.08

P(D >  2.4) = 0.055

d

f(d)

0

0.055

0.08

2.41 .8

1 . 8 



 and 
2 . 4 




1 .8
P < = 0.08Z



 

 
 

We know that 8% are too small,  and 5.5% are too 

big.

Draw a sketch.

Standardize each value.

From the rst expression.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

{  Continued  on  next page
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2 .4

2 . 4

P > = 0.055

or P < = 0.945

Z

Z







 
 
 

 
 
 

1 . 8 



 =  1 .40507 .  .  .  and 

2 . 4 



 =  1 .59819 .  .  .

 = 2.08 and   =  0.200

From the second expression.

1   0. 005 = 0.945

From the GDC we know that  

P(Z < 1.40507 .  .  . ) = 0. 08 and  

P(Z < 1. 59819 .  .  . ) = 0.945

Solve simultaneously for   and .

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are  on  the  CD.

Exercise 15M

1 X ~  N(30,  2) and P(X >  40) =  0.1 15.  Find the value of .

2 X ~  N(,  42) and P(X <  20.5) =  0.9.  Find the value of .

3  X ~  N(,  2).  Given that P(X >  58.39) =  0.0217 and  

P(X <  41 .82) =  0.0287,  nd  and  .

4   A random variable X is normally distributed with mean  and standard  

deviation ,  such that P(X <  89) =  0.90 and P(X < 94) =  0.95.  Find  and .

Exam-Style Questions

5   The mean height of children of a certain age is 1 36 cm.  12% of  

children have a height of 145 cm or more.  Find the standard  

deviation of the heights.

6  The standard deviation of masses of loaves of bread is 20 g.  Only 1% 

of loaves weigh less than 500 g.  Find the mean mass of the loaves.

7  The masses of cauliowers are normally distributed with mean 

0.85 kg.  74% of cauliowers have mass less than 1 .1  kg.  Find:

 a  the standard deviation of cauliowers  masses

 b  the percentage of cauliowers with mass greater than 1  kg.

8   The lengths of nails are normally distributed with mean    

and standard deviation 7 cm.  If 2.5% of the nails measure more  

than 68 cm nd the value of .

9  A roll of wrapping paper is sold as 3  m long.  It is found that actually only  

35% of rolls are over 3  m long and that the average length of the rolls of  

wrapping paper is 2.9 m.  Find the value of the standard deviation of the  

lengths of rolls of wrapping paper,  assuming that the lengths of rolls follow  

a normal distribution.

Lambert Adolphe 

Jacques Qutelet 

(17961874), a  

Flemish  scientist,  

was the frst to  

apply the normal  

d istribution  to  human  

characteristics.  

He noted  that 

characteristics such  

as height,  weight,  and  

strength  were normal ly 

d istributed.
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Exam-Style Questions

10  It is suspected that the scores in a test are normally distributed.  30% of students 

score less than 108 marks on the test,  and 20% score more than 1 54 marks.

 a   Find the mean and standard deviation of the scores,  if they are normally 

distributed.

 b   60% of students score more than 1 17 marks.  Does this fact  

appear to be reasonably consistent with the idea that the  

scores are normally distributed as above?

11  Due to variations in manufacturing,  the length of wool in  

a randomly chosen ball of wool can be modeled by a  

normal distribution.  Find the mean and standard  

deviation given that 95% of balls of wool have lengths  

exceeding 495 m and 99% have lengths exceeding 490 m.

Review exercise

Exam-Style Questions

1 The table shows the probability distribution of a  

discrete random variable X.

a Find the value of k.  

b  Find the expected value of X.

2  The probability distribution of a discrete random variable X is  

dened by P(X =  x) =  cx(6   x),  x =  1 ,  2,  3,  4,  5.

a  Find the value of c.  b  Find E(X).

3  In a game a player rolls a biased tetrahedral (four-faced)  

dice.  The probability of each possible score is shown.

 Find  the probability of a total score of six after two rolls.

4  A game involves spinning two spinners.  One is numbered 1 ,  2,  3,  4.   

The other is numbered 2,  2,  4,  4.  Each spinner is spun once and the  

number on each is recorded.

 Let P be the product of the numbers on the spinners

a  Write down all the possible values for P.

b  Find the probability of each value of P.

c  What is the expected value of P?

d A mathematician determines the amount of pocket money to  

give his son each week by getting him to play the game on  

Monday morning.  If the son spins and the product is greater  

than 10 then he gets 10.  Otherwise he gets 5.  How much in  

total will the boy expect to get after 10 weeks of playing the game?

Exam-Style Question

5  In a train,  1

3
 of the passengers are listening to music.  Five passengers are chosen  

at random.  Find the probability that exactly three are listening to music.

x 2 1 0 1 2

P(X =  x) 0.3 1

k

2

k

0.1 0.1

Score 1 2 3 4

Probability
1

4

1

4

1

8
x
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6 When a boy plays a game at a fair,  the probability that he wins a prize  

is 0.1 .  He plays the game twice.  Let X denote the total number of prizes  

that he wins.  Assuming that the games are independent,  nd E(X).

7 Let X be normally distributed with mean 75 and standard deviation 5.

a  Given that P(X <  65) =  P(X >  a),  nd the value of a.

b Given that P(65 <  X <  a) =  0.954,  Find P(X >  a).

Review exercise

1 Three dice are thrown.  If a 1  or a 6 is rolled somewhere on these three dice you  

will be paid $1 ,  but if neither is rolled you will pay $5.  You play the game.  

a What is the probability you will win $1 ?

 b  Copy and complete the table showing the probability  

distribution of X,   the number of dollars won in a game.

x 5 1

P(X =  x)

c  How much would you expect to gain (or lose) in 

 i  1  game ii  9 games?

Exam-Style Question

2 I like 30% of the songs on my friends MP3 player.  If I choose  

eight songs at random

a nd the probability that I like exactly three songs

b nd the probability that I like at least three songs.

3 Find the probability of throwing three sixes twice in ve throws  

of six dice.

Exam-Style Question

4  In a large school one person in ve is left-handed.  

a A random sample of 10 people is taken.  Find the probability that 

 i  exactly four will be left-handed

 ii  more than half will be left-handed.

b  Find the most likely number of left-handed people in the sample of 10 people.

c How large must a random sample be if the probability that it contains at least  

one left-handed person is to be greater than 0.95?

5 Z is the standardized normal random variable with mean 0 and variance 1 .   

Find the value of a  such that P(| Z|    a) =  0.85.

6  The results of a test given to a group of students are normally distributed  

with a mean of 71 .  85% of students have scores of less than 80.

a Find the standard deviation of the scores.

 To  pass the test a student must score more than 65.

b Find the probability that a student chosen at random passes the test.
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Exam-Style Questions

7 The lifespans of certain batteries are normally distributed.  It is found that 

1 5% of batteries last less than 30 hours and 10% of batteries last more than 50 

hours.  Find the mean and standard deviation of the lifespans of the batteries.  

8  The time taken for Samuel to get to school each morning is normally 

distributed  with a mean of  minutes and a standard deviation of  

2 minutes.

 The probability that the journey takes more than 35 minutes is 0.2.  

a Find the value of .

  Samuel  should be at school at 08:45 each morning and so on  

ve consecutive days he sets out at 08:10.

b Find the probability that he arrives before 08:45 on all ve days.

c Find the probability he is late on at least two days.

CHAPTER 15 SUMMARY

Random variables

 A random variable  is a quantity whose value depends on chance.   

 A probability distribution  for a discrete random variable is a list of each possible 

value of the random variable,  with the probability that the outcome occurs.

 For any random variable X 0   P(X =  x)   1  P ( )X x= = 1

 The expected value  of a random variable X is E P( ) ( )X x X x= = .

The binomial distribution

The essential elements of a binomial distribution are:

 There is a xed number (n) of trials.

 Each trial has only two possible outcomes  a success  or a failure .

 The probability of a success (p) is constant from trial to trial.

 Trials are independent of each other.

 A binomial distribution of the random variable X is written as X   B(n,  p).
 The probability of obtaining r successes out of n  independent  

trials,  when p  is the probability of success for each trial,  is 

P( ) ( )X r
n

r
p pr n r= = 







1

 For the binomial distribution where X   B  (n,  p),  the expectation of X,  E(X) =  np.   
The variance of X,  Var (X) =  npq where  q =  1   p.

The normal distribution

 If a random variable,  X,  has a normal distribution with mean   

and standard deviation ,  this is written X   N(,  2)

 The standard normal distribution is written Z   N(0,  1 )

 If X   N(,   2) then the transformed random variable =
X

Z





  

has a standard normal distribution.
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Dynamic data

Hans Rosl ing is  Proessor o International  Health  

at the Karol inska  Insti tute in  Sweden, where he 

teaches courses on  global  health.  These 

courses involve looking at lots o data  rom  

d ierent countries on  erti l i ty,  l i e expectancy, 

chi ld  mortal i ty and  other aspects o health.  To 

help make th is data  easier to understand, he 

converts the statistics into moving graphs, which  

show dynamical ly how the data  change over 

time.  He set up Gapminder to develop the 

sotware, which  is  avai lable ree.  

H is  innovative and  entertaining approach  has 

provided  startl ing insights into global  poverty 

and  international  health.  You  can  see h im  and  

h is graphs in  action  on  YouTube, or on  the 

Gapminder website.

Theory of knowledge:  Statistics of human behavior

Statistics of human behavior

Social scientists use statistics to study human behavior.  

Some variables can be measured fairly easily by 

collecting and analyzing data,  for example population,  

income,  birth rates and mortality rates.

Theory of knowledge

Repeatability
Scientifc experiments need  to  be  repeatable .  

Th is means that another group o researchers 

(who have no connection  with  the frst group)  

who carry out the same experiment should  get 

the same results.  Each  repetition  o the 

experiment that gives the same results helps to 

confrm  the theory.

  Does repetition  prove  the theory?

The United  Nations 

and  World  Health  

Organization  

col lect data  l ike 

th is, and  use i t 

to help plan  aid  

and  development 

programmes.

  I s  i t possible  to reduce al l  human  activity to a  set o statistical  data?

  Are  there characteristics o human  behavior that cannot be measured?

Human behavior experiments
Social  scientists and  psychologists oten  set up experiments to col lect 

data  on  human  behavior in  as scientifc a  way as possible.  

Here are some o the problems associated  with  th is  type o data  

col lection.  Find  an  example or each  one.

People's 

behavior may 

change when  

they are being 

studied.  

  Research  the 

Hawthorne 

Eect .
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People lie!

A study that asked  American  teenagers how 

much  TV they watched, found  the average to  be 

7  hours a  week.  But evidence from  other 

sources suggests the national  average is  

7  hours per day.  

  Why do you  th ink the teenagers in  the study 

l ied  about how much  TV they watch?

Chapter 15
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Self-fullling prophecies

People may (subconsciously perhaps)  behave 

in  the way that is  expected  of them.  When  a  

Min ister for Transport predicts there wi l l  be  

queues at the petrol  pumps, th is  could  cause 

people to go to the petrol  stations and  cause 

long queues.

  How might your behavior change i f you  

knew your interactions with  your fel low 

students were being studied?

Hidden agenda

The researchers may have a  reason  to hope 

for a  particular outcome.  

  Who would  you  trust to carry out an  

unbiased  survey into the effects of 

passive smoking?

  A major tobacco manufacturer?

  An  anti -smoking campaign?

  A company that manufactures drugs 

for lung cancer?

Controllability

In  a science experiment in  a laboratory, you  can  

control  the conditions so that you can study only 

one variable (for example, the effect of heat on a  

substance).  Al l  the variables that could  affect the 

outcome of the experiment are control led.

  I s  i t possible to  control  al l  the factors in  

human  research?

Prejudice and leading questions

Prejudice can  creep in  when  questions are 

worded  so that the answers wi l l  support the 

researchers theory.  Leading questions 

encourage a  particular answer.  

  Why are these questions  leading?

  Do you  agree that chi ldren  today get too 

l i ttle  exercise?

  How much  do you  th ink unemployment 

wi l l  rise?

 

 

To carry out a controlled investigation into 
the effects of television violence on child 
behavior,  you would have to isolate the 
children from all other factors that could 
inuence their behavior.



Exploration16

16.1  About the exploration

The exploration is an opportunity for you to show that you can 

apply mathematics to an area that interests you.

You should aim to spend:

10 hours of class time 10 hours of your own time

  Discussing the assessment criteria

  Discussing suitable topics/titles

  Discussing your progress with  your teacher

   Planning your exploration, doing research  to 

help select an  appropriate topic

   Researching, col lecting and  organising your 

data  and/or inormation

  Applying mathematical  processes:

    Ensuring that al l  o your results  

are derived  using logical  deductive 

reasoning

    Ensuring that your proos (when  

necessary)  are coherent and  correct

   Demonstrating mathematical  

communication  and  presentation:

    Checking that your notation  and  

terminology are consistently correct

    Adding d iagrams, graphs or charts where 

necessary

    Making sure your exploration  is  clearly 

structured  and  reads wel l

CHAPTER OBJECTIVES:

As part o your Mathematics SL course, you  need  to write an  exploration,  

which  wi l l  be assessed  and  counts as 20% o your fnal  grade.

This chapter gives you  advice on  planning your exploration, h ints  

and  tips to help you  get a  good  grade by making sure your exploration   

satisfes the assessment cri teria, as wel l  as suggestions on  choosing  

a  topic and  getting started  on  your exploration.
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Your school will set you deadlines for submitting a draft and the 

nal piece of work.

If you do not submit an exploration then you receive a grade of N  

for Mathematics SL,  which means you will not receive your IB 

diploma.

16.2 Internal assessment criteria

Your exploration will be assessed by your teacher,  against given 

criteria.

It will then be externally moderated by the IB using the same 

assessment criteria.

The nal mark for each exploration is the sum of the scores for each 

criterion.

The maximum possible nal mark is 20.

This is 20% of your nal grade for Mathematics SL.

A good exploration should be clear and easily understood by one of 

your peers,  and self-explanatory all the way through.

The criteria are split into ve areas,  A to E:

Criterion A Communication

Criterion B Mathematical  presentation

Criterion C Personal  engagement

Criterion D Reection

Criterion E Use o mathematics

Criterion A:  Communication

This criterion assesses the organization,  coherence,  conciseness and 

completeness of the exploration.

Achievement level Descriptor

0
The exploration  does not reach  the standard  

described  by the descriptors below.

1 The exploration  has some coherence.

2
The exploration  has some coherence and  

shows some organization.

3
The exploration  is  coherent and  wel l   

organized.  

4
The exploration  is  coherent, wel l  organized, 

concise and  complete.

Every candidate 

taking Mathematics 

SL must  submit an  

exploration.

Ensure that you  

know your school s 

deadl ines and  keep 

to them.

These criteria are 

explained in  more 

detai l , with  tips on  

how to ensure your 

exploration  satisfes 

them.

Make sure you  

understand these 

criteria and  consult 

them requently 

when writing your 

exploration.
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Criterion B:  Mathematical presentation

This criterion assesses to what extent you are able to:

  use appropriate mathematical language (notation,  symbols,  

terminology)

  dene key terms,  where required

  use multiple forms of mathematical representation such as formulae,  

diagrams,  tables,  charts,  graphs and models,  where appropriate.

Your exploration

To get a good mark for Criterion A:  Communication

  A wel l  organized  exploration  should  have

  An  introduction  in  which  you  should  d iscuss the context o the exploration

  A rationale  which  should  include an  explanation  o why you  chose th is topic

  A description  o the aim  o the exploration  which  should  be clearly identifable

  A conclusion.

  A coherent exploration  is  logical ly developed  and  easy to ol low.

  Your exploration  should   read  wel l  .

  Any graphs, tables and  d iagrams that you  use should  accompany the work in  the 

appropriate place and  not be attached  as appendices to the document.

  A concise exploration  is  one that ocuses on  the aim  and  avoids i rrelevancies.

  A complete exploration  is  one in  which  al l  steps are clearly explained  without detracting 

rom i ts conciseness.

  I t is  essential  that reerences are cited  where appropriate, i .e. ,

  Your exploration  should  contain  ootnotes as appropriate.  For example, i  you  are using a  

quote rom a  publ ication, a  ormula  rom a  mathematics book, etc. ,  put the source o 

the quote in  a  ootnote.

  Your exploration  should  contain  a  bibl iography as appropriate.  This can  be in  an  

appendix at the end.  List any books you  use, any websites you  consult,  etc.

Achievement level Descriptor

0
The exploration  does not reach  the standard  described   

by the descriptors below.

1 There is  some appropriate mathematical  presentation.

2 The mathematical  presentation  is  mostly appropriate.

3 The mathematical  presentation  is  appropriate throughout.

Exploration558



Your exploration

To get a good mark for Criterion B:  Mathematical  communication

  You  are expected  to use appropriate mathematical  language when  

communicating mathematical  ideas, reasoning and  fndings.

  You  are encouraged  to choose and  use appropriate ICT tools such  as graphic d isplay 

calculators, mathematical  sotware, spreadsheets, databases, drawing and  word-processing 

sotware, as appropriate, to enhance mathematical  communication.

  You  should  defne key terms, where required.

  You  should  express your results to an  appropriate degree o accuracy, when  appropriate.

  You  should  always include scales and  labels i  you  use a  graph.  Tables should  have 

appropriate headings.

  Variables should  be expl icitly defned.

  Do not use calculator or computer notation.  For example, use 2 x  and  not 2^x;  use  not * ;  

use 0.028 and  not 2.8E-2.

Criterion C:  Personal engagement

This criterion assesses the extent to which you engage with the  

exploration and make it your own.

Achievement  

level

Descriptor

0
The exploration  does not reach  the standard  

described  by the descriptors below.

1
There is  evidence o l imited  or superfcial  

personal  engagement.

2
There is  evidence o some personal  

engagement.

3
There is  evidence o signifcant personal  

engagement.

4
There is  abundant evidence o outstanding 

personal  engagement.
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Criterion D:  Reection

This criterion assesses how you review,  analyze and evaluate the  

exploration.

Achievement level Descriptor

0
The exploration  does not reach  the standard  described   

by the descriptors below.

1 There is  evidence o l imited  or superfcial  reection.

2 There is  evidence o meaningul  reection.

3 There is  substantial  evidence o critical  reection.

Your exploration

To get a good mark for Criterion C:  Personal  engagement

  You  should  choose a  topic or your exploration  that you  are interested  in  as i t 

wi l l  be easier to d isplay personal  engagement.

  You  can  demonstrate personal  engagement by using some o the ol lowing d ierent 

attributes and  ski l ls.  These include:

  Th inking and  working independently

  Th inking creatively

  Addressing your personal  interests

  Presenting mathematical  ideas in  your own  way

  Asking questions, making conjectures and  investigating mathematical  ideas

  Looking or and  creating mathematical  models or real -world  situations

  Considering h istorical  and  global  perspectives

  Exploring unami l iar mathematics.

Your exploration

To get a good mark for Criterion D:  Reection

  Al though  reection  may be seen  in  the conclusion  to the exploration, i t may 

also be ound  throughout the exploration.

  You  can  show reection  in  your exploration  by

  Discussing the impl ications o your results

  Considering the signifcance o your fndings and  results

  Stating possible l imitations and/or extensions to your results

  Making l inks to d ierent felds and/or areas o mathematics.
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Criterion E:  Use of mathematics

This criterion assesses to what extent you use mathematics in your  

exploration.

Achievement  

level

Descriptor

0
The exploration  does not reach  the standard  described  

by the descriptors below.

1 Some relevant mathematics is  used.  

2
Some relevant mathematics is  used.  Limited  

understanding is  demonstrated.

3

Relevant mathematics commensurate with  the level  

of the course is  used.  Limited  understanding is  

demonstrated.

4

Relevant mathematics commensurate with  the level  

of the course is  used.  The mathematics explored  is  

partial ly correct.  Some knowledge and  understanding 

are demonstrated.

5

Relevant mathematics commensurate with  the level  

of the course is  used.  The mathematics explored  is  

mostly correct.  Good  knowledge and  understanding 

are demonstrated.  

6

Relevant mathematics commensurate with  the level  

of the course is  used.  The mathematics explored  is  

correct.  Thorough  knowledge and  understanding are 

demonstrated.

Your exploration

To get a good mark for Criterion E:  Use of mathematics

  You  are expected  to produce work that is  commensurate with  the level  of the 

course you  are studying.  The mathematics you  explore should  either be part of 

the syl labus, or at a  simi lar level  (or beyond).

  You  should  ensure that the mathematics involved  is  not completely based  on  mathematics 

l isted  in  the prior learning.

  If the level of mathematics is not commensurate with the level of the course  

you can only get a maximum of two marks for this criterion.

  You  need  to demonstrate that within  your exploration  that you  fu l ly understand  the 

mathematics used.
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16.3 How the exploration is marked

Once you have submitted the nal version of your exploration,  your 

teacher will mark it.  The teacher looks at each criterion in turn,  starting 

from the lowest grade.  As soon as your exploration fails to meet one of 

the grade descriptors,  then the mark for that criterion is set.

The teacher submits these marks to the International Baccalaureate,  

via a special website.  A sample of your schools explorations is 

selected automatically from the marks that are entered and this 

sample is sent to an external moderator to be checked.  This person 

moderates the explorations according to the assessment criteria and 

checks that your teacher has marked the explorations accurately.

If your teacher has applied the criteria to the exploration too 

severely then your schools exploration marks may be increased.

If your teacher has applied the exploration criteria too leniently then 

your schools exploration marks may be decreased.

16.4 Academic Honesty

This is extremely important in all your work.  Make sure that  

you have read and are familiar with the IB Academic Honesty 

document.

Academic Honesty  means:

  that your work is authentic

  that your work is your own intellectual property

  that you conduct yourself properly in written examinations 

  that any work taken from another source is properly cited.

Authentic  work:

  is work based on your own original ideas

  can draw on the work and ideas of others,  but this must be fully 

acknowledged (e.g.  in footnotes and a bibliography)

  must use your own language and expression  for both written 

and oral assignments

  must acknowledge all sources fully and appropriately  

(e.g.  in a bibliography).

Your teacher or IB  

Diploma Programme 

coordinator wi l l  be 

able to give you  th is 

document.
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Malpractice

The IB denes malpractice  as behavior that results in,  or may 

result in,  the candidate or any other candidate gaining an unfair 

advantage in one or more assessment components .

Malpractice  includes:

  plagiarism  copying from others  work,  published or otherwise

  collusion  working secretly with at least one other person in 

order to gain an undue advantage.  This includes having someone 

else write your exploration,  and passing it off as your own

  duplication of work

  any other behavior that gains an unfair advantage.

Acknowledging sources

Remember to acknowledge all your sources.  Both teachers and 

moderators can usually tell when a project has been plagiarised.  

Many schools use computer software to check for plagiarism.  If you 

are found guilty of plagiarism then you will not receive your 

diploma.  It is not worth taking the risk.

16.5 Record keeping

Throughout the course,  it would be a good idea to keep an 

exploration journal,  either manually or online.  Keeping a journal 

will help you to focus your search for a topic,  and also remind you 

of deadlines.

Advice to schools:

  A school-wide policy must be in place to promote  

Academic Honesty

  All candidates must clearly understand this policy

  All subject areas must promote the policy

  Candidates must be clearly aware of the penalties for 

academic dishonesty

  Schools must enforce penalties,  if incurred.

You wi l l  fnd a  

defnition o plagiarism 

in  the Academic 

Honesty document.

Keeping a  journal  

whi le you  write 

your exploration  

wi l l  a lso help you  

to demonstrate i ts  

academic honesty.

Plagiarism  is a  word  

derived rom Latin, 

meaning  to kidnap .
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If you use a journal for Theory of knowledge you will probably 

appreciate how much help it is when writing your essays.  In the 

same way,  keeping a journal for your exploration will be a great 

assistance in focusing your efforts.

  Make notes of any books or websites you use,  as you go along,  

so you can include them in your bibliography.

  There are different ways of referencing books,  websites,  etc.  

Make sure that you use the style advised by your school and be 

consistent.

  Keep a record of your actions so that you can show your teacher 

how much time you are spending on your exploration.  Include 

any meetings you may have with your teacher about your 

exploration.

  Remember to follow your teachers advice and meet the schools 

deadlines.

 The teacher is there to help you  so do not be afraid to ask for 

guidance.  The more focused your questions are,  the better 

guidance your teacher can give you.

16.6 Choosing a topic

You need to choose a topic that interests you,  because then you will 

enjoy working on your exploration,  you will put more effort into the 

exploration,  and you will be able to demonstrate authentic personal 

engagement more effectively.  You should discuss the topic with your 

teacher before you put too much time and effort into writing your 

exploration.

Your teacher might 

give your class a  set 

o stimul i   general  

areas rom  which  

you  could  choose a  

topic.  Al ternatively 

they might encourage 

you  to fnd  your own  

topic based  on  your 

interests and  level  

o mathematical  

competence.

Exploration564



Each chapter of this book suggests some ideas for explorations,  

which could be starting points for you to choose a topic.

These questions may help you to nd a topic for your exploration:

  What areas of the syllabus am I enjoying the most?

  What areas of the syllabus am I performing best in?

  Which mathematical skills are my strengths?

  Do I prefer pure mathematics,  or applied problems and modeling?

  Have I discovered,  either through reading or the media,  

mathematical areas outside of the syllabus that I nd interesting?

  What career do I eventually want to enter,  and what mathematics 

is important in this eld?

  What are my own special interests or hobbies? Where is the 

mathematics in these areas?
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Exploration

Atmosphere

Population

One way of choosing a topic is to start with a general area of 

interest and create a mind map.  This can lead to some interesting 

ideas on applications of mathematics to explore.

The mind map below shows how the broad topic Geography  can 

lead to suggestions for explorations into such diverse topics as the 

spread of disease,  earthquakes or global warming.

Mind map

Spread of disease
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Environment
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16.7 Getting started

Once you have chosen your topic,  the next step is to do some  

research.  The purpose of the research is to determine the suitability  

of your topic.

Do not limit your research to the internet.  Your school library will 

have books on mathematics that are interesting and related to a  

variety of different elds.

These questions will help you to decide if your chosen topic is suitable.

  What areas of mathematics are contained in my topic?

  Which of these areas are accessible to me or are part of the 

syllabus?

  Is there mathematics outside the syllabus that I would have to  

learn in order to complete the exploration successfully? Am I 

capable of doing this?

  Can I show personal engagement in my topic,  and how?

  Can I limit my work to the recommended length of 6 to 12 pages  

if I choose this topic?

If your original choice of topic is not suitable,  has your research 

suggested another,  better topic? Otherwise,  could you either widen  

out or narrow down your topic to make it more suitable for the 

exploration?

Once you think you have a workable topic,  write a brief outline 

covering:

  why you chose this topic

  how your topic relates to mathematics

  the mathematical areas in your topic,  e.g.  algebra,  geometry,  

trigonometry,  calculus,  probability and statistics,  etc.

  the key mathematical concepts in your topic,  e.g.  areas of irregular 

shapes,  curve tting,  modeling data,  etc.

  the mathematical skills you will need,  e.g.  writing formal proofs,  

integration,  operations with complex numbers,  graphing piecewise 

functions,  etc.
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  any mathematics outside the syllabus that you will need

  possible technology and software that can help in the design of  

your exploration and in doing the mathematics

  key mathematical terminology and notation required in  

your topic.

Now you are ready to start writing the topic in detail.

Remember that your fellow students (your peers) should be able  

to read and understand your exploration.  You could ask one of  

your classmates to read your work and comment on any parts  

which are unclear,  so you can improve them.

Make sure you  

keep every internal  

deadl ine that your 

teacher assigns.  

In  this way, you  wi l l  

receive feedback in  

time for you  to be 

able to complete 

your exploration  

successful ly.
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Using a  
graphic display 
calculator

CHAPTER OBJECTIVES:

This chapter shows you  how to use your graphic d isplay 

calculator (GDC) to solve the different types of problems that 

you  wi l l  meet in  your course.  You  should  not work through  the 

whole of the chapter  i t is  simply here for reference purposes.  

When  you  are working on  problems in  the mathematical  

chapters, you  can  refer to this chapter for extra  help with  your 

GDC if you  need  it.

Chapter contents

1  Functions

1.1 Graphing linear functions            572

 Finding inormation about the graph

1.2 Finding a zero           572

1.3  Finding the gradient  

(slope) of a line     573

 Simultaneous equations

1.4  Solving simultaneous  

equations graphically     574

1.5  Solving simultaneous  

linear equations     576

 Quadratic unctions

1.6  Drawing a quadratic  

graph     577

1.7 Solving quadratic equations     578

1.8  Finding a local minimum  

or maximum point     579

 Exponential unctions

1.9  Drawing an exponential  

graph     583

1.10  Finding a horizontal  

asymptote     584
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 Logarithmic unctions

1.11 Evaluating logarithms     585

1.12 Finding an inverse function     585

1.13  Drawing a logarithmic graph     588

 Trigonometric unctions

1.14 Degrees and radians     589

1.15  Drawing trigonometric  

graphs     590

 More complicated unctions

1.16  Solving a combined quadratic and  

exponential equation     591

 Modeling

1.17 Using sinusoidal regression     592

1.18  Using transformations to  

model a quadratic function     594

1.19  Using sliders to model an  

exponential function     596

2 Diferential calculus

  Finding gradients,  tangents and 

maximum and minimum points

2.1 Finding the gradient at a point     598

2.2 Drawing a tangent to a curve     599

GDC instructions on CD:  

The instructions in  this chapter 

are  for the TI-Nspire  model.  

Instructions for the  same  

techniques using  the  TI-84 Plus  

and the  Casio  FX-9860GII are  

available  on  the  CD.
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2.3  Finding maximum and  

minimum points     600

 Derivatives

2.4 Finding a numerical derivative     602

2.5  Graphing a numerical  

derivative     603

2.6 Using the second derivative     605

3 Integral calculus

3.1  Finding the value of an  

indenite integral     606

3.2  Finding the area under a curve     607

4 Vectors

4.1  Calculating a scalar product     608

4.2   Calculating the angle between  

two vectors     610

5 Statistics and probability

 Entering data

5.1 Entering lists of data     612

5.2  Entering data from a  

frequency table     612

 Drawing charts

5.3  Drawing a frequency  

histogram from a list     613

5.4  Drawing a frequency histogram  

from a frequency table     614

5.5  Drawing a box and whisker  

diagram from a list     614

5.6  Drawing a box and whisker  

diagram from a frequency table     616

 Calculating statistics

5.7  Calculating statistics from a list     617

5.8  Calculating statistics  

from a frequency table     618

5.9  Calculating the interquartile  

range     619

5.10 Using statistics     620

 Calculating binomial probabilities

5.11 Use of nCr     621

5.12 Calculating binomial probabilities     622

 Calculating normal probabilities

5.13  Calculating normal probabilities  

from X-values     624

5.14  Calculating X-values  

from normal probabilities     625

  Scatter diagrams, linear regression  

and the correlation coefcient

5.15  Scatter diagrams using a  

Data & Statistics page     627

5.16  Scatter diagrams using a  

Graphs page     629

Beore you start
You should  know:

 Important keys on the keyboard:  On ,  Off ,  menu ,  esc ,  tab ,  ctrl ,  

shift ,  enter ,  del

 The home screen

 Opening new documents,  adding new pages,  changing settings

 Moving between pages in a document

 Panning and grabbing axes to change a window in a Graphs page

 Change window settings in a Graphs page

 Using zoom tools in a Graphs page

 Using trace in a Graphs page

 Setting the number of signicant gures or decimal places
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1  Functions

1.1  Graphing linear functions

Example 1

Draw the graph of the function y =  2x +  1

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,   

so the form f1(x)=  is displayed.  

The default axes are 10   x   1 0 and  

6.67  y   6.67.

Type 2x +  1  and press enter .

The graph of y =  2x +  1  is now displayed and labeled  

on the screen.

Finding information about the graph

Your GDC can give you a lot of information about the graph of a  

function,  such as the coordinates of points of interest and the  

gradient (slope).   

1.2  Finding a  zero 

The x-intercept is known as a zero  of the function.

Example 2

Find the zero of y =  2x +  1

First draw the graph of y =  2x +  1  (see Example 1 ).

At the x-intercept, y =  0.

{  Continued  on  next page

572 Using a  graphic display calculator



Press menu  6:Analyze Graph |  1 :Zero

Press enter

To nd the zero you need to give the lower and upper 

bounds of a region that includes the zero.

The GDC shows a line and asks you to set the lower 

bound.

Move the line using the touchpad and choose a position to 

the left of the zero.

Click the touchpad.

The GDC shows another line and asks you to set the 

upper bound.

Use the touchpad to move the line so that the region 

between the upper and lower bounds contains the zero.

When the region contains the zero,  the calculator will 

display the word zero  in a box.

Click the touchpad.

The GDC displays the zero of the function  

y =  2x +  1  at the point (0.5,  0).

1.3 Finding the gradient (slope)  of a  line 

The correct mathematical notation for gradient (slope) is 
d

d

y

x

,   

and this is how the GDC denotes gradient.

Example 3

Find the gradient of y =  2x +  1

First draw the graph of y =  2x +  1  (see Example 1 ).

{  Continued  on  next page
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Press menu  6:Analyze Graph |  5:  
d

d

y

x
Press enter

Use the touchpad to select a point on the line.

Click the touchpad.

The point you selected is now displayed together with the 

gradient of the line at that point.

The gradient (slope) is 2.

With the open-hand symbol showing,  click the touchpad 

again.  The hand is now grasping the point.

Move the point along the line using the touchpad.

This conrms that the gradient (slope) of  

y =  2x +  1  at every point on the line is 2.

 

Simultaneous equations

1.4 Solving simultaneous equations graphically

To solve simultaneous equations graphically you draw the straight  

lines and then nd their point of intersection.  The coordinates of  

the point of intersection give you the solutions x and y.

Example 4

Use a graphical method to solve the simultaneous equations

2x +  y =  1 0

x  y =  2

First rewrite both equations in the form y =.

2x +  y =  1 0  x  y =  2

          y =  1 0  2x      y =  2  x

        y =  x  2

For solving 

simultaneous 

equations using a   

non-graphical  method, 

see section  1.5.

The GDC wi l l  only draw the graphs of functions 

that are expressed  expl ici tly,  y = as  a  

function  of x.  I f the equations are written  in  

a  d ifferent form, you  need  to rearrange them 

before using your GDC to solve them.

{  Continued  on  next page
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To draw the graphs y =  1 0  2x and y =  x  2:

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form f1(x)=  is 

displayed.  

The default axes are 10   x   1 0 and 6.67  y   6.67.

Type 10  2x and press enter .

The calculator displays the rst straight-line graph:

f1(x) =  10   2x

Use the touchpad to click on the arrows in the bottom left-

hand corner of the screen.   

This will open the entry line again.  This time f 2(x)= is 

displayed.

Type x  2 and press enter .

The GDC now displays both straight-line graphs:

f1(x) =  1 0  2x

f2(x) =  x  2

Press menu  6:Analyze Graph |  4:Intersection Point(s)

Press enter

To nd the intersection you need to give the lower and 

upper bounds of a region that includes the intersection.

The GDC shows a line and asks you to set the lower 

bound.  Move the line using the touchpad and choose a 

position to the left of the intersection.

Click the touchpad.

{  Continued  on  next page
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The GDC shows another line and asks you to set the upper 

bound.   

Use the touchpad to move the line so that the region 

between the upper and lower bounds contains the 

intersection.

When the region contains the intersection,  the calculator 

will display the word  intersection  in a box.

Click the touchpad.

The calculator displays the intersection of the two straight 

lines at the point (4,  2).

The solution is x =  4,  y =  2.

1.5 Solving simultaneous linear equations

When  solving simultaneous equations in  an  examination, you  do not need  to 

show any method  of solution.  You  should  simply write  out the equations in  

the correct form  and  then  give the solutions.  The GDC wi l l  do al l  the working 

for you.

Example 5

Solve the equations:

2x +  y =  1 0

x  y =  2

Open a new document and add a Calculator page.   

Press menu  3:Algebra |  2:Solve Systems of Linear 

Equations

Press enter

You will see this dialogue box,  showing 2 equations and 

two variables,  x and y.

Note:  This is how you will use the linear equation 

solver in your examinations.  In your project,  you might 

want to solve a more complicated system with more 

equations and more variables.

You  do not need  

the equations to 

be written  in  any 

particular format 

to use the l inear 

equation  solver, as 

long as they are both  

linear,  that is,  neither 

equation  contains x2 

or h igher order terms.

{  Continued  on  next page
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Press enter  and you will see the template on the right.

Type the two equations into the template,  using the 

arrow keys   to move within the template.

Press enter  and the GDC will solve the equations,  

giving the solutions in the form {x,  y} .

The solutions are x =  4,  y =  2.

Quadratic functions

1.6 Drawing a  quadratic graph

Example 6

Draw the graph of y =  x2  2x +  3  and display using suitable axes.

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the  

work area.  The default graph type is Function,   

so the form f1(x)  =  is displayed.

The default axes are 10   x   1 0 and 6.67  y   6.67.

Type x2  2x +  3  and press enter .

The calculator displays the curve with the default axes.

Pan the axes to get a better view of the curve.  

For help with  panning, 

see your GDC manual .  

{  Continued  on  next page
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Grab the x-axis and change it to make the quadratic  

curve t the screen better.

1.7 Solving quadratic equations

For help with  changing 

axes, see your GDC 

manual .

When  solving quadratic equations in  an  examination, you  do not need  to  

show any method  of solution.  You  should  simply write out the equations in  

the correct form and  then  give the solutions.  The GDC wi l l  do al l  the working 

for you.

Example 7

Solve 3x2   4x   2 =  0

Press menu  3:Algebra |  3:Polynomial Tools |  1 :Find 

Roots of a Polynomial

Press enter

You will see this dialogue box,  showing a polynomial of 

degree 2 (a quadratic equation) with real roots.  You do 

not need to change anything.

Press enter

Another dialogue box opens for you to enter the equation.

The general form of the quadratic equation is  

a
2
x2 +  a

1
x +  a

0
 =  0,  so enter the coefcients in  

a
2
,  a

1
 and  a

0
.

Here,  a
2
 =  3,  a

1
 =  4 and a

0
 =  2.  Be sure to use the 

( )  key to enter the negative values.  Use the tab  key to 

move around the dialogue box.

Press enter  and the GDC will solve the equation,  giving 

the roots in the form {x,  y} .

The solutions are x =  0.387 or x =  1 .72 (to 3  sf).
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1.8 Finding a  local minimum or maximum point 

Example 8

Find the minimum point on the graph of y =  x2  2x +  3

First draw the graph of y =  x2  2x +  3  (see Example 6).

Method 1:  Using a table

You can look at the graph and  a table of the values by 

using a split screen.

Press menu  2:View |  9:Show Table

(or simply press ctrl  T )

The minimum value shown in the table is 2 when x =  1 .

Look more closely at the values of the function  

around x =  1 .

Change the settings in the table.  

Choose any cell and press menu  5:Table |  5:Edit  

Table Settings

Set Table Start to 0.98 and Table Step to 0.01 .

Press enter

The table shows that the function has larger values  

at points around (1 ,  2).  We can conclude that the  

point (1 ,  92) is a local minimum on the curve.

{  Continued  on  next page
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Method 2:  Using the minimum function

Press menu  6:Analyze Graph |  2:Minimum

Press enter

To nd the minimum you need to give the lower and upper 

bounds of a region that includes the minimum.

The GDC shows a line and asks you to set the lower 

bound.

Move the line using the touchpad and choose a position to 

the left of the minimum.

Click the touchpad.

The GDC shows another line and asks you to set the upper 

bound.   

Use the touchpad to move the line so that the region 

between the upper and lower bounds contains the 

minimum.

Note:  The minimum point in the region that you have 

dened is being shown.  In this screenshot it is not the local 

minimum point.  Make sure you move the line beyond the 

point you are looking for.

When the region contains the minimum,  the GDC will 

display the word minimum  in a box and a point that lies 

between the lower and upper bounds.  The point displayed 

is clearly between the upper and lower bounds.

Click the touchpad.

The calculator displays the minimum point on the curve at 

(1 ,  2).
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Example 9

Find the maximum point on the graph of y =  x2 +  3x  4

First draw the graph of y =  x2 +  3x   4:

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form f1(x)=  is 

displayed.

The default axes are 10  x   10 and 6.67  y   6.67.  

Type x2 +  3x   4 and press enter .

The GDC displays the curve with the default axes.

Pan the axes to get a better view of the curve.

Grab the x-axis and change it to make the quadratic curve 

t the screen better.

Method 1:  Using a table

You can look at the graph and  a table of the  

values by using a split screen.

Press menu  2:View |  9:Show Table

(or simply press ctrl  T )

The maximum value shown in the table is 2  

when x =  1  and x =  2.

For help with  panning 

or changing axes, see 

your GDC manual .

{  Continued  on  next page
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Look more closely at the values of the function between  

x =  1  and x =  2.

Change the settings in the table.  

Choose any cell and press menu  5:Table |  5:Edit Table 

Settings

Set Table Start to 1 .0 and Table Step to 0.1 .

Press enter

Scroll down the table and you can see that the function 

has its largest value at (1 .5,  1 .75).  We can conclude that 

the point (1 .5,  1 .75) is a local maximum on the curve.

Method 2:  Using the maximum function

Press menu  6:Analyze Graph |  3:Maximum

Press enter

To nd the maximum you need to give the lower and 

upper bounds of a region that includes the maximum.

The GDC shows a line and asks you to set the lower 

bound.  

Move the line using the touchpad and choose a position to 

the left of the maximum.

Click the touchpad.

The GDC shows another line and asks you to set the 

upper bound.   

Use the touchpad to move the line so that the region 

between the upper and lower bounds contains the 

maximum.

Note:  The maximum point in the region that you have 

dened is being shown.  In this screenshot it is not the local 

maximum point.  Make sure you move the line beyond the 

point you are looking for.

{  Continued  on  next page
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When the region contains the maximum,  the GDC will 

display the word maximum  in a box and a point that lies 

between the lower and upper bounds.  The point displayed 

is clearly between the upper and lower bounds.

Click the touchpad.

The GDC displays the maximum point on the curve at 

(1 .5,  1 .75).

Exponential functions

1.9 Drawing an exponential graph

Example 10

Draw the graph of y =  3x  +  2 

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form f1(x) =  is 

displayed.  

The default axes are 10  x   10 and 6.67  y   6.67.

Type y =  3x  +  2 and press enter .

(Note:  Type 3  >     to enter 3x.  The  returns you to 

the baseline from the exponent.)

The GDC displays the curve with the default axes.

{  Continued  on  next page
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Pan the axes to get a better view of the curve.  

Grab the x-axis and change it to make the exponential 

curve t the screen better.

1.10 Finding a  horizontal asymptote

Example 11

Find the horizontal asymptote to the graph of y =  3x  +  2 

First draw the graph of y =  3x  +  2 (see Example 10).

You can look at the graph and  a table of the values by 

using a split screen.

Press menu  2:View |  9:Show Table

(or simply press ctrl  T )

The values of the function are clearly decreasing as  

x   0.

For help with  panning, 

see your GDC manual .

For help with  changing 

axes, see your GDC 

manual .

{  Continued  on  next page
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Press and hold   to scroll up the table.

The table shows that as the values of x get  

smaller,  f1(x) approaches 2.

Eventually,  the value of f1(x) reaches 2.  On closer 

inspection,  you can see,  at the bottom of the screen,  that 

the actual value of f1(x) is 2.000 001  881  6. . .

We can say that f1(x)   2  as x   .  

The line x =  2 is a horizontal asymptote to the  

curve y =  3x  +  2.

Logarithmic functions

1.11  Evaluating logarithms

Example 12

Evaluate log
10
 3.95,  ln 10.2 and log

5
 2.

Open a new document and add a Calculator page.  

Press ctrl  log  to open the log template.

Enter the base and the argument then press enter   del

For natural logarithms it is possible to use the same 

method,  with the base equal to e,  but it is far less time 

consuming to press ctrl  ln .

Note that the GDC will evaluate logarithms with any base 

without having to use the change of base formula.

1.12 Finding an inverse function

The inverse of a function can be found by interchanging the x and  

y values.  Geometrically this can be done by reecting points in the  

line y =  x.
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Example 13

Show that the inverse of the function y =  1 0x  is y =  log
10 
x by reecting y =  1 0x  in the line  

y =  x.

Open a new document and add a Graphs page.  

First we will draw the line y =  x.  So that it can be 

recognised the axis of reection,  it has to be drawn and not 

plotted as a function.

Press menu  7:  Points & Lines |  1 :  Point

Then type (  1  enter  1  enter  then (   4  enter  4  

enter  esc

This will plot the points (1 ,  1 ) and (4,  4),  which both lie on 

the line y =  x

Press menu  7:  Points & Lines |  4:  Line

Select both the points you have plotted and draw a line 

through them.

Press esc  to exit the drawing function.

Click in the entry line at the bottom of the work area.   The 

default graph type is Function,  so the form  

f1(x)=  is displayed.

Type 10^x and press enter .

The calculator displays the function with the default axes,

10  x   1 0 and 6.67  y   6.67.

{  Continued  on  next page
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Press menu  7:  Points & Lines |  2:  Point On

Select the curve with the touchpad (you will see  

that it is highlighted when it is selected).

You can place a point anywhere on the curve.

Press menu  B:  Transformation |  2:  Reection

Use the touch pad to select the point that you just placed 

on the curve and then the line y =  x.

Press esc  when you have nished.  You should see the 

reected image of the point in the line y =  x.

Press menu  A:  Construction |  6:  Locus

Use the touch pad to select each of the points.  The 

calculator will display the locus of the reection as the 

point moves along the curve.

Click in the entry line at the bottom of the work area.   

f 2(x)=  is displayed.

Type log
10
 (x) and press enter .

The reected curve and the logarithmic function coincide,  

showing that y =  log
10 
x is inverse of the function y =  1 0x.
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1.13 Drawing a  logarithmic graph

Example 14

Draw the graph of y =  2log
10 
x +  3.

Open a new document and add a Graphs page.  

The entry line is displayed at the bottom of the work area.   

The default graph type is Function,  so the form f 1(x)=  is 

displayed.

The default axes are 10  x   1 0 and  6.67   y   6.67.

Type 2log
10
 (x) +  3  and press enter .

(Note:  Type 2  ctrl  log  and enter 10 as the base of the 

logarithm.  Enter x in the argument section of the template,  

use the  to move beyond the brackets to enter +3)

The calculator displays the curve with the default axes.

Pan the axes to get a better view of the curve.

Grab the x-axis and change it to make the logarithmic 

curve t the screen better.
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Trigonometric functions

1.14 Degrees and radians

Work in trigonometry will be carried out either in degrees or radians.   

It is important,  therefore,  to be able to check which mode the  

calculator is in and to be able to switch back and forth.  On the  

TI-Nspire,  there are three separate settings to make:  general,   

graphing and geometry.  The defaults for general and graphing are  

radians and for geometry the default is degrees.  Geometry is only  

used for drawing plane geometrical gures.  Normally the two  

important settings are general and graphing.  General refers to the  

angle used in calculations and graphing is for drawing trigonometric  

graphs.

Example 15

Change angle settings from radians to degrees and from degrees to radians.

Open a new document and add a Calculator page.  

Move the cursor to the  symbol at the top right  

hand side of the screen.  It will display the general angle 

mode  either radians or degrees.

Click in the  symbol and choose 2:Settings | 1 :General.

In the dialogue box,  select either degrees or radians and 

then click on OK.

To change the setting for graphing,  click in the   

symbol and choose 2:Settings |  2:Graphs & Geometry.

In the dialogue box,  select either degrees or radians for the 

Graphing Angle and then click on OK.
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1.15 Drawing trigonometric graphs

Example 16

Draw the graph of 1
6

2sin xy
 

  
 

 .

Open a new document and add a Graphs page.  

Press menu  4:Window / Zoom |  8:Zoom - Trig

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form f1(x)=  is 

displayed.

The default axes are   6.28   x   6.28 and  

 4.19   y   4.19.

These are the basic axes for graphing trigonometric graphs 

with x between 2  and 2.  If the calculator is in degree 

mode,  the x-axis will be between 360 and 360.

Type 
6

2sin xy
 

 
 

  1  and press enter .

To enter sin,  press trig  and choose sin from the dialogue 

box.

To enter ,  press r  and choose   from the dialogue box.

Pan the axes to get a better view of the curve and grab 

them to change the view.

It is also useful to change the x-axis scale to a multiple of ,  

such as 
6


 as this will often show the positions of intercepts 

and turning points more clearly.

Change the scale by pressing menu  4:Window / Zoom |  

1 :Window Settings

XScale:  

Type pi/6 in the dialogue box for XScale.
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More complicated functions

1.16  Solving a  combined quadratic and  
exponential equation

Example 17

Solve the equation x 2   2x +  3  =  3.2x  +  4 

To draw the graphs f1(x) =  x 2   2x +  3  and  

f2(x) =  3.2x  +  4:

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form f1(x)=  is 

displayed.  

The default axes are 10   x   1 0 and  

6.67  y   6.67.

Type x 2   2x +  3  and press enter .

The GDC displays the rst curve:

f1(x) =  x 2   2x +  3

Use the touchpad to click on the arrows in the bottom left-

hand corner of the screen.

This will open the entry line again.  This time f2(x)=  is 

displayed.

Type 3.2x  +  4 and press enter .

The GDC displays both curves:

f1(x) =  x 2   2x +  3

f2(x) =  3.2x  +  4

Fol low the same GDC procedure 

when  solving simultaneous equations 

graphical ly or solving a  combined  

quadratic and  exponential  equation.  

See Examples 4 and  17.

To solve the equation, fnd  the point o intersection  

o the quadratic unction  f1(x)  =  x2    2x +  3  with  the 

exponential  unction  f2(x)  =  3.2x +  4.

{  Continued  on  next page
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Pan the axes to get a better view of the curves.  

Press menu  6:Analyze Graph |  4: Intersection Point(s)

Press enter

To nd the intersection you need to give the lower and 

upper bounds of a region that includes the intersection.

The GDC shows a line and asks you to set the lower 

bound.

Move the line using the touchpad and choose a position to 

the left of the intersection.

Click the touchpad.

The GDC shows another line and asks you to set the 

upper bound.   

Use the touchpad to move the line so that the region 

between the upper and lower bounds contains the 

intersection.

When the region contains the intersection,  the calculator 

will display the word  intersection  in a box.

Click the touchpad.

The GDC displays the intersection of the two curves at 

the point (2.58,  4.5).

The solution is x =  2.58.

Modeling

1.17 Using sinusoidal regression

Note:  the notation  sin2 
x,  cos

2 
x,  tan

2 
x,    is  a  mathematical  convention  that 

has l i ttle  algebraic meaning.  To enter these functions on  the GDC, you  should  

enter (sin  (x))
2
,  etc.  However, the calcu lator wi l l  conveniently interpret sin  (x)

2
 

and  translate i t as (sin  (x))
2
.

For help with  panning, 

see your GDC manual .
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Example 18

It is known that the following data can be modeled using a sine curve.

x 0 1 2 3 4 5 6 7

y 6.9 9.4 7.9 6.7 9.2 8.3 6.5 8.9

Use sine regression to nd a function to model this data.

Open a new document and add a Lists & Spreadsheet page.  

Type x  in the rst cell and y  in the cell to its right.

Type the numbers from the x-list in the rst column and 

those from the y-list in the second.

Use the     keys to navigate around the spreadsheet.

Press On  and add a new graphs page to your document.

Press menu  3:Graph Type |  4:Scatter Plot

Press enter

The entry line is displayed at the bottom of the work area.  

Scatter plot type is displayed.

Enter the names of the lists,  x and y,  into the scatter plot 

function

Use the tab  key to move from x to y.

Press enter   del

Adjust your window settings to show your data and the x- 

and y-axes.

You now have a scatter plot of x against y.

Press ctrl   to return to the Lists & Spreadsheet page.

Select an empty cell and press menu  4:Statistics |  Stat 

Calculations |  C:Sinusoidal Regression. . .

Press enter

From the drop down menus choose x  for X List and y  for 

Y List.  You should press tab  to move between the elds.

Press enter

{  Continued  on  next page
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On screen,  you will see the result of the sinusoidal 

regression in lists next to the lists for x and y.

The equation is in the form y =  asin(bx +  c) +  d and you 

will see the values of a,  b,  c and d displayed separately.  

The equation of the sinusoidal regression line is

y =  1 .51 sin(2.00x  0.80) +  7.99

Press ctrl   to return to the Graphs page.

Using the touchpad,  click on 



 to open the entry line at 

the bottom of the work area.

You will see that the equation of the regression line has 

been pasted into f1(x).

Press enter

The regression line is now shown on the graph.

1.18  Using transformations to model  
a  quadratic function

Example 19

This data is approximately connected by a quadratic function.

x 2 1 0 1 2 3 4

y 9.1 0.2 4.8 5.9 3.1 4.0 15.0

Find a function that ts the data.

Open a new document and add a Lists & Spreadsheet page.

Enter the data in two lists:

Type x  in the rst cell and y  in the cell to its right.

Enter the x-values in the rst column and the y-values in the 

second.  Remember to use ( )  to enter a negative number.

Use the     keys to navigate around the spreadsheet.

You  can  also model  a  l inear  

unction  by fnding the equation  o  

the least squares regression  l ine  

(see section  5.15).

Transorm a  basic 

quadratic curve to 

fnd  an  equation  to ft 

some quadratic data.

{  Continued  on  next page
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Add a Graphs page to your document.  

Press menu  3:Graph Type |  4:Scatter Plot  

Press enter

The entry line is displayed at the bottom of the work area.  

Scatter plot type is displayed.

Enter the names of the lists,  x and y,  into the scatter plot 

function.

Use the tab  key to move from x to y.  

Press enter

Press menu  A:Zoom  Fit from the Window/Zoom menu 

This is a quick way to choose an appropriate scale to show 

all the points.

You should recognize that the points are in the shape of a 

quadratic function.

The next step is to enter a basic quadratic function,   

y =  x2,  and manipulate it to t the points.   

Press menu  3:Graph Type |  1 :Function

Press enter

This changes the graph type from scatter plot to function.

Type x2  in as function f1(x).

It is clear that the curve does not t any of the  

points,  but it is the right general shape to do so.

Use the touchpad to move the cursor so it approaches the 

curve.  You will see one of two icons.

The rst will allow you to drag the quadratic function 

around the screen by its vertex.

The second allows you to stretch the function either 

vertically or horizontally.

or

Use  to position the vertex where you think it ought to 

be according to the data points.

{  Continued  on  next page
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Use  to adjust the stretch of the curve.

Make some nal ne adjustments using both the tools 

until you have a good t to the data points.

The equation of the function that ts the  

data is:

f1(x) =  2(x   0.75)2   6.1 1

1.19  Using sliders to model an exponential function

Example 20

In general,  an exponential function has the form y =  kax  +  c.

For this data,  it is known that the value of a  is 1 .5,  so y =  k(1 .5)x  +  c.  

x 3 2 1 0 1 2 3 4 5 6 7 8

y 3.1 3.2 3.3 3.5 3.8 4.1 4.7 5.5 6.8 8.7 11.5 15.8

Find the values of the constants k and c.

Open a new document and add a Lists & Spreadsheet 

page.

Enter the data in two lists:

Type x  in the rst cell and y  in the cell to its right.

Enter the x-values in the rst column and the y-values 

in the second.  Remember to use ( )  to enter a negative 

number.

Use the     keys to navigate around the spreadsheet.

Add a Graphs page to your document.  

Press menu  3:Graph Type |  4:Scatter Plot  

Press enter

The entry line is displayed at the bottom of the work area.  

Scatter plot type is displayed.

Enter the names of the lists,  x and y,  into the scatter plot 

function.

Use the tab  key to move from x to y.  

Press enter

{  Continued  on  next page
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Adjust the window settings to t the data and to display 

the axes clearly.

Press menu  I:Actions |  A:Insert Slider 

Position the slider somewhere where it is not in the way 

and change the name of the constant to k.  

Repeat and add a second slider for c.  

Press menu  3:Graph Type |  1 :Function

Press enter

This changes the graph type from scatter plot to function.

Type k. (1 .5)x  +  c in as function f1(x).

Try adjusting the sliders.  

You can get the curve closer to the points  

but they are not sufciently adjustable to get  

a good t.

You can change the slider settings by selecting the slider,  

pressing ctrl  menu  and selecting 1 :Settings.  

Change the default values for k to:

 Minimum  0

 Maximum 2

 Step Size 0.1

Change the default values for c to:

 Minimum  0

 Maximum 4

 Step Size 0.1  

For help with  sl iders, 

see your GDC manual .
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You can now adjust the sliders to get a much better t to 

the curve.

The screen shows the value of k is 0.5   

and c is 3.

So the best t for the equation of the function is 

approximately y =  0.5(1 .5)x  +  3.

2 Diferential calculus 

Finding gradients,  tangents and maximum  
and minimum points

2.1  Finding the gradient at a  point

Example 21

Find the gradient of the cubic function y =  x3   2x2   6x +  5

Open a new document and add a Graphs page.

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form  f1(x)=  is 

displayed.  

The default axes are 10  x   1 0  

and 6.67  y   6.67.

Type x3    2x2   6x +  5
 
and press enter .

(Note: Type   >  3   to enter x3.  The  returns you  

to the baseline from the exponent.)

Pan the axes to get a better view of the curve and then grab 

the x- and y-axes to t the curve to the window.  

Press menu  6:Analyze Graph |  5:
d

d

y

x
Press enter

Using the touchpad,  move the  towards the curve.  As 

it approaches the curve,  it turns to  and displays the 

numerical value of the gradient.

Press enter  to attach a point on the curve.

For help with  panning 

and  changing axes, 

see your GDC manual .
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Use the touchpad to move the  icon to the point.

You can move the point along the curve and observe how 

the gradient changes as the point moves.

Here,  gradient at point =  9.31 .

2.2 Drawing a  tangent to a  curve

Example 22

Draw a tangent to the curve y =  x3   2x2   6x +  5

First draw the graph of y =  x3   2x2   6x +  5  (see Example 

21 ).

Press menu  7:Points & Lines |  7:Tangent

Press enter

Using the touchpad,  move the  towards the curve.  As it 

approaches the curve,  it turns to .

Press enter

The cursor changes to  and displays point on .

Choose a point where you want to draw a tangent and 

press enter .

You can move the point that the tangent line is attached to 

with the touchpad.

{  Continued  on  next page
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Use the touchpad to drag the arrows at each end of the 

tangent line to extend it.

Press ctrl  menu  with the tangent line selected  move to 

the arrow at the end and look for the word line.  

Choose 7:Coordinates and Equations

Click on the line to display the equation of the tangent:   

y =  2.83x +  5.97.   

Click on the point to display the coordinates of the point:  

(0.559,  7.55).

2.3 Finding maximum and minimum points

Example 23

Find the local maximum and local minimum points on the cubic curve:  

y =  x3    2x2   6x +  5

First draw the graph of y =  x3   2x2   6x +  5   

(see Example 21 ).

Press menu  6:Analyze Graph |  2:Minimum

Press enter

To nd the minimum you need to give the lower and upper 

bounds of a region that includes the minimum.

The GDC shows a line and asks you to set the lower bound.   

Move the line using the touchpad and choose a position to 

the left of the minimum.

Click the touchpad.

{  Continued  on  next page
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The GDC shows another line and asks you to set the upper 

bound.   

Use the touchpad to move the line so that the region 

between the upper and lower bounds contains the 

minimum.

Note: The minimum point in the region that you have 

dened is being shown.  In this screenshot it is not the local 

minimum point.  Make sure you move the line beyond the 

point you are looking for.

When the region contains the minimum,  the GDC will 

display the word minimum  in a box and a point that lies 

between the lower and upper bounds.  The point displayed is 

clearly between the upper and lower bounds.

Click the touchpad.

The GDC displays the local minimum at the point  

(2.23,  7.24).

Press menu  6:Analyze Graph |  3:Maximum to nd the 

local maximum point on the curve in exactly the same way.

The maximum point is (0.897,  8.05).
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Derivatives

2.4 Finding a  numerical derivative

Using the calculator it is possible to nd the numerical value  

of any derivative for any value of x.  The calculator will not,   

however,  differentiate a function algebraically.  This is equivalent  

to nding the gradient at a point graphically (see Section 2.1   

example 21 ).

Example 24

If y
x

x
= + 3

, evaluate 
d

d
2

y

x
x =

Open a new document and add a Calculator page.  

Press menu  4:Calculus |  1 :Numerical Derivative at a 

Point. . .

Leave the variable as x and the Derivative as 1 st Derivative.  

Change the Value to the value of x at which you wish to 

evaluate the derivative,  in this case x =  2.

Enter the function in the template.

Press enter

The calculator shows that the value of the rst derivative of 

y
x

x

= +







3
 is 

3

4

 when x =  2.
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2.5 Graphing a  numerical derivative

Although the calculator can only evaluate a numerical derivative  

at a point,  it will graph the gradient function for all values of x.

Example 25

If y
x

x
=

+ 3
,  draw the graph of 

d

d
.

y

x

Open a new document and add a Graph page.  

The entry line is displayed at the bottom of the work area.   

The default graph type is Function,  so the form f1(x)=  is 

displayed.

The default axes are 10  x   1 0 and 6.67   y  6.67.

Press the templates button marked |  | {  and choose the 

numerical derivative.

In the template enter x and the function 
x

x

+ 3
.

Press enter

The calculator displays the graph of the numerical 

derivative function of y
x

x
=

+ 3
.
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Example 26

Find the values of x on the curve y x x
x

= +  +

3

2

3
5 1  where the gradient is 3.

Open a new document and add a Graphs page.  

The entry line is displayed at the bottom of the work area.   

The default graph type is Function,  so the form f1(x) =  is 

displayed.

The default axes are 10  x   1 0 and 6.67   y  6.67.

Press the templates button marked |  | {  and choose the 

numerical derivative.

In the template enter x and the function x x x
3

2

3
5 1 .+  +

Press enter 

The calculator displays the graph of the numerical 

derivative function of y
x

x x= +  +

3

2

3
5 1 .

Using the touchpad,  click on   to open the entry line at 
the bottom of the work area.

Enter the function f 2(x) =  3

Press enter

The calculator now displays the curve and the line  

y =  3.

Press menu  7:Points & Lines |  3:Intersection Point(s)

Using the touchpad,  select graph f 1  and graph f 2 .

The calculator displays the coordinates of the intersection 

points of the gradient function and the line  

y =  3.

The curve has gradient 3  when x =  4 and x =  2
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2.6 Using the second derivative

The calculator can nd rst and second derivatives.  The second  

derivative can be used to determine whether a point is a  

maximum or minimum point.

Example 27

Find the stationary points on the curve f (x) =  x4  4x3  and determine their nature.

f (x) =  x4  4x3

f (x) =  4x3  1 2x2

At stationary points 

f (x) =  0

4x3  1 2x2 =  0

4x2  (x 3) =  0

Therefore x =  0 or x =  3

Use the calculator to nd the coordinates of the points and 

to determine their nature.

Open a new document and add a Calculator page.  

Dene the function f 1 (x)

Type F  1  (  X  )  ctrl  : =  and type the function.

Evaluate the function when x =  0 and x =  3

The stationary points are at (0,  0) and (3,  27)

Press menu  4:Calculus |  1 :Numerical Derivative at a 

Point. . .

Leave the variable as x and choose 2nd Derivative.  Change 

the Value to the value of x at which you wish to evaluate 

the derivative,  in this case x =  0 (and x =  3).

Enter f 1 (x) in the template as the function.   

Repeat for the second derivative when x =  3

(Note:  you can cut and past the expression and change the 

0 to 3)

In this case we are not certain what the nature of the 

stationary point is at (0,  0) but the point (3,  27) is a 

minimum because f (x) >  0

{  Continued  on  next page
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Evaluate f  (x) either side of x =  0.

In this case using x =  0.01  and x =  0.01

The gradient is negative either side of the stationary point.  

Hence (0,  0)
 
is a negative point of inexion.

The graph on the right illustrates the curve,  the minimum 

at (3,  27) and the point of inexion at (0,  0).

3 Integral calculus

The calculator can nd the values of denite integrals either on a  

calculator page or graphically.  The calculator method is quicker,   

but the graphical method is clearer and shows discontinuities,   

negative areas and other anomalies that can arise.

3.1  Finding the value of an indenite integral

Example 28

Evaluate x x
x











3
d

Open a new document and add a Calculator page.  

Press menu  4:Calculus |  1 :Numerical Integral. . .

Enter the upper and lower limits,  the function and x in the 

template.

Use the     keys to navigate around the template.

In this example you will also use templates to enter the 

rational function and the square root.

{  Continued  on  next page
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The value of the integral is 21 .5 (to 3  sf)

3.2 Finding the area under a  curve

Example 29

Find the area bounded by the curve y =  3x2  5,  the x-axis and the lines x =  1  and x =  1 .

Open a new document and add a Graphs page.  

The entry line is displayed at the bottom of the work area.  

The default graph type is Function,  so the form f1(x)=  is 

displayed.

The default axes are 10  x   1 0 and 6.67  y  6.67.

Type the function 3x2  5

Press enter

Press menu  6:Analyze Graph |  6:Integral

The calculator prompts you to enter the lower limit for the 

integral.   There are several ways to do this.

You can click manually.  This is not very accurate,  however,  

and you will need to add the coordinates of the point you 

entered and edit them to obtain an accurate gure.

You can use the points on the axis.

Here the scale was set to 0.2,  so the point (1 ,  0) can be 

selected as shown.

{  Continued  on  next page
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You can enter the point with the keyboard.

Enter a left bracket (  and then type ( )  1  and  

press enter

There is no need to complete the coordinates.

Repeat for the upper limit.

The calculator displays a changing value for the area.

Using one of the methods above,  select a point where the 

value of x is 1 .

Repeat for the upper limit.

The area found is shaded and the value of the integral (8) 

is shown on the screen.

Note:  since the area lies below the x-axis in this case,  the 

integral is negative.

The required area is 8.

4 Vectors

4.1  Calculating a  scalar product

Example 30

Evaluate the scalar products:

a  
1

3






















3
4

 b  

1

1

4

3

2

1
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a  Open a new document and add a Calculator 

page.

  Press b 7:  Matrix & Vector |  C:  Vector |  3:  

Dot Product

 (or type DOTP()).

Press t and choose the 2   1  column vector 

template.

Enter the vector type ,  and enter the second 

vector.

Press

1

3

3

4
 






















=

b  Press b 7:  Matrix & Vector |  C:  Vector |  3:  

Dot Product

 Press t and choose the matrix template

Choose 3  rows and 1  column and then click 

on OK.

Enter the vector type,  and enter the second 

vector.

Press

1

1

4

3

2

1

 


=
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You can also enter vectors as rows by typing them 

in directly instead of using the templates.  Separate 

the values in the vector with commas.  When you 

press enter ,  the GDC changes the entry line and 

calculates the result.

This method can be quicker,  especially  

with 3    1  vectors.

4.2 Calculating the angle between two vectors

The angle   between two vectors a and b,  can be calculated  

using the formula


 
 
 
 


 arccos

a b

a b

Example 31

Calculate the angle between 2i  +  3j  and 3i    j

Open a new document and add a Calculator 

page.

Move the cursor to the  symbol at the top 

right-hand side of the screen.  It will display the 

general angle mode  either radians or degrees.

Click in the  symbol and choose 2:Settings 

| 1 :General.

{  Continued  on  next page
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In the dialogue box,  select either degrees or 

radians (according to the units you need your 

answer in) and then click on OK.

Press   and choose cos 1  from the menu.

Enter the values in the formula as shown,  using 

the fraction template and the 2   1  column vector 

template.

To calculate the magnitudes of the vectors use 

the formula

a b a bi j+ = +
2 2

As an alternative to using the formula for the 

magnitude of a vector,  you can use the norm 

function.

Press b 7:  Matrix & Vector |  7:  Norms |  1 :  Norm

or simply typing norm(

Instead of retyping the vectors,  you can use /C 

and /V to cut and paste.
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5 Statistics and probability
You can use your GDC to draw charts to represent data and to  

calculate basic statistics such as mean,  median,  etc.  Before you can  

do this,  you need to enter the data into a list or spreadsheet.  This is  

done in a Lists & Spreadsheet page in your document.   

Entering data

There are two ways of entering data:  as a list or as a frequency table.

5.1  Entering lists of data

Example 32

Enter the data in the list

 1 ,  1 ,  3,  9,  2

Open a new document and add a Lists & Spreadsheet page.  

Type data  in the rst cell.

Type the numbers from the list in the rst column.   

Press enter  or  after each number to move down to the next 

cell.

Note:  The word data  is a label that will be used later when 

you want to create a chart or do some calculations with this 

data.  You can use any letter or name to label the list.

5.2 Entering data from a frequency table

Example 33

Enter the data in a table

Number 1 2 3 4 5

Frequency 3 4 6 5 2

Add a new Lists & Spreadsheet page to your document.

To label the columns,  type number  in the rst cell and freq  in 

the cell to its right.

Enter the numbers in the rst column and the frequencies in 

the second.

Use the     keys to navigate around the spreadsheet.
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Drawing charts

You can draw charts from a list or from a frequency table.

5.3 Drawing a  frequency histogram from a  list

Example 34

Draw a frequency histogram for this data:

1 ,  1 ,  3,  9,  2

Enter the data in a list called data  (see Example 32).

Add a new Data & Statistics page to your document.

Note:  You do not need to worry about what this screen 

shows.

Click at the bottom of the screen where it says Click to add 

variable ,  choose data  from the list and press enter .

The rst chart you will see is a dot plot of your data.

Press menu  1 :Plot Type |  3:Histogram

Press enter

You should now see a frequency histogram for the data in 

the list.
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5.4  Drawing a  frequency histogram from a frequency table

Example 35

Draw a frequency histogram for this data:

Number 1 2 3 4 5

Frequency 3 4 6 5 2

Enter the data in lists called number  and freq   

(see Example 33).

Add a new Data & Statistics page to your document.

Note:  You do not need to worry about what this screen 

shows.

Press menu  2:Plot Properties |  5:Add X Variable with 

Frequency

Press enter

You will see this dialogue box.

From the drop-down menus,  choose number  for the Data 

List and freq  for the Frequency List.

Press enter

You should now see a frequency histogram for the data in 

the table.  

5.5 Drawing a  box and whisker diagram from a list

Example 36

Draw a box and whisker diagram for this data:  

1 ,  1 ,  3,  9,  2

{  Continued  on  next page
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Enter the data in a list called data  (see Example 32).

Add a new Data & Statistics page to your document.

Note: You do not need to worry about what this screen 

shows.

Click at the bottom of the screen where it says  

Click to add variable,  choose data  from the list  

and press enter .

The rst chart you will see is a dot plot of your data.

Press menu  1 :Plot Type |  2:Box Plot

Press enter

You should now see a box plot (box and whisker diagram) 

for the data in the list.

Move the cursor over the plot and you will see the 

quartiles,  Q
1  
and Q

3
,  the median,  and the maximum and 

minimum values.
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5.6  Drawing a  box and whisker diagram from a frequency table

Example 37

Draw a box and whisker diagram for this data:

Number 1 2 3 4 5

Frequency 3 4 6 5 2

Enter the data in lists called number  and freq   

(see Example 33).

Add a new Data & Statistics page to your document.

Note: You do not need to worry about what this screen 

shows.

Press menu  2:Plot Properties |  5:Add X Variable with 

Frequency

Press enter

You will see this dialogue box.

From the drop-down menus,  choose number  for the Data 

List and freq  for the Frequency List.

Press enter  

You should now see a frequency histogram.  

Press menu  1 :Plot Type |  2:Box Plot

Press enter

You should now see a box plot (box and whisker diagram) 

for the data in the table.

{  Continued  on  next page
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Move the cursor over the plot and you will see the 

quartiles,  Q
1
 and Q

3
,  the median,  and the maximum and 

minimum values.

Calculating statistics

You can calculate statistics such as mean,  median,  etc.  from a list,   

or from a frequency table.

5.7 Calculating statistics from a list

Example 38

Calculate the summary statistics for this data:  1 ,  1 ,  3,  9,  2

Enter the data in a list called data  (see Example 32).

Add a new Calculator page to your document.

Press menu  6:Statistics |  1 :Stat Calculations |  1 :One-Var 

Statistics

Press enter

This opens a dialogue box.

Leave the number of lists as 1  and press enter .

This opens another dialogue box.

Choose data  from the drop-down menu for X1   

List and leave the Frequency List as 1 .

Press enter

The information shown will not t on a single screen.   

You can scroll up and down to see it all.

The statistics calculated for the data are:

mean x

sum x

sum of squares x
2



sample standard deviation s
x

population standard deviation 
x

Mean, median, range, 

quarti les, standard  

deviation, etc.  are 

cal led  summary 

statistics.

{  Continued  on  next page
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5.8 Calculating statistics from a frequency table

Example 39

Calculate the summary statistics for this data:

Number 1 2 3 4 5

Frequency 3 4 6 5 2

Enter the data in lists called number  and freq   

(see Example 33).

Add a new Calculator page to your document.

Press menu  6:Statistics |  1 :Stat Calculations |  1 :One-Var 

Statistics   

Press enter

This opens a dialogue box.

Leave the number of lists as 1  and press enter .

This opens another dialogue box.

From the drop-down menus,  choose number  for X1  List  

and freq  for the Frequency List.

Press enter

The information shown will not t on a single screen.   

You can scroll up and down to see it all.

The statistics calculated for the data are:

mean

sum 

sum of squares
2

sample standard deviation s
x

number n

minimum value MinX

lower quartile Q
1
X

median MedianX

upper quartile Q
3
X

maximum value MaxX

sum of squared deviations 

from the mean

SSX

Note:  You should always use the population standard 

deviation (
x
) in this course.

{  Continued  on  next page
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5.9 Calculating the interquartile range

Example 40

Calculate the interquartile range for this data:

Number 1 2 3 4 5

Frequency 3 4 6 5 2

First calculate the summary statistics for this data  

(see Example 38).

Add a new Calculator page to your document.  

Press var

A dialogue box will appear with the names of the statistical 

variables.  

Scroll down to stat.q
3
x using the touchpad,  or the   keys,  

and then press enter .

Type ( )  and press var  again.

Scroll down to stat.q
1
x using the touchpad,  or  

the   keys,  and then press enter .

The interquarti le  range is  the 

d ifference between  the upper and  

lower quarti les (Q
3
   Q

1
).

The values of the summary statistics are stored  after One-

Variable Statistics have been  calcu lated  and  remain  stored  

unti l  the next time they are calculated.

The information shown will not t on a single screen.   

You can scroll up and down to see it all.

The statistics calculated for the data are:

population standard deviation 
x

number n

minimum value MinX

lower quartile Q
1
X

median MedianX

upper quartile Q
3
X

maximum value MaxX

sum of squared deviations 

from the mean

SSX

Note:  You should always use the population standard 

deviation (
x
) in this course.

{  Continued  on  next page
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Press enter  again.

The calculator now displays the result:

Interquartile range =  Q
3
  Q

1
 =  3

5.10 Using statistics

Example 41

Calculate x  +   for this data:

Number 1 2 3 4 5

Frequency 3 4 6 5 2

First calculate the summary statistics for this data  

(see Example 38).

Add a new Calculator page to your document.  

Press var

A dialogue box will appear with the names of the  

statistical variables.  

Scroll down to stat.x  using the touchpad,  or  

the   keys,  and then press enter .

Type +  and press var  again.

Scroll down to stat.x using the touchpad,  or  

the   keys,  and then press enter .

Press enter  again.

The calculator now displays the result:

x
x  +   =  4.15 (to 3  sf)

The calculator stores the values you  

calculate in  One-Variable Statistics 

so that you  can  access them in  other 

calculations.  The values are stored  

unti l  you  do another One-Variable 

Statistics calculation.
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Calculating binomial probabilities

5.11  The use of nCr

Example 42

Find the value of 
8

3









  (or 8C3

)

Open a new document and add a Calculator page.  

Press menu  5:Probability |  3:Combinations

Alternatively you can just type N  C  R  ( .  

There is no need to worry about upper or lower case,  the 

calculator recognises the key sequence and translates it 

accordingly.

Type 8,3

Press enter

Example 43

List the values of 
4

r





  for r =  0,  1 ,  2,  3,  4

Open a new document and add a Calculator page.  

Type F  1  (  X  )  ctrl  : =

Press menu  5:Probability |  3:Combinations

Alternatively you can just type N  C  R  ( .  

There is no need to worry about upper or lower case,  the 

calculator recognises the key sequence and translates it 

accordingly.

Type 4,  x

Press enter

Press On  and add a new Lists and Spreadsheet page to 

your document.

{  Continued  on  next page
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Press ctrl  T  to switch from spreadsheet view to table 

view.

Press enter  to display the function f1(x)

The table shows that 

4

0

4

0
1 ,

4

2

4

3

4
1 , 4, 6, 4 and

4

1















































= = = = =

44
1









 =

5.12 Calculating binomial probabilities

Example 44

X is a discrete random variable and X ~B (9,  0.75)

Calculate P( X =  5)

P x = =( ) 







5 0.75 0.25

9

5

5 4

The calculator can nd this value directly

Open a new document and add a Calculator page.  

Press menu  5:Probability |  3:Probability |  5:Distributions |  

D:Binomial Pdf. . .

Enter the number of trials,  probability of success and the X 

value.

Click on OK

The calculator shows that 

P ( X =  5) =  0.1 17 (to 3  sf )

You can also type the function straight in without using the 

dialogue box.
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Example 45

X is a discrete random variable and X ~B(7,  0.3)

Calculate the probabilities that X takes the values {0,  1 ,  2,  3,  4,  5,  6,  7}

Open a new document and add a Calculator page.  

Press menu  5:Probability |  3:Probability |  5:Distributions |  

D:Binomial Pdf. . .

Enter the number of trials,  probability of success and leave 

the X value blank.

Click on OK

The calculator displays each of the probabilities.

To see the remaining values scroll the screen to the right.

The list can also be transferred to a Lists & Spreadsheet 

page.

To store the list in a variable named prob  type:

prob:=binomPdf(7,0.3)

or use the dialogue box as you did before.   

Use ctrl  : =  to enter :=

Press On  and add a new Lists & Spreadsheet page

At the top of the rst column type prob

Press enter

The binomial probabilities are now displayed in the rst 

column.
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Example 46

X is a discrete random variable and X ~ B(20,  0.45)

Calculate 

a  the probability that X is less than or equal to 10

b  the probability that X lies between 5  and 15 inclusive

c  the probability that X is greater than 1 1

Open a new document and add a Calculator page.  

Press menu  5:Probability |  3:Probability |  5:Distributions |  

E:Binomial Cdf

Enter the number of trials and the probability of success 

The lower bound in this case is 0 and the upper bound  

is 1 0.

Click on OK

a  P ( X   1 0) =  0.751  (to 3  sf )

b  P ( 5    X   1 5) =  0.980 (to 3  sf )  

c  P ( X >  1 1 ) =  0.131  (to 3  sf )

 Note:  the lower bound is 1 2 here.

Calculating normal probabilities

5.13  Calculating normal probabilities from X-values

Example 47

A random variable X is normally distributed with a mean of 195 and a standard deviation of 20,  or 

X ~  N(195,  202).  Calculate

a the probability that X is less than 190

b the probability that X is greater than 194

c the probability that X lies between 187 and 196.

Open a new document and add a Calculator page.

Press menu  5:Probability |  5:Distributions |  2:Normal 

Cdf

Press enter

You need to enter the values Lower Bound,  Upper Bound,  

  and   in the dialogue box.  

For the Lower Bound,  enter 9   10999 as 9E999.  This is 

the smallest number that can be entered in the GDC,  so it 

is used in place of   .  To enter the E,  you need to press 

the key marked E E .

{  Continued  on  next page
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a P(X <  1 90) 

Leave  the Lower Bound as 9E999.   

Change the Upper Bound to 190.   

Change   to 1 95 and   to 20.

P(X < 190) =  0.401  (to 3  sf)

b P(X >  1 94) 

  Change the Lower Bound to 194.   

For the Upper Bound,  enter 9   10999 as 9E999.  This is 

the largest number that can be entered in the GDC,  so 

it is used instead of +   .  Leave   as 1 95 and   as 20.

P(X >  194)  =  0.520 (to 3  sf)

c P(187 <  X <  1 96)

  Change the Lower Bound to 187 and the Upper Bound 

to 196;  leave   as 1 95 and   as 20.

 P(187 <  X <  1 96) =  0.175 (to 3  sf)

5.14 Calculating X-values from normal probabilities

n some problems you are given the probabilities and have to calculate  

the associated values of X.  To do this,  use the invNorm function.

When  using the inverse normal  unction  (invNorm), make sure that you  fnd  the  

probabi l i ty on  the correct side o the normal  curve.  The areas are  

a lways the lower tai l ,  that is,  they are o the orm P(X <  x)   

(see Example 48).

I  you  are given  the upper tai l ,  P(X >  x),  you  must frst subtract the  

probabi l i ty rom  1 to beore you  can  use invNorm  (see Example 49).

Example 48

A random variable X is normally distributed with a mean  

of 75 and a standard deviation of 12,  or X ~  N(75,122).

If P(X <  x) =  0.4,  nd the value of x.

Open a new document and add a Calculator page.

Press menu  5:Probability |  5:Distributions |  3:Inverse 

Normal. . .

Press enter

Enter the probability (area =  0.4),  mean (   =  75) and 

standard deviation (  =  1 2) in the dialogue box.

I t can  be quicker to type the unction  

d i rectly into the calculator, without 

using the menus and  the wizard, 

but there are a  lot o parameters to 

remember or the unction  normCd.

You  are given  a  lower-tai l  probabi l i ty,  

so you  can  fnd  P(X <  x)  d i rectly.

I t can  be quicker to  type the unction  d i rectly into the 

calculator, without using the menus and  the wizard, 

but there are a  lot o parameters to  remember or the 

unction  invNorm.

{  Continued  on  next page
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So,  if P(X <  x) =  0.4 then x =  72.0 (to 3  sf).

Example 49

A random variable X is normally distributed with a  

mean of 75 and a standard deviation of  

1 2,  or X ~  N(75,122).

If P(X >  x) =  0.2,  nd the value of x.

Open a new document and add a Calculator page.

Press menu  5:Probability |  5:Distributions |  3:Inverse 

Normal. . .

Press enter

Enter the probability (area =  0.8),  mean (  =  75) and 

standard deviation (  =  1 2) in the dialogue box.

So,  if P(X >  x) =  0.2 then x =  85.1  (to 3  sf).  

This sketch  o a  normal  d istribution  curve  

shows the value o x  and  the probabi l i ties  

or Example 49.

x

0.8 0.2

85.1

You  are given  an  upper-tai l   

probabi l i ty,  so you  must frst fnd   

P(X <  x)  =  1   0.2  = 0.8.  You  can  now 

use the invNorm unction  as beore.
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Scatter diagrams, linear regression and the  
correlation coefcient

5.15  Scatter diagrams using a  Data & Statistics page

Using a Data & Statistics page is a quick way to draw  

scatter graphs and nd the equation of a regression line.  

Example 50

This data is approximately connected by a linear function.

x 1.0 2.1 2.4 3.7 5.0

y 4.0 5.6 9.8 10.6 14.7

Find the equation of the least squares regression line for y on x.

Use the equation to predict the value of y when x =  3.0.

Open a new document and add a Lists & Spreadsheet page.

Enter the data in two lists:

Type x  in the rst cell and y  in the cell to its right.

Enter the x-values in the rst column and the y-values in the 

second.

Use the     keys to navigate around the spreadsheet.

Press On  and add a new Data & Statistics page.

Note:  You do not need to worry about what this screen 

shows.

Click at the bottom of the screen where it says Click to 

add variable,  choose x  from the list and press enter .

For Pearsons product

moment correlation  

coefcient, see 

section  5.16, Scatter 

d iagrams using a  

Graphs page.

{  Continued  on  next page
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You now have a dot plot of the x-values.

Move the  near to the side of the screen on the left.   

The message Click to add variable  reappears.  Click on the 

message,  choose y  from the list and press enter .

You now have a scatter graph of y against x.

Press menu  4:Analyze |  6:Regression |  1 :Show  

Linear(mx +  b)

Press enter

You will see the least squares regression line for y on x and 

its equation:

y =  2.6282x +  1 .475 91

If you click the  away from the line,  it will no longer be 

selected and the equation disappears.

{  Continued  on  next page
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Press menu  4:Analyze |  7:Residuals |  1 :Show Residual 

Squares

Press enter

The squares on the screen represent the squared deviations 

of the y-values of the data from the  

regression line.

Move the  towards the regression line.  When it becomes a 

,  click the touchpad.

You now see the equation of the least squares regression 

line for y on x and the sum of squares.

The sum of squares is related to Pearsons  

productmoment correlation coefcient.

Press menu  4:Analyze |  7:Residuals |  1 :Hide Residual 

Squares

Press enter

Press menu  4:Analyze |  A:Graph Trace

Press enter

Use the   keys to move the trace along the line.

It is not possible to move the trace point to  

an exact value,  so get as close to x =  3  as  

you can.

From the graph,  y   9.4 when x =  3.0.

5.16 Scatter diagrams using a  Graphs page

Using a Graphs page takes a little longer than the Data & Statistics  

page,  but you will get more detailed information about the data  

such as Pearsons productmoment correlation coefcient.

Example 51

This data is approximately connected by a linear function.

x 1.0 2.1 2.4 3.7 5.0

y 4.0 5.6 9.8 10.6 14.7

a  Find the equation of the least squares regression line for y on x.

b  Find Pearsons productmoment correlation coefcient.

c  Predict the value of y when x =  3.0.

This is  the same data  

as in  Example 50.

{  Continued  on  next page
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Open a new document and add a Lists & Spreadsheet page.

Enter the data in two lists:

Type x  in the rst cell and y  in the cell to its right.

Enter the x-values in the rst column and the y-values in 

the second.

Use the     keys to navigate around the spreadsheet.

Press On  and add a new Graphs page to your document.

Press menu  3:Graph Type |  4:Scatter Plot

Press enter

The entry line is displayed at the bottom of the work area.  

Scatter plot type is displayed.

Enter the names of the lists,  x and y,  into the scatter plot 

function.

Use the tab  key to move from x to y.

Press enter

Adjust your window settings to show the data and the  

x- and y-axes.

You now have a scatter plot of x against y.

Press ctrl   to return to the Lists & Spreadsheet page.

Press menu  4:Statistics |  1 :Stat Calculations |  3:Linear 

Regression (mx +  b)

Press enter

From the drop-down menus,  choose x  for X List and y  

for Y List.  You should press tab  to move between the 

elds.

Press enter

{  Continued  on  next page
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On the screen,  you will see the result of the linear 

regression in lists next to the lists for x and y.

The values of m  (2.6282) and b  (1 .475 91 ) are shown 

separately.

a   The equation of the least squares regression line for y 

on x is y =  2.6282x +  1 .475 91 .  

Scroll down the table to see the value of Pearsons product

moment correlation coefcient,  given by r.

b  Pearsons productmoment correlation coefcient,   

r =  0.954 741 .

Press ctrl   to return to the Graphs page.

Using the touchpad,  click on   to open the entry line at 
the bottom of the work area.

You will see that the equation of the regression line has 

been pasted into f1(x).

Press enter

The regression line is now shown on the graph.

Use the trace function menu  5:Trace |  1 :Graph Trace to 

nd the point where x is 3.0.

Using the   keys,  move the trace point close,  then edit the 

x-coordinate and change it to exactly 3.0.

c When x =  3.0,  y =  9.36.
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Prior learning

CHAPTER OBJECTIVES:

This chapter contains a  number of short topics  

that you  should  know before starting the course.    

You  do not need  to work through  the whole of th is   

chapter in  one go.  For example, before you  start  

work on  an  algebra  chapter in  the book, make sure  

you  have covered  the algebra  prior learning in  th is  chapter.

The IB Standard  Level  

examination  questions 

wi l l  expect you  to  

know al l  the topics 

in  th is  chapter.  Make 

sure you  have covered  

them al l .
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1  Number

1.1  Calculation

There are several versions of the rules for the order  

of operations.  They all amount to the same thing:

 Brackets or parentheses are calculated rst.

 Next come exponents,  indices or orders.

 Then multiplication and division,  in order from  

left to right.

 Finally additions and subtractions.

 A fraction line or the line above a square root 

counts as a bracket too.

Your GDC follows the rules,  so if you enter a calculation  

correctly you should get the correct answers.  

The GDC shows divisions as fractions,  which makes the order of 

operations clearer.

Example 1

a  Evaluate 
1 1 + 1

4 3 5

2



 

( )

 =  
1 1 + 1

4 2 ( )
 

 =  
1 2

6

 =  2

brackets rst

simplify numerator

and denominator

b  Evaluate 
 3 + 9 8

4

 =  
3 + 1

4

 =  
3 + 1

4

 =  
2

4

 =  
1

2

simplify the terms

inside the square root

evaluate the root

simplify the numerator

and denominator

BEDMAS:     Brackets, exponents, 

d ivision, multipl ication, 

addition, subtraction.

BIDMAS:      Brackets, indices, d ivision, 

multipl ication, addition, 

subtraction.

BEMDAS:    Brackets, exponents, 

multipl ication, d ivision, 

addition, subtraction.

BODMAS:   Brackets, orders, d ivision, 

multipl ication, addition, 

subtraction.

BOMDAS:   Brackets, orders, 

multipl ication, d ivision, 

addition, subtraction.

PEMDAS:    Parentheses, exponents, 

multipl ication, d ivision, 

addition, subtraction.

GDC help on CD:  Alternative  
screenshots for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

Simple calculators, 

l ike the ones on  

phones, do not a lways 

fol low the calculation  

ru les.

{  Continued  on  next page
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On your GDC you can either 

use templates for the fractions 

and roots or you can use 

brackets.

Exercise 1A

Do the questions by hand rst,  then check your answers with your GDC.

1 Calculate

a 12  5  +  4 b  6   3    5  c  4 +  2   3   2

d 8  6   3    2 e  4 +  (3   2) f (7 +  2)   3

g (1  +  4)   (8  4) h  1   3  +  5    (2  1 )

2 Find

a 
6 + 9

4 1
 b  

2 9

3 4




 c  

2 3 + 4

4 2 3



 

( )

( )
 d  

6 5 4

3 2 1

 

 

3 Determine

a 3   (2)2 b  22   33   5  c  4   (5   3)2 d  ( 3)2  22

4 Calculate

a 3 4
2 2
+  b  4

3

( )  c  4
3

 d  2 2 2+ +

5 Find

 a  
13 3 4

2 18

2 2 2
 +( )


 b  2

3 5

7

2
+

 c  2(32  4(2))  (2  7 3 )

. Simplifying expressions involving roots

2 ,  2  3 ,  2 5 ,  
3

3

,  are irrational numbers  that involve square roots.  

They are called surds.

In calculations,  you can use approximate decimals for these types of 

irrational number,  but for more accurate results you can use surds.

Surds  are written in their simplest form  when:

 there is no surd in the denominator 

 the smallest possible whole number is under the 
 
sign.

  Rules of surds

 

a a a b a b
a

b

a

b
( )

2

= = = 

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

I f a  question  asks 

for an  exact value, 

i t means leave your 

answer in  surd  form.

According to some 

h istorians Pythagoras 

was so d isturbed  by 

the concept of 2

being i rrational  that i t 

eventual ly ki l led  h im.
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Example 2

Simplify

a 
4

5
 b  

3

3

Answers

a 
4 4 5

=
5 5 5



=
4

5

5
2

( )

=
4 5

5

b 
3 3 5

=
3 3 3



=
3

3

3
2

( )

=
3

3

3

= 3

Multiply top and bottom by 5

Multiply top and bottom by 3

Cancel

Example 3

Simplify

a 20  b  8 1 8

Answers

a 20 = 4 5 = 2 5

b 8 18 = 4 2 9 2

= 2 2 3 3

= 2

   





a b a b = 

Look for square numbers that divide 

into 8 and 18.  Use these to write 8 

and 18 as products

Use a b a b = 

Example 4

Expand the brackets and simplify 1 + 2 1 2( ) ( )

Answer

1 + 2 1 2 = 1 2 + 2 2
2

( ) ( ) ( )  

  =  1 2  

=  1

(a +b)(c + d)  

= ac + ad + bc +bd

Chapter 18 635



Example 

Rewrite the fraction 
1

1 + 3( )
 without surds in the denominator

Answer

   
 
 

1 31 1

1 + 3 1 + 3 1 3

1 3 1 3

1 3 2

=

= =





 

 


Multiply top and bottom by 

1   3

Exercise 1B

1 Simplify

a 
1

2
 b  

6

3
 c  

5

5
 d  

1 0 2

5
 e  

2

5

2 Simplify

a 12  b  75  c  72

d 3 8  e  5 27

3 Simplify

a 3 12  b  3 27  c  24 32

d 2 3 3 2  e  3 5 5 75

4 Simplify

a 3 5 + 2 5  b  5 2 3 2  c  2 3 + 12

d 2 8  e  1 2 2 3

5 Expand and simplify

a 3+ 2
2

( )  b  2 + 3
2

( )  c  3 + 2 1 2( ) ( )

d 4+ 3 1 2( ) ( )  e  2 + 2 2 2( ) ( )

6 Simplify

a 1 + 3

7
 b  

1

1 2 3
 c  5

1 + 5
 d  4 + 2

3 2 2

7 Write these without a surd on the denominator.  Simplify as much 

as possible.

a 
2

3
+3 3  b  

3

2

5

3
+  c  20 +

2

5

Prior learning636



1.3 Primes, factors and multiples

A prime  number is an integer,  greater than 1 ,  that is not a multiple 

of any other number apart from 1  and itself.

Example 6

List all the factors of 42.

Answer

42 =  1    42,  42 =  2   21 ,   

42 =  3    14,  42 =  6   7

The factors of 42 are 1 ,  2,  3,  6,  7,  

1 4,  21  and 42.

Write 42 as a product of two numbers 

every way you can.

Example 7

Write the number 24 as a product of prime factors.

Answer

2 24   24 =  2   2   2   3

2 12  =  23   3

2 6

3 3

1

Begin dividing by the smallest prime 

number.  Repeat until you reach an 

answer of 1.

Example 8

Find the lowest common multiple  (LCM) of 12 and 15.

Answer

The multiples of 12 are 

 1 2,  24,  36,  48,  60,  72,  84,  96,  1 08,  

1 20,  1 32,  144. . .

The multiples of 1 5 are 

 1 5,  30,  45,  60,  75,  90,  1 05,  1 20,  

1 35. . .

The common multiples are 60,  

1 20. . .

The LCM is 60.

List all the multiples until you nd 

some in both lists.  The LCM is the 

smallest number in each of the lists.

In  2009, the largest 

known  prime was a   

12  978 189 d igit 

number.   

Prime numbers have 

become big business 

because they are 

used  in  cryptography.  
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Example 9

Find the highest common factor  (HCF) of 36 and 54.

Answer

2 36

2 1 8

3 9

3 3

1

 36 =  2   2   3    3  2 54

3 27

3 9

3 3

1

 54 =  2   3    3    3

The HCF of 36 and 54 is 2   3    3  =  1 8

Exercise 1C

1 List all the factors of

a 18 b  27 c  30 d  28 e  78

2 Write as products of prime factors.

a 36 b  60 c  54 d  32 e  1 12

3 Find the LCM of 

a 8 and 20 b  6,  1 0 and 16

4 Find the HCF of 

a 56 and 48 b  36,  54 and 90

. Fractions and decimals

There are two types of fraction:

 common  fractions (often just called fractions)  

like 
4

5

numerator

denominator

 decimal  fractions (often just called decimals)  

like 0.125.

Fractions can be:  

proper  like 
2

3
,  where the numerator is less than  

the denominator

improper  like 
4

3
 where the numerator is greater than  

the denominator

mixed numbers  like 6
7

8
.

Fractions where the numerator and denominator  

have no common factor are in their lowest terms.

Write each  numbers 

as a  product of 

prime factors.  Find  

the product of al l  

the factors that are 

common  to both  

numbers.

The Rhind  Papyrus from ancient 

Egypt in  around  1600 BCE shows 

calculations using fractions.  Egyptians 

used  unit  fractions so for 
4

5
 they 

would  wri te  
1

2
+

1

4
+

1

20
.  Th is is  not 

general ly regarded  as a  very helpfu l  

way of wri ting fractions.
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1

3

4

12
 and  are equivalent  fractions.

0.675 is a terminating  decimal.

0.32. . .  or 0 32.  or 0 32.    are different ways of writing the  

recurring  decimal 0.3232 323 232. . .

Non-terminating,  non-recurring decimals are  

irrational  numbers,  like   or 2 .

Using a GDC,  you can either enter a fraction using  

the fraction template 



 or by using the divide key .   

Take care  you will sometimes need to use brackets.

Example 10

a  Evaluate

 
1

2
+

3

8

4

9
  

 =
1

2
+
1

6

 =
4

6
 

 
=
2

b  Evaluate

 

1

2
+

1

3

1

2

1

3


 

 =

5

6

1

6

 =  5

 before +

simplify

evaluate numerator and  

denominator rst

Example 11

a  Convert 
7

1
 to a decimal.  b   Write 3

7

8
 as an improper fraction.

Answers

a  
7

16
 =  0.4375

b  3
7

8
=
24

8
+
7

8

=
31

8

    3.14159265358979323846264

3383279502884197169399375. . .

2    1.4142135623730950488016

8872420969807856967187537. . .

They do not terminate and  there are 

no repeating patterns in  the d igits.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.

GDC help on CD: Alternative  
demonstrations for the TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the CD.
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Exercise 1D 

1 Calculate 

a 
1

2
 +  

3

4
   

5

9
  b  

3
   

5

6
   1

3

c 
3

5

4

5

2 2









 +









  d  

1
2

3

1
2

3

5

 









2 Write the following fractions in their lowest terms.

a 
16

36
 b  

35

100
 c  

34

51
 d  

1 25

200

3 Write these mixed numbers as improper fractions.

a 3
3

5
 b 3

1

7
 c 23

1

4
 d  2

23

72

4 Write these improper fractions as mixed numbers.

a 
32

7
 b 

100

3
 c 

17

4
 d  

162

11

5  Convert to decimals.

a 
2

 b 
5

7
 c 3

4

5
 d  

45

17

. Percentages

A percentage is a way of expressing a fraction or a ratio as  

part of a hundred.  

For example 25% means 25 parts out of 100.  

As a fraction,  25% = 
25

100

1

4
= .

As a decimal,  25% = 0.25.

Example 

Laras mark in her maths test was 25 out of 40.  What was her mark  

as a percentage?

Answer

25

40
   100 =  62.5% Write the mark as a fraction.

Multiply by 100.

Use your GDC.

There are some usefu l  

tools for working with  

fractions.  Look in   

m en u  2 :Number.

To convert a  fraction  

to a  decimal ,  d ivide 

the numerator by the 

denominator.  Pressing 

ctrl    wi l l  give the 

result as a  decimal  

instead  of a  fraction.

10
%

Dont know:

41%

Not Favorable:

40%

Favorable:

19%
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Example 3

There are 80 students taking the IB in a school.  1 5% take Maths 

Standard level.  How many students is this?

Answer

Method 1

15

100

   80 =  12

Method 2

15% = 0.15

0.15   80 =  12

Write the percentage as a fraction out of 

a hundred and then multiply by 80.

Write the percentage as a decimal.

Multiply by 80.

International currencies

Questions in  the Mathematics Standard  Level   

examination  may use international  currencies.   

For example:  Swiss franc (CHF);  US dol lar (USD);   

British  pound  sterl ing (GBP);  euro (EUR);  Japanese  

yen  (JPY)  and  Austral ian  dol lar (AUD).

Exercise 1E

1 Write as percentages

a 13 students from a class of 25 b  1 4 marks out of 20

2 Find the value of 

a 7% of 32 CHF   b  4
1

2
% of 12.00 GBP

c 25% of 750.28 EUR  d  1 30% of 8000 JPY

Percentage increase and decrease

Consider an increase of 35%.   

The new value after the increase will be 1 35% of the original value.  

So to increase an amount by 35%,  nd 1 35% of the amount.  

Multiply by 
1 35

100
 or 1 .35.  

Now consider a decrease of 1 5%.   

After a 1 5% decrease,  the new value will be 85% of the original.  So 

to decrease an amount by 1 5% nd 85%.  Multiply by 
85

100
 or by 0.85.

7% = 0.07
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Example 4

a  The manager of a shop increases the prices of CDs by 12%.  

 A CD originally cost 1 1 .60 CHF.

 What will it cost after the increase?

b  The cost of a plane ticket is decreased by 8%.

 The original price was 880 GBP.  What is the new price?

c   The rent for an apartment has increased from 2700 EUR to  

3645 EUR per month.  

 What is the percentage increase?

Answers

a   1 1 .60   1 .12 =  12.99 CHF  

(to the nearest 0.01  CHF)

b  880   0.92 =  809.60 GBP

c  Method 1

  The increase is 3645   2700  

=  945 EUR

  The percentage increase  

is 
945

2700

   100 =  35%

 Method 2

 
3645

2700
 =  1 .35 =  1 35%

 Percentage increase is 35%.

 Calculate the new price as a  

percentage of the old price.

Example 5

In a shop,  an items price is given as 44 AUD,  including  tax.  

The tax rate is 1 0%.

What was the price without the tax?

Answer

Call the original price x.

After tax has been added,  the price 

will be 1 .10x.

Hence 1 .10x =  44

 x =  44   1 .10

 =  40

The price without tax is 40 AUD.

110% = 1. 10

Solve for x.

Divide both sides by 1. 10.

Exercise 1F

1 In the UK,  prices of some goods include a government tax  

called VAT,  which is at 20%.  

  A TV costs 480 GBP before VAT.  How much will it cost 

including VAT?

2 In a sale in a shop in Tokyo,  a dress that was priced at 17 000 

JPY is reduced by 12.5%.  What is the sale price?

After an  8% decrease, 

the amount wil l  be 92% 

of i ts original  value.

After a  12% increase, 

the amount wi l l  be 

112% of i ts original  

value.

Find  the increase.

Work out the increase 

as a  percentage of the 

original  amount.

Percentage increase =  

a c tu a l i n c re a se

o rigi n a l am ou n t

  100%
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3 The cost of a weekly train ticket goes up from 120 GBP to  

1 28.40 GBP.  What is the percentage increase?

4 Between 2004 and 2005,  oil production in Australia fell from  

731  000 to 537 500 barrels per day.  What was the percentage 

decrease in the production?

5 Between 2005 and 2009 the population of Venezuela increased 

by 7%.  The population was 28 400 000 in 2009.  What was it  

in 2005 (to the nearest 100 000)?

6 An item appears in a sale marked as 1 5% off with a price tag of 

27.20 USD.  What was the original price before discount?

7 The rate of GST (goods and service tax) that is charged on items 

sold in shops was increased from 17% to 20%.  What would the 

price increase be on an item that costs 20 GBP before tax?

8 A waiter mistakenly adds a 10% service tax onto the cost of a 

meal which was 50.00 AUD.  He then reduces the price by 1 0%.  

Is the price now the same as it started? If not,  what was the 

percentage change from the original price?

1. Ratio and proportion

The ratio  of two numbers r and s is r :  s.  It is equivalent  

to the fraction 
r

s
.  Like the fraction,  it can be written in  

its lowest terms.  

For example,  6 :  1 2 is equivalent to 1 :  2 (dividing  

both numbers in the ratio by 6).

In a unitary ratio,  one of the terms is 1 .

For example 1 :  4.5 or 25 :  1 .

If two quantities a  and b  are in proportion,  then the  

ratio a  :  b  is xed.  

We also write a    b  (a  is proportional to b).

Example 1

200 tickets were sold for a school dance.  75 were bought by boys and 

the rest by girls.  Write down the ratio of boys to girls at the dance,  in its 

lowest terms.

Answer

The number of girls is 200  75 =  125

The ratio of boys to girls is 75 :  1 25 =  3  :  5

When  you  write a  ratio in  i ts  lowest 

terms, both  numbers in  the ratio 

should  be positive whole numbers.

When  you  write a  

unitary ratio, you  can  

use decimals. 

Always give the ratio in  

i ts  lowest terms.
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Map scales are often written as a ratio.  A scale of 1 :  50 000 means 

that 1  cm on the map represents 50 000 cm =  0.5 km on the earth.

Example 7

An old English map was made to the scale of 1  inch to a mile.   

Write this scale as a ratio.

Answer

1  mile =  1760   3    12  

=  63  360 inches

The ratio of the map is 1 :  63 360

Always make sure that the units in 

ratios match each other.

Example 8

Three children,  aged 8,  1 2 and 15 win a prize of 140 USD.   

They decide to share the prize money in the ratio of their ages.   

How much does each receive?

Answer

140 USD is divided in the ratio  

8  :  1 2 :  1 5.

This is a total of 8 +  12 +  1 5  

=  35 parts.

140   35 =  4 USD

8   4 =  32,  1 2   4 =  48 and  

1 5    4 =  60

The children receive 32 USD,  

48 USD and 60 USD.

Divide the money into 35 parts.

One part is 4 USD.

Exercise 1G

1 Aspect ratio is the ratio of an images width to its  

height.   

A photograph is 1 7.5  cm wide by 14 cm high.   

What is its aspect ratio,  in its lowest terms?

2 Gender ratio is expressed as the ratio of men to  

women in the form n  :  1 00.  Based on the gures  

for 2008,  the gender ratio of the world was 102 :  1 00.   

In Japan,  there were 62 million men and 65.2 million  

women in 2008.  What was the gender ratio in Japan?

3 Ryoka was absent for a total of 21  days during a  

school year of 32 weeks.  What is the ratio of the  

number of days that she was absent to the number of  

possible days she could have spent at the school during  

the year in its simplest terms? (A school week is 5 days.)

12 inches = 1  foot 

3  feet = 1  yard  

1760 yards = 1  mi le

Leonardo da  Vinci  drew this  famous 

drawing of Vitruvian  Man  around  

1487.  The drawing is  based  on  ideal  

human  proportions described  by the 

ancient Roman  architect Vitruvius.
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4 A model airplane has a wingspan of 1 5.6 cm.  The model is 

built to a scale of 1  :  72.  What was the wingspan of a full-sized 

airplane (in metres)?

5 On a map,  a road measures 1 .5  cm.  The actual road is 3  km long.  

What is the scale of the map and how long would a footpath that 

is 800 m long be on the map?

6 A joint collection is made for two charities and it is agreed that 

the proceeds should be split in the ratio 5  :  3  between an animal 

charity and one for sick children.  72 USD is collected.   

How much is donated to the two charities?

7 For a bake sale,  a group of students decide to make brownies,  

chocolate chip cookies and apjacks in the ratio 5  :  3  :  2.   

They plan to make 1 50 items all together.  How many of each 

will they need to make?

1. The unitary method

In the unitary method,  you begin by nding the value of one part or 

item.

Example 19

A wheelbarrow full of concrete is made by mixing together 6 spades of 

gravel,  4 spades of sand,  2 spades of cement and water as required.  

When there are only 3  spades of sand left,  what quantities of the other 

ingredients will be required to make concrete? 

Answer

The ratio gravel :  sand :  cement 

            is 6 :  4 :  2 

            or 
6

4

4

4

2

4

3

2

1

2

9

2

3

2

: :

: 1 : = : 3 :

Hence the mixture requires 4
1

2
 spades of gravel to 3  spades of  

sand to 1
1

2
 spades of cement.

Since the value you  

want to change is 

the sand, make sand  

equal  to 1  by d ividing 

through  by 4.  Then  

multiply through  by 3  

to make the quantity 

of sand  equal  to  3.
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Exercise 1H

1 Josh,  Jarrod and Se Jung invested 5000 USD,  7000 USD and 

4000 USD to start up a company.  In the rst year,  they make a  

prot of 24 000 USD which they share in the ratio of the  

money they invested.  How much do they each receive?

2 Amy is taking a maths test.  She notices that there are three  

questions worth 12,  1 8 and 20 marks.  The test lasts one hour  

and fteen minutes.  She decides to allocate the time she spends  

on each question in the ratio of the marks.  How long does she  

spend on each question?

.8 Number systems

Throughout this course,  you will be working with real numbers.  

There are two types of real numbers  rational numbers and 

irrational numbers.

  Rational numbers  are numbers that can be written in the form 
a

b
,  where a  and b are both integers,  and b    0.

2

5

,  
17

8

,  0.41 ,  1 . 3 ,  and 9 are rational numbers.

2

5

 and 
17

8
 are written in the form 

a

b
.

0.41  can be written in the form 
a

b
,  because 0 41

41

100
. = .

1 . 3  can be written in the form 
a

b
,  because 


4

1 . 3

3

.

9 can be written in the form 
a

b
,  because 9

9

1
= .

Within the set of rational numbers are sets of numbers  

called natural numbers  (0,  1 ,  2,  3,  . . . ) and integers   

(4,  3,  1 ,  0,  1 ,  2,  3,  . . . ).

  represents the set of real numbers,    rational numbers,    natural 

numbers,  and   integers.   

  Irrational numbers  are real numbers that can be written as 

decimals that never terminate or repeat.

3 ,  ,  e,  and 1 17  are irrational numbers.

3 1 7320508= . . . .   
3 . 1 41 59265 . . . 

e = 2 7182818. . . .   1 17 10 8166538= . . . .

Repeating or 

terminating decimals 

can  be written  as 

fractions, so they are 

rational  numbers.  
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Example 0

Classify each of these real numbers as rational or irrational.





2
0.75, 2, 3 7 , 25 , 0,

3

Answer

0.75 is a rational number

2 is a rational number

37  is an irrational number

25  is a rational number

0 is a rational number
2

3



 is an irrational number

0.75 can be written in the form 
3

4
,  and 

2 can be written as -
2

1
.

 . . .37 6. 08276  This decimal does 

not repeat or terminate.

25  is a rational number,  since it is 

equal to 5.

Even though it is written in fractional 

form,  
2

3
 is not a rational number.  

Multiples of   are irrational.

Example 

Write the rational number 0.83  in the form 
a

b
.

Answer

Let 
0. 83x .


1 00 83 . 3x ,  and 

1 0 8 . 3x .

  
 1 00 1 0 83 . 3 8 . 3x x

90 75x =

x = =

75

90

5

6

Multiply by powers of 10 to change 

the position of the decimal point.

Subtracting these values cancels out 

the repeating 3s.

Exercise 1I

1 Classify each of these real numbers as rational or irrational.

a 83 b  
4

9
 c  

2

3



 d  0.96

e 
 0.45  f e 5 g  4 81  h 

5

7
i  1 . 247  j  1 8

2 Which of the numbers from question 1  are:

a integers

b natural numbers?

3 Write each rational number from question 1  in the form 
a

b
,   

where a  and b are integers,  and b   0.
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Properties of real numbers

Real number arithmetic uses three important properties.

Commutative property

  When adding or multiplying two or more numbers,  the order 

does not matter.

For example:

  a  +  b  =  b +  a

  1 5  +  7 =  7 +  1 5

  xy =  yx

  3(8) =  8(3)

Associative property

  When adding or multiplying three or more numbers,  you can 

group the numbers in different ways for the calculation 

without changing their order.

For example:

  a b c a b c a b c+ + = + + = + +( ) ( )

  5 9 16 5 9 16 5 9 16+ + = +( ) + = + +( )

  xyz xy z x yz= ( ) = ( )

            6 4 1 0 6 4 1 0 6 4 1 0

Distributive property

  a b c ab ac+ = +( )  and a b c ab ac = ( ) .

1.9 Rounding and estimation

To round to a given number of decimal places:

  Look at the gure in the next decimal place.

  If this gure is less than 5,  round down.

  If this gure is 5  or more,  round up.

These properties may 

seem l ike common  

sense, but you  should  

th ink about when  you  

can  or cant use them.

Addition  and  

multipl ication  are 

commutative.

Subtraction  and  

d ivision  are not.

Use BIDMAS  

calculate the value in  

the brackets frst.

The commutative and  

associative properties 

do not work or 

subtraction.

  20  7    7   20

   (18  9)   3     

18  (9   3)

We use th is  when  

expanding brackets in  

algebra  or simpl iying 

multipl ication.

For example 5   32  = 

(5  30)  + (5   2)

An  exam question  

might tel l  you  to give 

your answer to two 

decimal  places, or 

example.
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To round to a given number of signicant gures:

   For any number,  read from left to right and ignore the decimal 

point.

   The rst signicant gure is the rst non-zero digit,  the second 

signicant gure is the next digit (which can be zero or 

otherwise),  and so on.

3 5  2 7 1 0  5 3 9

1st 2nd 3rd 4th 5th 1st 2nd 3rd

sf sf sf sf sf sf sf sf

Example 22

Write the number 8.0426579 to

a 2 decimal places b  1  signicant gure c  1  decimal place

d  4 decimal places e  6 signicant gures

Answers

a 8.04

b 8

c 8.0

d 8.0427

e 8.04266

8.042 next digit less than 5 so round down

8.0 next digit less than 5 so round down

8.04 next digit less than 5 so round down

8.04265 next digit 5 so round up

8.042657 next digit greater than 5 so round up

Example 23

Round 42536 to 3  signicant gures.

Answer

42500 42536 next digit (3) less than 5 so round 

down.  

Replace any other digits before the decimal 

place with zeros.

Estimation

To estimate  the value of a calculation,  write all the numbers to one 

signicant gure.

For example,  to estimate the value of 197.2   3.97,  calculate  

200   4 =  50

Exercise 1J

1 Write each number to the nearest number given in the brackets.

a 2177 (ten) b  439 (hundred) c  3532 (thousand) 

d 20.73 (unit) e  1 2.58 (unit)

In  IB  exams, unless 

otherwise stated  

in  the question, al l  

numerical  answers 

must be given  exactly 

or correct to  three 

signifcant fgures.

When  a  question  

asks or a  number o 

decimal  places, write  

them down  even  i  

some o the values 

are zero.

Estimating the answer 

to a  calculation  frst 

gives you  an  idea  o 

the answer to expect.  

I  your GDC gives 

you  a  very d i erent 

answer, you  can  then  

check i  you  keyed  in  

the values correctly.
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2 Write down each number correct to the number of decimal 

places given in the brackets.

a 0.6942 (2) b  28.75 (1 ) c  0.9999(2)

d 77.984561  (3) e  0.05876 (2)

3 Write down each number in question 1  correct to 2 signicant 

gures.

4 Write down each number in question 2 correct to 3  signicant 

gures.

5 Write each fraction as a decimal to 3  signicant gures.

a 
2

3
 b  

3

46
 c  

5

13

6 Write down an estimate for the value of the following 

calculations

a 54 04 9 89. .  b  
2.8 3 . 79

1 . 84
 c  

 


2

7 . 08 0. 7556

8 . 67

7 Use your GDC to evaluate each part of question 6 to 3  

signicant gures.

1.10 Standard form

Very large and very small numbers can be written in standard  

form as 

A    1 0n  where n  is an integer and 1    A  <  1 0

   First write the number with the place values adjusted so that it is 

between 1  and 10.  

   Then work out the value of the index,  n,  the number of columns 

the digits have moved.

Example 

Write a  89 445  b  0.000 000 065 in standard form

Answers

a  89 445 =  8.9445   104

b  0.000 000 065 =  6.5   108

Write 89 445 as 8. 9445  10 n

The digits have moved 4 places to the 

right so n = 4.

Write 6.5  10 n

The digits have moved 8 places to the 

left,  so n = 8

Use your GDC to 

convert each  fraction  

to a  decimal .

For example, 37300 

is 3.73  104 in  

standard  form.
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Exercise 1K

1 Write these in standard form

a 1475 b  231000

c 2.8 billion d  0.35   1 06

e 73.5   105

2 Write these as ordinary numbers

a 6.25   104 b  4.2   108

c 3.554   1 02

3 Write these in standard form

a 0.0001232 b  0.00004515

c 0.617 d  0.75   1 05

e 34.9   105

4 Write these as ordinary numbers

a 3.5   107 b  8.9   108

c 1 .253   1 02

5 Light travels about 3    105 metres per second.  Find the time it 

takes to travel 1  metre.  Give your answer in standard form.

.  Sets

A set is a group of items.  We generally use a capital letter to name 

a set,  and the brackets {  }  to enclose the items of the set.

For example,  if P is the set of all the prime numbers less than 20,  

then P =  {2,  3,  5,  7,  1 1 ,  1 3,  1 7,  1 9} .   

Each item in the set is called an element  of the set.  

 The symbol means is an element of.    

For example,  3    P means 3  is an element of the set P.

 The symbol means is not an element of.    

For example,  8   P means 8 is not an element of the set P.

We use a lower-case n  for the number of items in a set.  

The set P has 8 elements,  so n(P) =  8.  

If the number of items in a set is zero,  then that set is an empty set,  

or null set.  We represent the empty set with empty brackets,  {  } ,  or 

with the symbol .

A set which contains all relevant items is called the universal set,  

and is represented by the letter U.  In some cases,  the universal set 

can be assumed.  For example,  a common universal set is all real 

numbers.

1 bi l l ion  =  1  thousand  mi l l ion

The curly brackets 

used  for sets are 

sometimes cal led  

braces .

The universal  set can  

a lso be thought of as 

the  reference set.
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Set builder notation

To fully specify a set,  you can use this notation:

 A =  {x| x   ,  1 0  <  x < 15}

 

  

  

The elements of this set are A =  {1 1 ,  1 2,  1 3,  1 4} .   

Example 5

Write the elements of each set,  and give the number of items in each set.

a  B,  the set of all multiples of 5  that are less than 30.

b  T =  {x| x   ,  x   7}

Answers

a  B =  {5,  1 0,  1 5,  20,  25}

 n (B) =  5

b  T =  {7,  8,  9,  1 0,  1 1 ,  . . . }

This set is innite,  which means it 

goes on forever.  

We cannot count the number of items 

in the set.

Exercise 1L

1 List the elements in each set.

a A,  the set of all the factors of 72.

b B,  the set of all the prime factors of 72.

c C,  the set of all even prime numbers.

d D, the set of all the even multiples of 7.

e E =  {x |  x   ,  | x| <  4}

f F = {x |  x   ,  x   20}

g G,  the set of all prime numbers that are multiples of 4.

2 State the number of items in each of the sets from question 1 .

Subsets,  intersections,  and unions

  We say that a set B is a subset  of set A if all the elements of 

set B are also elements of set A.

Let A =  {1 ,  2,  3,  4,  5,  6} ,  and B =  {2,  3,  4} .

Since B is a subset of A,  we write B   A.

There are many other subsets of A,  such as {1 ,  3,  5,  6} ,  {2,  5} ,  {4} ,   

You  can  use el l ipses  

(3 dots . . . )  to show that 

a  series continues.

The symbol    means 

 is a  subset of .

   ,  since al l  

integers belong to the 

set of real  numbers.

A is  the set of

al l  values of x

such  that x  i s

an  integer

greater than  10 

and  less than  15
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and even the empty set {} ,  as well as the set {1 ,  2,  3,  4,  5,  6}  itself.

  A set C is called a proper subset  of set A if C is a subset of A,  

but has fewer elements than A.

For example,  C =  {2,  5}  is a proper subset of  the set 

A =  {1 ,  2,  3,  4,  5,  6} .  We write this as C   A.

  Two sets that share elements in common have an 

intersection.  We use the symbol   to represent the 

intersection of two sets.

For example,  let D =  {2,  4,  6,  8,  1 0}  and E =  {1 ,  2,  3,  4,  5} .

Both sets contain the elements 2 and 4,  so D   E =  {2,  4} .

  The union  of two sets is the set of all the elements of both 

sets.  

 We use the symbol   to represent the union of two sets.

For example,  if D =  {2,  4,  6,  8,  1 0}  and E =  {1 ,  2,  3,  4,  5} ,  the 

union of these sets is D   E =  {1 ,  2,  3,  4,  5,  6,  8,  1 0} .

Example 26

Let A =  {the odd natural numbers less than 16}  and  

B =  {x| x is a factor of 1 5} .

a  List the elements of each set.

b  Is B a subset of A? Explain.

c  Give the intersection and the union of sets A and B.

Answers

a  A =  {1 ,  3,  5,  7,  9,  1 1 ,  1 3,  1 5}

 B =  {1 ,  3,  5,  1 5}

b  Yes,  B is a subset of A.   

  All the elements of B are 

elements of A.   

 You could write B   A.

c  A   B =  {1 ,  3,  5,  1 5}

 A   B =  {1 ,  3,  5,  7,  9,  1 1 ,  1 3,  1 5}

You could write B   A

B is also a proper subset of A.

You could write B    A.

These numbers are elements of both 

sets.

This set includes all the elements of 

A and all the elements of B,  once 

only.

There are two types of sets which have no intersections.

  Disjoint sets  contain no elements in common.

 For example,  if A =  {2,  4,  6,  8} ,  and B =  {1 ,  3,  5,  7} ,  A and B 

are disjoint sets.  We write A   B={} ,  or A   B =  .

The symbol    means 

 is  a  subset of .

They only have 2  and  

4 in  common.

Numbers which  

appear in  both  sets 

should  only be l isted  

once.
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  Sets are complements  if they have no elements in common,  

and they contain all the elements of U between them.

For example,  let U =  {all positive integers} ,  and  

A =  {  2,  4,  6,  8,  1 0,  . . . } .

The complement of A is the set {1 ,  3,  5,  7,  9,  . . . } .  

We write A = {1 ,  3,  5,  7,  9,  . . . } .  Together,  sets A and A  contain all 

the positive integers,  but they have no elements in common.

Example 7

Let U =  {multiples of 5}  and M = {10,  20,  30,  . . . } .

What is the complement of M?

Answer

M = {  5,  1 5,  25,  . . . } Since M contains all the even multiples 

of 5,  M   must contain all the odd 

multiples of 5.

Together,  M   M  = U.

Exercise 1M

1 Let A =  {1 ,  2,  3,  4,  5,  6} ,  and let B =  {4,  5} .

a Is B a subset of A? Explain.

b Are the sets A and B disjoint? Explain.

c List the intersection of sets A and B.

d List the union of sets A and B.

2 Let A =  {x| x is a factor of 36}  and B =  {x| x is a factor of 1 5} .

a List the elements of each set.

b Is B a subset of A? Explain.

c Are the sets A and B disjoint? Explain.

d List the intersection of sets A and B.

e List the union of sets A and B.

3 Let A =  {x| x   ,  x > 16}  and B =  {x| x is a multiple of 20} .

a List the elements of each set.

b Is B a subset of A? Explain.

c Are the sets A and B disjoint? Explain.

d List the intersection of sets A and B.

e List the union of sets A and B.

4 Let U =  {positive integers}  and D =  {  x| x is a multiple of 3} .

 List the elements of the complement of D.

5 Let U =  {multiples of 10} ,  and let B =  {10,  20,  30} .  List the 

elements of B

The complement of 

a  set A is  written  A,  

cal led  A prime .
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6 Give two sets A and B such that 

a A   B =  {}

b A   B =  {4,  7,  1 0}

c A   B =  {1 ,  2,  3,  4,  5}

d n(A   B) =  2

e n(A   B) =  8

f n(A   B) =  7 and n(A   B) =  3

g B   A and n(A   B) =  3

Sets related to number lines and inequalities

Subsets of the set of real numbers can be represented as intervals on 

a real number line.  These intervals can also be expressed using set 

notation and inequalities.

Example 28

Write each interval using set notation and inequalities.

a  2 3 4 50 112345
x

b  2 3 4 50 112345
x

Answers

a  {x| x   ,  x   1 }

b  {x| x   ,  3  <  x <  1 }

The numbers greater than 1 are 

shaded on the number line.  The solid 

circle at 1 tells us that 1 is included.

The numbers between 3 and 1 are 

shaded on the number line.  The open 

circles at 3 and 1 tell us that 3 and 1 

are not included.

Example 29

Shade the number line to indicate the interval of real numbers given  

by the set.

a  {x| x   ,  x <  2}  b  {x| x   ,  0 <  x   4}

Answers

a  {x| x   ,  x <  2}

 2 3 4 50 112345
x

b  {x| x   ,  0 <  x   4}

 2 3 4 50 112345
x

2 is not included,  so use 

an open circle at 2.

Draw the line between 0 

and 4.  

0 is not included,  so use 

an open circle.

4 is included,  so use a 

lled circle.
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Exercise 1N

1 Write each interval using set notation and inequalities.

a 
2 3 4 50 112345

x

b 
2 3 4 50 112345

x

c 
2 3 4 50 112345

x

d 
2 3 4 50 112345

x

2 Shade the number line to indicate the interval of real numbers 

given by the set.

a {x| x   ,  x   0}  b  {x| x   ,  3   x <  2}

c {x| x   ,  x >  1 }  d  {x| x   ,  5  <  x <  1 }

Mappings 

You can show the mathematical relations between two sets in 

several different ways.

Example 30

Each member of {x| x   ,  4 <  x <  4}  is mapped to its square.  Express this relation as:

a  a mapping diagram b  a table

c  a set of ordered pairs d  a graph.

Answers

a  Input Output

 

0

1

2

3

1

2

3

4

1

 9

0

b  x 3 2 1 0 1 2 3

y   9   4   1 0 1 4 9

Write the integers 3,  2,  1,  0,  1,  2 and 3 in the 

input set.  Write the squares of the input values,  0,  1,  4 

and 9,  in the output set.  

Draw arrows to map each input value to an output 

value.

Use the variable x for the input values and the variable 

y for the output values.

c   {(3,  9),  (2,  4),  (1 ,  1 ),  (0,  0),  (1 ,  1 ),  (2,  4),  

(3,  9)}

Write each input value as the rst member of an 

ordered pair and its corresponding output value as the 

second member.

{  Continued  on  next page
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d  

x

y

4310 52 1345

1

2

3

4

5

6

7

8

9

2

Represent each input value on the horizontal axis and 

each output value is represented on the vertical axis.

Exercise 1O

Express each relation as:  

a a mapping diagram 

b a table 

c a set of ordered pairs

d a graph.

1 Each member of {x| x   ,  x   5}  is mapped to 2 more than the 

number.

2 Each member of {x| x   ,  4 <  x <  4}  is mapped to the absolute 

value of the number.

 Algebra

.   Expanding brackets and  
factorization

The distributive law  is used to expand brackets and  

factorize expressions.

a(b + c)  = ab + ac

Example 3

Expand 2y (3x +  5y   z)

Answer

2y (3x+ 5y   z) =  2y (3x) +  2y (5y) +  2y (z)

 =  6xy +  1 0y2   2yz

The word  algebra  comes rom  

the ti tle  o a  book H isab al -jabr 

wal -muqabala  wri tten  by Abu  Ja ar 

Muhammad ibn  Musa Al -Khwarizmi  

in  Baghdad  around 800 AD.  I t is  

regarded  as the frst book to be 

written  about algebra.

Two other laws used  

in  algebra  are the 

commutative law

ab  =  ba

and  the associative  

law  (ab)c  = a(bc).
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Example 3

Factorize 6x2y   9xy +  1 2xz2

Answer

6x2y  9xy +  1 2x z 2 =  3x (2xy  3y +  4z2)

Exercise 2A

1 Expand

a 3x (x  2) b  
x

y
(x2y  y2 +  x) c  a (b  2c) +  b (2a  +b)

2 Factorize

a 3pq  6p2q3r b  1 2ac2 +  1 5bc 3c2 c  2a2bc +  3ab2c  5abc2

Products resulting in  quadratic expressions

The product of two binomials,  such as x +  a  and x +  b,  results in a 

quadratic expression.

(x +  a) (x +  b) =  (x +  a)x +  (x +  a)b  =  x2 +  ax +  bx +  ab =  x2 +  (a + b)x +  ab

Here is a shorter method to nd the product of two binomials.

(x +  a)(x +  b)

Inner terms

Outer terms

First terms
Last terms

= First terms+ Outer terms +  Inner terms +  Last terms

= x2 +  bx +  ax+ ab

= x 2 +  (a  +  b)x +  ab

Example 33

Find each product.

a  (x +  2)(x +  5) b  (x +  6)(x  4)

c  (2x  3)(3x +  1 )

Answers

a  (x +  2)(x +  5) =  x2 +  5x +  2x +  1 0

 =  x2 +  7x +  1 0

b  (x +  6)(x  4) =  x2  4x +  6x  24

 =  x2 +  2x  24

(x +  2)(x +  5)

2x

5x

x
2

10

(x +  6)(x   4)

6x

4x

x
3

24

Look for a  common  

factor.  Write th is  

outside the bracket.  

Find  the terms inside 

the bracket by d ividing 

each  term  by the 

common  factor.

{  Continued  on  next page

Prior learning658



c  (2x  3)(3x +  1 ) =  6x2 +  2x  9x  3

 =  6x2  7x  3
(2x   3)(3x +  1 )

9x

2x

6x2
3

Exercise 2B

Find each product and simplify your answer.

1 (x +  7)(x  4) 2  (x  3)(x  2) 3  (3x  4)(x +  2)

4 (2x  5)(3x +  2) 5  (3x +  2)(3x +  1 )

  Consider the following special products.

 (x +  a)2 =  (x +  a)(x +  a) =  x2+ ax +  ax +  a2 =  x2 +  2ax +  a2

 (x  a)2 =  (x  a)(x  a) =  x2  ax  ax +  a2 =  x2  2ax +  a2

 (x +  a)(x  a) =  x2  ax +  ax +  a2 =  x2  a2

Example 

Find each product.

a  (x +  4)2 b  (3x  2)2

c  (2x +  3)(2x  3)

Answers

a  (x +  4)2 =  x2 +  8x +  1 6

b  (3x  2)2 =  9x2  1 2x +  4

c  (2x +  3)(2x  3) =  4x2  9

Square the rst term: (x) 2 = x 2

Double the product of the two terms: 

2(4x) = 8x

Square the last term: (4x) 2 = 16

Square the rst term: (3x) 2 = 9x 2

Double the product of the two terms: 

2(6x) = 12x

Square the last term: (2) 2 = 4

Square the rst term: (2x) 2 = 4x 2

Square the last term: (3x) = 9

Write the difference of the squares: 

4x 2   9

Exercise 2C

Find each product and simplify your answer.

1  (x +  5)2 2  (x  4)2 3  (x +  2)(x  2)

4  (3x  4)2 5  (2x +  5)2 6  (2x +  7) (2x  7)

This last one is  cal led  

the diference o 

two squares.
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Factorizing quadratic expressions

The reverse is also possible  to express a quadratic expression as 

the product of two linear expressions.

(x +  2)(x +  5) =  x2 +  7x +  1 0

(x +  6)(x  4) =  x2 +  2x  24

To factorize quadratics of the form x2 +  bx +  c,  where the coefcient 

of x2 is 1 ,  look for pairs of factors of c whose sum is b.

Example 35

Factorize

a  x2  1 5x +  14

b  x2 +  5x +  6

c  x2  5x  24

Answers

a  x2  1 5x +  14 =  (x  1 )(x  1 4)

b  x2 +  5x +  6 =  (x +  2)(x +  3)

c  x2  5x  24 =  (x +  3)(x  8)

Factors of 14 Sum of factors

1 and 14 15

1 and 14 15 

2 and 7 9

2 and 7 9

Factors of 6 Sum of factors

1 and 6 7

1 and 6 7

2 and 3 5 

2 and3 5

Factors of 24 Sum of factors

1 and 24 23

1 and 24 23

2 and 12 10

2 and 12 10

3 and 8 5 

3 and 8 5

4 and 6 2

4 and 6 2

Factorizing quadratics of the form ax2  + bx + c,  
where a    0

Use trial and error to nd the correct pair of factors.  Try factors that 

give the correct product for the rst and last terms,  until you nd the 

one that gives the correct product for the middle term.

10 is the product of 

2  and  5  and  7  is  the 

sum  of 2  and  5

24 is the product 

of 6  and  4, 2  is  the 

sum  of 6  and  4
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Example 36

Factorize

a  2x2 +  5x +  3

b  6x2 +  x  1 5

Answers

a  2x2 +  5x +  3  =  (2x +  3)(x +  1 )

b  6x2 +  x  1 5  =  (2x  3)(3x +  5)

Factors of 2x2  :  2x,  x

Factors of 3 :1,  3; 1,  3

Possible factors Linear term

(2x + 1)(x + 3) 6x + 1x = 7x

(2x  1)(x  3) 6x  1x = 7x

(2x + 3)(x + 1) 2x + 3x = 5x 

(2x  3)(x  1) 2x  3x = 5x

Factors of 6x2:  6x,  x; 2x,  3x 

Factors of 15 : 1,  15; 1,  15; 3,  5; 3,  5

Possible factors Linear term

(6x + 1)(x  15) 90x + 1x = 89x

(6x  1)(x + 15) 90x  1x = 89x

(6x + 3)(x  5) 30x + 3x = 27x

(6x  3)(x + 5) 30x  3x = 27x

(2x + 1)(3x  15) 30x + 3x = 27x

(2x  1)(3x + 15) 30x  3x = 27x

(2x + 3)(3x  5) 10x + 9x = x

(2x  3)(3x + 5) 10x  9x = x 

Factorizing the diference o two squares

Remember that a2  b2 =  (a  +  b)(a   b).

Example 37

Factorize

a  x2  1 6

b  9x2  25y2

Answers

a  x2  1 6 =  (x +  4)(x  4)

b  9x2  25y2 =  (3x +  5y)(3x  5y)

a2 =  x2,  so  a  =  x

b2 =  16,  so  b  =  4

Substitute values into  (a  +  b)(a   b).

a2  =  9x2,  so  a = 3x

b2  =  25y2,  so  b  =  5y

Substitute values into (a  +  b)(a   b).
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Exercise 2D

1 Factorize these quadratic expressions.

a x2 +  1 1x +  28 b  x2  14x +  1 3  c  x2  x  20

d x2 +  2x  8  e  x2 +  1 3x +  36 f x2  7x  1 8

2 Factorize these quadratic expressions.

a 2x2  9x +  9 b  3x2 +  7x +  2 c  5x2  17x +  6

d 4x2  x  3  e  3x2  7x  6 f 1 4x2  17x +  5

3  Factorize these quadratic expressions.

a x2  9 b  x2  100 c  4x2  81

d 25x2  1  e  m2  n2 f 1 6x2  49y2

. Formulae

Rearranging formulae 

Example 8

The formula for the area of a circle is A  =  r2,  where A  is the area and 

r is the radius.

The subject  of the formula is A.   

Rearrange the formula to make r the subject.

Answer

A  =  r2

r2 =  
A



r =  
A



Use the same techniques as for solving 

equations.  Whatever you do to one side of the 

formula,  you must do to the other.

Divide both sides by .

Take the square root of both sides.

Example 9

a   Einsteins theory of relativity gives the formula E =  mc 2,  where m  is 

the mass,  c is the speed of light,  and E is the energy equivalent of the 

mass.  Rearrange the formula to make m  the subject.

b  The formula for gross prot margin is:   

 
Gross profit margin

Gross profit

Sales revenue
= 100 .

 Rearrange the formula so that Sales revenue is the subject.

Answers 

a  E =  mc 2

 
m

E

c
=

2

The  subject  of a  

formula  is  the letter 

on  i ts own  on  one side 

of the = sign.

You  can  use th is 

formula  to work out 

the radius of a  ci rcle 

when  you  know i ts  

area.

{  Continued  on  next page
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b  Gross profit margin
Gross profit

Sales revenue

Gross pro

= 100

ffit margin Gross profit

Sales revenue

Sales revenue Gros

100
=

 ss profit margin Gross profit

Sales revenue
Gross profi

= 

=

100

tt

Gross profit margin
100

Exercise 2E

Rearrange the following formulae to make the quantity shown  

in brackets the subject.

1 v =  u    gt (t) 2  a  =  b2
+ c2  (c) 3  c =  2r (r)

4 
sin sinA

a

B

b
=  (b) 5  a2 =  b2 +  c2   2bc cos A  (cos A)

6 To change temperature from degrees Fahrenheit,  F,  to degrees 

Celsius,  C,  you can use the formula C F= ( )
5

9
32 .

7 The acid test ratio measures the ability of a company to use its 

current assets to retire its current liabilities immediately.  

 The formula is given by:

 Acid ratio test
Current assets Stock

Current liabilities
=


.

Substituting into formulae

You can always use your GDC in Mathematical Studies.

When using formulae,  let the calculator do the  

calculation for you.You should still show your working.  

1   Find  the formula  you  are going to use (from the formula  booklet, from  the 

question  or from  memory)  and  write  i t down.

2   I dentify the values that you  are going to substitute into the formula.

3   Write  out the formula  with  the values substituted  for the letters.

4   Enter the formula  into your calcu lator.  Use templates to  make the formula  

look the same on  your GDC as i t is  on  paper.

5   I f you  th ink i t is  necessary, use brackets.  I t is  better to have too many 

brackets than  too few!

6   Write  down, with  units i f necessary, the result from  your calculator (to the 

required  accuracy).

Rearrange the formula  

to make F the subject.

Rearrange the formula  

to make Stock the 

subject.
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Example 40

x and y are linked by the formula y =  
x

x

2
1

2 1

+

+

.   

Find y when x is 3.1 .

Answer

y =  
3 1 1

2 3 1 1

2
.

.

+

+

 Write the formula 

with 3.1  instead of x.

y =  2.62

Exercise 2F

1 If a  =  2.3,  b  =  4.1  and c =  1 .7,  nd d where

 d = 
3 22a b

ac b

+

+

2 If b  =  8.2,  c =  7.5 and A  =  27,  nd a  where

 a  = b c bc A2 2 2+  cos

3 If u
1
 =  10.2,  r =  0.75 and n  =  14,  nd the value of S,  where

 S = u
r

r

n

1

1

1





. Solving linear equations

Solve an equation  means nd the value of the unknown variable  

(the letter).

Rearrange the equation so that the unknown variable x becomes the 

subject of the equation.  To keep the equation balanced  always do 

the same to both sides.

Example 4

Solve the equation 3x +  5  =  17

Answer

 3x +  5  =  17

3x +  5    5  =  17   5  

 3x =  1 2

 
3

3

x
 =  

1 2

3
 

 x =  4

subtract 5

divide by 3

GDC help on CD: Alternative  
demonstrations for the  TI-84  

Plus and Casio  FX-9860GII 

GDCs are on  the  CD.

Add, subtract, multiply 

or d ivide both  sides 

of the equation  unti l  

the x is  by i tself on  

one side.  (Th is can  be 

either the left-  or the 

right-hand  side. )
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Example 

Solve the equation 4(x   5) =  8

Answer

 4(x   5) =  8

 
4 5

4

x ( )
 =  

8

4

 x   5  =  2

 x  5  +  5  =  2 +  5  

 x =  7

divide by 4

add 5

Example 

Solve the equation 7   3x =  1

Answer

 7   3x =  1

 7   3x  7 =  1    7

 3x =  6

 




3

3

x
 =  





6

3
 

 x =  2

subtract 7

divide by 3

Example 

Solve the equation 3(2 +  3x) =  5(4   x)

Answer

 3(2 +  3x) =  5(4   x) 

 6 +  9x =  20   5x

6 +  9x +  5x =  20   5x +  5x

 6 +  14x =  20

6 + 14x   6 =  20   6

 14x =  14

 
14

14

x
 =  

14

14

 x =  1

add 5x

subtract 6

divide by 14

Exercise 2G

Solve these equations.

1 3x   1 0 =  2 2  
x

2
 +  5  =  7

3 5x +  4 =  11  4  3(x +  3) =  18

5 4(2x   5) =  20 6  
2

5
(3x   7) =  8 

7 21    6x =  9 8  1 2 =  2   5x

9 2(11  3x) =  4 10  4(3  +  x) =  3(9   2x) 

11 2(10 2x) =  4(3x +1 ) 12  
5 2

3

3 10

4

x x+
=

+

Always take care  

with   signs.

An  al ternative method  

or th is  equation  would  

be to  start by adding 

3x.  Then  the x  would  

be positive, but on  the 

right-hand  side.

Compare th is  method  

to the one in   

Example 24.  

Sometimes i t can  be 

quicker to divide  f rst 

rather than  expanding 

the brackets.
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2.4 Simultaneous linear equations

Simultaneous equations  involve two variables.  

There are two methods which you can use,  called substitution and 

elimination.

Example 45

Solve the equations 3x +  4y =  1 7 and 2x +  5y =  1 6.

Answer

Geometrically you could 

consider these two linear 

equations as the equations 

of two straight lines.  Finding 

the solution to the equation is 

equivalent to nding the point 

of intersection of the lines.  The 

coordinates of the point will give 

you the values for x and y.

2

y

x
0

2

2

4

6

4 6 8 10

Substitution method

3x +  4y =  1 7

2x +  5y =  1 6

 5y =  1 6  2x

 y =  
1 6

5
  

2

5
x

3x +  4
16

5

2

5
 x







  =  1 7

 3x +  
64

5
  

8

5
 x =  1 7

 1 5x +  64  8x =  85

 1 5x  8x =  85  64

 7x =  21

 x = 3

Rearrange one of the equations to 

make y the subject.

Substitute for y in the other equation.

Solve the equation for x.

 3(3) +  4y =  1 7

 9 +  4y =17

            4y =  8

              y =  2

The solution is x =  3,  y =  2.

Substitute for x in one of the original 

equations and solve for y.

Elimination method

3x +  4y =  1 7    (1 )

2x +  5y =  1 6    (2)

Multiply equation (1 ) by 2 and 

equation (2) by 3.

6x +  8y =  34   (3)

6x +  1 5y =  48   (4)

Subtract the equations.  [(4)(3)]

7y =  14

y =  2

This is to make the coefcients of x 

equal.

Subtracting now eliminates x from 

the equations.

{  Continued  on  next page
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3x +  4(2) =  17

     3x +  8 =  17

            3x =  1 7  8

            3x =  9

              x =  3

The solution is x =  3,  y =  2.

Substitute for y in one of the original 

equations and solve for x.

Exercise 2H

1 Solve these simultaneous equations using substitution.

a y =  3x  2 and 2x +  3y =  5  b  4x  3y =  1 0 and 2y +  5  =  x 

c 2x +  5y =  1 4 and 3x +  4y =  7

2 Solve these simultaneous equations using elimination.

a 2x  3y =  1 5 and 2x +  5y =  7 b  3x +  y =  5  and 4x  y =  9

c x +  4y =  6 and 3x +  2y =  2 d  3x +  2y =  8 and 2x +  3y =  7

e 4x  5y =  1 7 and 3x +  2y =  7

.5 Exponential expressions

Repeated multiplication can be written as an exponential  expression.

For example,  squaring a number 3    3  =  32 or 5.42   5.42 =  5.422.

If we multiply a number by itself three times then the exponential 

expression is a cube.  For example

4.6   4.6   4.6 =  4.63.

You can also use exponential expressions for larger integer values.  

So,  for example,  37 =  3    3    3    3    3    3    3.

Where the exponent is not a positive integer,  these rules apply:

a0 =  1 ,  a    0 and an  =  
1

an

Example 46

Write down the values of 102,  1 03,  1 01 ,  1 00,  1 02,  1 03 .

Answer

102 =  10   10 =  100

103 =  10   10   10 =  1000

101  =  10

100 =  1

102 =  
1

10
=

1

100
2

 =  0.01

103 =  
1

10
=

1

1000
3

 =  0.001

To evaluate an exponential function 

with the GDC use either the >  

key or the template key 
|  | {

 and the 

exponent template.

Index  and  power  

are other names for 

exponent.

You  use squares in  

Pythagoras  Theorem 

a2 =  b2 +  c2 or in  the 

formula  for the area  of 

a  circle  A  =   r 2.

You  use a  cube in  the 

volume of a  sphere  

V =  
4

3
  r 3.
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Exercise 2I

Evaluate these expressions.

1 a  23  +  32 b  42   32 c  26

2 a  50 b  32 c  24

3 a  3.55 b  0.4952 c  2
1 0 02

1 0 02

1 0

( )



.

.

.6 Solving inequalities

Inequalities behave much like equations and can be solved in the 

same way.

Example 47

Solve the inequalities  a  2x +  5  <  7 b  3(x  2)   4

Answers

a  2x +  5  <  7

            2x <  2

              x < 1

b  3(x  2)   4

          x  2   1
1

3

                x   3
1

3

Take great care with +  and  signs.

Example 48

Solve the inequalities 7  2x   5

Answer

7  2x   5

    2x   2 

        x   1  

Divide by 2

Change  to 

Example 49

Solve the inequalities 19  2x > 3  +  6x

Answer

19  2x >  3  +  6x

       1 9 >  3  +  8x

       1 6 >  8x

         2  >  x

         x <  2 Reverse the inequalities

I f you  either multiply 

or d ivide an  inequal i ty 

by a  negative value, 

the signs on  both  

sides of the inequal ity 

wi l l  change.  The 

inequal ity wi l l  a lso be 

reversed.

Sometimes the x  ends 

up on  the right-hand  

side of the inequal i ty.  

In  th is case reverse 

the inequal ity as in  

the example.
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Exercise 2J

1 Solve the inequality for x and represent it on the number line.

a 3x +  4   1 3  b  5(x  5) >  1 5 c   2x +  3  <  x +  5

2 Solve for x.  

a 2(x  2)   3(x  3) b  4 <  2x +  7 c  7  4 x   1 1

Properties of inequalities

  When you add or subtract a real number from both sides of an 

inequality the direction of the inequality is unchanged.

For example:

  4 6 4 2 6 2>  + > +

  1 5 20 15 6 20 6    

  x x    +  +7 8 7 7 8 7

  x x+ <  +  < 5 12 5 5 12 5

  When you multiply or divide both sides of an inequality by a 

positive real number the direction of the inequality is 

unchanged.

 When you multiply or divide both sides of an inequality by a 

negative real number the direction of the inequality is 

reversed.  

For example:

  4 5 2 4 2 5>  >( ) ( )

  6 1 0 2 6 2 10    ( ) ( )

  1 0 30
10

5

30

5
  

  1 8 24
18

3

24

3
> 


<


   >  


>


12 20
12

4

20

4

.7 Absolute value

The absolute value (or modulus) of a number | x|  is the numerical 

part of the number without its sign.  It can be written as

x

x x

x x

=










,

,

 if 

 if 

< 0

0
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Example 50

Write down | a|  where a  =  4.5 and a  =  2.6

Answer

If a  =  4.5 then | a|  =  4.5

If a  =  2.6 then | a|  =  2.6

Example 5

Write the value of | p   q|  where p  =  3  and q = 6.

Answer

| p  q|  =  | 3   6|  

        =  | 3|  =  3

Exercise 2K

1 Write the value of | a|  when a  is

a 3.25 b  6.18 c  0

2 Write the value of | 5   x|  when x =  3  and when x =  8.

3 If x =  6 and y =  4,  write the values of

a | x  y|  b  | x  2y|  c  | y  x|

.8  Adding and subtracting algebraic fractions

To add or subtract fractions,  rst write them over a common 

denominator.

Example 5

Combine these fractions,  simplifying your answer.

a  x

x

x

x2 1

5 3

2 1+
+

+

+
 b  

2 3

4 5

6 2

4 5

x

x

x

x










c  
3

3 1

3 1

2 5

x

x

x

x
+

+

+
 d  

5

3

2 1

2 1

x

x

x

x+


+



Answers

a  
x

x

x

x

x x

x

x

x

x

x

2 1

5 3

2 1

5 3

2 1

6 3

2 1

3 2 1

2 1

3

+
+

+

+
=

+ +( )

+

=
+

+

=
+

+

=

( )

Keep the common denominator and add the 

numerators.

Combine like terms.

Factorize and simplify whenever possible.

{  Continued  on  next page
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b  
2 3

4 5

6 2

4 5

2 3 6 2

4 5

2 3 6 2

4 5

4 1

4

x

x

x

x

x x

x

x x

x

x

x









=

( )  ( )



=
  +



=
 

 55

Keep the common denominator and subtract 

the numerators.

Be sure to distribute the negative.

Combine like terms.

c  
3

3 1

3 1

2 5

3

3 1

2 5

2 5

3 1

2 5

3 1

3 1

3 2 5

x

x

x

x

x

x

x

x

x

x

x

x

x x


+

+

+
=




+

+
+

+

+






=
+( )

33 1 2 5

3 1 3 1

2 5 3 1

6 15

3 1 2 5

2

x x

x x

x x

x x

x x

( ) +( )
+

+( ) ( )

+( ) ( )

=
+( )

( ) +(( )
+

( )
( ) +( )

=
+ 

( ) +( )

9 1

3 1 2 5

15 15 1

3 1 2 5

2

2

x

x x

x x

x x

Multiply each fraction by one to get a 

common denominator.

Expand the brackets

Combine like terms.

d  
5

3

2 1

2 1

5

3

2 1

2 1

2 1

2 1

3

3

5 2 1

3

x

x

x

x

x

x

x

x

x

x

x

x

x x

x

+


+


=

+







+




+

+

=
( )

+( )) ( )


+( ) +( )

( ) +( )

=
( )  + +( )

+( )

2 1

2 1 3

2 1 3

10 5 2 7 3

3 2

2 2

x

x x

x x

x x x x

x xx

x x x x

x x

x x

x x

( )

=
   

+( ) ( )

=
 

+( ) ( )

1

10 5 2 7 3

3 2 1

8 12 3

3 2 1

2 2

2

Multiply each fraction by one to get a 

common denominator.

Expand the brackets

Watch out for negative signs.

Combine like terms.

Exercise 2L

Combine these fractions,  simplifying your answer.  

1 
2

7

3 1

7x

x

x+
+



+
 2  

4

2 2

3 1

2 2

x

x

x

x+




+
 3  

3 9

3 4

3 1

3 4

x

x

x

x

+

+
+



+
 4  

2

5

1

2 1

x

x

x

x+
+

+



5 
4 2 1

2x

x

x
+

+

+
 6  

2 1

2

3

4 3

x

x

x

x






+
 7  

x

x

x

x

+

+
+



1

5 1

2

2 5
 8  

x

x

x

x

+






+

5

4

2

2
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Solving equations with rational coefcients 

To solve equations with rational coefcients,  multiply both sides  

of the equation by the least common multiple of all the 

denominators.  

Example 

Solve these equations.

a  
x x

6

5

4 2
=   

b  
1

1 5

1 1

6
+ =
x

Answers

a  
x x

x x

x x

x

x

6

5

4 2

12
6

12
5

4 2

2 14 6

8 14

14

8

7

4

= 







 = 








= 
=

=  or 

LCM of 6,  4 and 2 is 12

b  
1

1 5

1 1

6

30
1

15

1
30

1

6

2 30 5

3 30

10

+ =

+





 =









+ =
 = 
=

x

x
x

x

x x

x

x

LCM of 15 and 6 is 30

Exercise 2M

Solve the equations.

1 
x x

3

1

6 4

1

4
+ = +  2  

1 1

4

9

4k k
+ =  3  

1

6

5

6

1
= 

x

4 
3

5

2

4

1

2
 =

x x
 5  

3

4

2

3

1

8

x x x
+

+
=
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3 Geometry

3.1  Pythagoras theorem

  In a right-angled triangle ABC with sides  

a,  b  and c,  where a  is the hypotenuse:

 

 

a

c

bA

B

C

Example 54

Find the length marked a.  

a

6.4 m

2.9  m

Answer

a2 =  6.42 +  2.92

  a  =  6.4 + 2.92 2

 a  =  7.03  cm

Sometimes you have to nd a shorter side.

Example 55

Find the length marked b.  

b

2.08 cm

9.65 cm

Answer

9.652 =  b2 +  2.082

 b2 =  9.652  2.082

 b  =  

2 2
9 . 65 2 . 08

 b  =  9.42 cm

Although  the theorem is  named  after 

the Greek mathematician  Pythagoras, 

i t was known  several  hundred  years 

earl ier to the Indians in  their Sulba  

Sutras and  thousands of years 

before to the Chinese as the Gougu  

Theorem.

a2 =  b2  + c2

You  can  use 

Pythagoras  Theorem 

to calcu late the length  

of one side of a   

right-angled  triangle 

when  you  know the 

other two.

Check your answer 

by making sure that 

the hypotenuse is  the 

longest side of the 

triangle.
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Exercise 3A

In each diagram,  nd the length of the side marked x.  Give your  

answer to 3  signicant gures.

1 

x

14.6 cm

23.4 cm

 2  

x

1.5 m

2.7 m

 3  

x

1.8 cm6.1  cm

7.7 cm

. Geometric transformations

A transformation can change the position as well as the size of an object.

A transformation maps an object to its image.

There are four main types of transformation:

  Reection

  Rotation

  Translation

  Enlargement

Reection

When an object is reected  in a mirror line,  the object and its  

image are symmetrical about the mirror line.  Every point on the  

image is the same distance from the mirror line as the  

corresponding point on the object.

To describe a reection,  state the equation of the mirror line.

Rotation

A rotation moves an object around a xed point called the  

center of rotation,  in a given direction through a particular  

angle.

To describe a rotation give the coordinates of the center of  

rotation,  and the direction and the angle of turn.

Translation

A translation moves every point a xed distance in the same  

direction.  

To describe a translation write the column vector 
x

y









 ,   

where x is the movement in the x direction and y is the  

movement in the y direction.

x

x =  1

AA'

y

0
431 52 1345

1

2

1

2

3

4

2

[  Refection  in  l ine  x =  1

x

A

C

A'

y

0
431 52 1345

1

2

1

2

3

4

2

[  Rotation  o 90 clockwise  
about the  point (1,1)

x

A

A'

y

0
431 52 1345

1

2

1

2

3

4

2

[  Translation  o 


4

2
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Enlargement

Enlargement increases or decreases the size of an object by a  

given scale factor.

To describe an enlargement give the coordinates of the center  

of enlargement and the scale factor.

The image after an enlargement is mathematically similar to  

the original object.

Example 56

The grid contains ve shapes A to E.   

x

B

y

AE

D

C

Describe the single transformation  

that takes:

a  A to B

b  A to C

c  A to D

d  A to E

e  C to D

Answers

a  A   B:  Translation;  vector 
2

2










b  A   C:  Reection;  line y = 1

c  A   D:  Reection;  line y =  x

d  A   E:  Translation;  vector 
 

 
 

6

0

e  C   D:  Rotation;  Center (1 ,  1 ),  90  clockwise

Exercise 3B

1 The grid contains four shapes A to D.

 

x

y

AB

C D

 Describe the single transformation that takes:

a A to B b  A to C c  A to D e  B to D

x

A

A'

y

0
431 52 1345

1

4

3

2

1

2

3

4

2

C

[  En largement sca le  factor 3   
center (4,  3)

For more on  simi larity,  

see page 678
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2 Copy this diagram on to graph paper.

 

x

y

A

a Reect shape A in the line y= x.  Label the image B.

b Reect shape B in the line x-axis.  Label the image C.

c Describe fully a single transformation that would take A to C.

3 Draw a set of axes from 10 to 10 on both x and y axes.

a Draw the triangle with vertices at (2,  1 ) (4,  1 ) (4,  4).   

Label it A.

b Reect A in the x axis.  Label the image B.

c Enlarge B by scale factor 2 center (0,  0).  Label the image C.

d Rotate C by 180  center (0,  0).  Label the image D.

e Reect D in the x axis.  Label the image E.

f Rotate E by 180  center (0,  0).  Label the image F.

Describe the single transformation that maps

g C    F

h A    F

i  E    A

j  C    E

. Congruence

  Two gures that are exactly the same shape and size are 

congruent.

 In congruent shapes

  Corresponding lengths are equal

  Corresponding angles are equal

Objects and images after rotations,  reections or translations are 

congruent to each other.

To prove that two triangles are congruent,  you need to show that 

they satisfy one of four sets of conditions.
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  Three  sides are  the  same (SSS)   Two  sides and  the  included  ang le  

are  the  same (ASS)

B

A

C

 

E

D

F

B

A

C

 E

D

F

  Two  ang les and  the  included  ang le  

are  the  same  (SAA)

  Right-ang led  triang les with   

hypotenuse  and  one  other side   

the  same (RHS)

B C

A

 E F

D

C B

A

E F

D

Example 57

State whether the shapes in each pair are congruent.  

List the vertices in corresponding order and give reasons for congruence.

a  

C
B

A  

Z

Y

X  b  

E

F

D

 

C

A

B

c  

D C

A B  

P

S

Q

R

{  Answers on  next page
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Answers

a  Yes.  ABC = XZY so SAS

b   No.  Only angles are equal;  Corresponding sides may not be the same length.

c   No.  parallelogram ABCD is not congruent to QRSP.  

 It is not clear whether AD =  PQ or BC =  RS

Exercise 3C

1 Show that DEF  is congruent to ABC.  Find the length of each 

of the sides.

 
E z cm

6 cm 4 cm

D

F 
B 9 cm

x cm y cm

A

C

2 Give a brief reason why DEF and ABC are congruent.  

 Find the value of each of the angles. 

 P

89

Zy

Q

R  B

x

3358

A

C

3 Prove that DEF is congruent to ABC.  Find the values  

of x and y.

D

x

y

F

E  B

A

C

40

50

.4 Similarity

  Two gures are similar  if they are the same shape.

 They are not necessarily the same size,  so generally one is an 

enlargement of the other.

After an enlargement the image is always similar to the object.  

Enlarging a shape leaves the angles the same but changes all the 

lengths by the same scale factor.

  The scale factor of an enlargement is the ratio of

 

length of a side on one shape

length of corresponding side oon other shape
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Similar triangles

In similar triangles,  corresponding angles are equal and 

corresponding sides are in the same ratio.

B

A C

 Q

P R

Triangles ABC and PQR are similar because

  ,   ,  A P B Q C P

AB

PQ

BC

QR

AC

PR

= = =

= = = scale factor

To prove that two triangles are similar,  show that one  of these three 

statements is true:  

1     The  three  ang les of one  triang le  are  equa l  to  

the  three  ang les of the  other triang le

2     The  corresponding  sides of each  triang le  are  

in  the  same  ratio

 B

A

C

 G

E

F

 

4 cm

3.5 cm

2 cm

 

7 cm
8 cm

4 cm

 
8

4

 =  
4

2

 =  
7

3.5

 =  2

3     There  is  one  pa ir of equa l   ang les and  the  

sides conta in ing  these  ang les are  in  the  

same ratio.

 

3.5 cm

2 cm 50

 

7 cm

4 cm 50
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Example 58

Find the length of the side marked x.

5 cm

3.5 cm

36

42

 

x

8 cm

3642

Answer

Two pairs of angles are equal,  so the third pair 

must be equal.   

Hence the triangles are similar.

The scale factor of the enlargement is 
8

5

1 6= .

So x =  3.5    1 .6 =  5.6 cm

Prove similarity

Exercise 3D

1 Which pairs of rectangles are similar?

 11

5

 8.8

4

 5

6.25

 

 

5

4
     

5

8

   

8

12.8

2 These shapes are similar.  Calculate the lengths marked by letters.

a 

13 cm

7.2  cm

y cm

 

x cm

10.08 cm

9.1  cm

b 

1  m

2  m

3 m

 

y

x

4.5 m

Note the shapes in  

th is exercise are not 

drawn  to scale.
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3 Which triangles are similar?

a 

A

40

80

 

B60

80

 

C

70
40

b 

A
100

20
 

B
30 60

 

C

100

60

c 

12

A

3

10

 12

48

40
B

 

12

42

46C

d 

5

7

A 12

 

42

48

12

B

 12

4246

C

e 4

3
5

A

 
6

15

B

 

0.5

0.3

C

4 Show that triangles ABC and APQ are similar.

 Calculate the length of AC and BP.

 

2  cm 3 cm

6 m
B

P

C

Q

A

4 cm
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5 In the diagram AB and CD are parallel.  AD and BC meet at X.

 

3 cm

C

X

BA

D

5 cm

a Prove that triangles ABX and DCX are similar.

b Which side in triangle DCX corresponds to AX in triangle 

ABX?

c Calculate the length of AX.

. Points,  lines,  planes and angles

The most basic ideas of geometry are  

points,  lines and planes.  A straight line   

is the shortest distance between two points.   

Planes can be nite  like the surface of a  

desk or a wall or can be innite,  continuing  

in every direction.

We say that a point has zero dimensions,  a line has one dimension 

and a plane has two dimensions.

Angles are measured in degrees.

Acute angle

between 0  and 90

Right angle

90

Obtuse angle

between 90  and 1 80

Reex angle

between 180  and 360

Exercise 3E

1 Draw a sketch of:

a a reex angle b  an acute angle

c a right angle d  an obtuse angle.

2 State whether the following angles are acute,  obtuse or reex.

a  b   c  

3 State whether the following angles are acute,  obtuse or reex.

a 173 b  44 c  272

d 82 e  308 f 1 96

The smal l  l ines on  

these d iagrams show 

equal  l ines and  the 

arrows show paral lel  

l ines.
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3.6 Two-dimensional shapes

Triangles

Scalene 

triangle

Isosceles 

triangle

Equilateral 

triangle

Right-angled 

triangle

Quadrilaterals

Irregular Rectangle Parallelogram Rhombus

Square Trapezium Kite Arrowhead

Polygons

Pentagon Hexagon Octagon Decagon

Exercise 3F

1 Sketch the quadrilaterals in the table above with their diagonals.   

Copy and complete the following table.

Diagonals Irregular Rectangle Parallelogram Rhombus Square Trapezium Kite

Perpendicular 

Equal 

Bisect 

Bisect angles 

   For example,  the diagonals of a square are perpendicular to  

each other,  equal in length,  bisect each other and bisect the angles of the square.
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2 List the names of all the shapes that are contained in the following 

gures.

a  b  

3.7 Circle denitions and properties

You should be familiar with these denitions related to circles.

Diameter

Radius

Circumference

The distance from the center of the circle to any point of the circle 

is called the radius,  usually denoted by r.

A diameter goes through the center and is twice as long as the 

radius.  The diameter is usually denoted by D.

D =  2r

The distance around the circle is called the circumference.   

The circumference of a circle,  C,  is found using the formulae  

C =  2r or C =  d

Here are some other properties and denitions that you should  

know.

  The area,  A,  of a circle can be calculated using the formula A  =  r 2

   A chord  of a circle is a line drawn between two points on the 

circumference of the circle.

  A chord divides a circle into two segments  a minor segment   

and a major segment.

 

Minor

segment

Major

segment

Chord

   Any part of the circumference of a circle is called an arc.

 

arc

A B
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   A semicircle  has an arc that is half the length of the circumference.

 

semicircle

A

B

   The area lying between two radii is a sector.

 
Sector

   A tangent  to a circle is a straight line that touches the 

circumference of the circle at a single point called the point of 

tangency.  The angle between a tangent and the radius at that 

point is 90.

 

Tangent

3.8 Perimeter

The perimeter  of a gure is dened as the length of its  

boundary.  The perimeter of a polygon is found by  

adding together the sum of the lengths of its sides.

The perimeter of a circle is called its  

circumference.

In the circle on the left,  r is the radius  

and d is the diameter.  If C is the  

circumference.

C =  2 r

 or

 C =   d

d

r

  =  3.141592653589793238462. . .

Many maths enthusiasts around  the 

world  celebrate Pi  day on   

March  14 (3/14).  The use of the 

symbol    was popularized  by the 

Swiss mathematician  Leonhard  Euler  

(170783).
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Example 59

 Perimeter =  4.5 cm + 2.1  cm + 4.5 cm + 2.1  cm

= 13.2 cm

Example 60

 Perimeter =  2   7.1  cm +  2.8 cm

= 17.0 cm

Exercise 3G

Find the perimeters of these shapes.

a 

4.3 cm

3.2 cm

 b  

2.7 cm

5.5 cm

 c  

7.2  cm

4.8 cm

4.2  cm 4.2  cm

d  

10 cm

 e  

3.2  cm

3.2  cm

 f 

2.6 cm

3.9 Area

These are the formulae for the areas of a number of plane shapes.

a

a

a

b

b

h

b

h

A  =  a2 A  =  ab A  =  bh A  =  
2
bh

4.5 cm

2.1  cm

2.8 cm

7.1  cm
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b

a

h

b

a

r

A  =  
1

2
 (a  +  b) h A  =  

1

2
ab A  =  r2

Example 61

Find the area of this shape.

6.5 cm

3.7 cm

4.2  cm

Answer

Area =  
1

2
(3.7 +  6.5)(4.2) =  21 .42 cm2

Example 62

Find the area of this shape giving your answer to 3  signigant  

gures.

7.6 m

Answer

Area =   (7.6)2 =  1 81  cm2 (3  sf )

Use the r  button  

on  your calculator to 

enter .
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Exercise 3H

Find the areas of these shapes.  Give your answer to 3  signigant gures.

1 

4.5 cm

 2  

4.3  cm

6.2  cm

4.5 cm

3 

5.8 cm

7.1  cm

6.5 cm

 4  

5.7 cm

3.6 cm

5 

3.7 m

3.5 m

 6  

6.3  cm

2.9 cm

2.7 cm

4.1  cm

.0 Volumes and surface areas of -dimensional shapes

Prism

  A prism  is a solid shape that has the same shape or cross-

section all along its length.

A prism takes its name from the shape of its cross-section

  

 Triangular prism Hexagonal prism
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  To nd the volume of a prism,  use the formula

 V = Area of cross-section  height

To nd the surface area of a prism,  calculate the area of each face 

and add them together.

Cylinder

A cylinder  is a special case of a prism,  with cross-section a circle.

  The volume of a cylinder where the radius of  

the circular cross-section is r and the height is h is   

r

h
 V = r2 h

To calculate the surface area of a cylinder,  open out the curved 

surface into a rectangle:

h h

r

r

2r

r

To nd the curved surface area use the formula CSA = 2rh

  To nd the surface area of a whole cylinder,  nd the curved 

surface area and add on the areas of the two circular ends:

 Total surface area =  2rh  +  2r2

Sphere

  The formula for the volume of a sphere  with  

r

 

radius r is

 V =  
4

3
 r 3

 The formula for the surface area of a sphere is

 SA  =  4r 2

Pyramid

Any solid that has a at base and which comes up to a point  

(the vertex) is a pyramid.  
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A pyramid takes its name from the shape of its base.

  

 Square based  prymid  Triangle-based  pyramid

  To nd the surface area of a pyramid,  add together the areas 

of all the faces.

 The volume of a pyramid with height h  is

 V = 
1

3
  base area  h

Cone

A cone  is a special type of pyramid with a circular base.

h

r

l

  The volume of a cone with a circular base of radius r and 

perpendicular height h  is given by the formula

 V = 
1

3
  r2   h

 The curved surface area of a cone uses the length of the 

slanted height l

 CSA = r  l

 To nd the whole surface area of the cone,  add the area of the 

circular base

 SA  =  r  l + r2

Example 63

ABCDEF is a wedge 

Angle ABC =  90

AB = 5  cm,  BC =  8 cm and CD = 12 cm

Calculate the volume of ABCDEF.

C B
8  cm

5  cm

1 2  cm

A

E

D
F

A wedge is  a  prism 

with  triangular cross-

section

{  Answer on  next page
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Answer

Area of triangular cross section  

=  
1

2
   5    8 =  20

Volume of wedge  

=  20   12 =  240 cm2.

Calculate the area of the cross-section

Volume of prism = area of cross 

section  length

Exercise 3I

1 Find the surface area of each shape.  

 

8  cm

7  cm

7  cm   

5 .6  cm

2 . 2  cm

  

1 0  cm

4  cm

2 Calculate the volume of each shape.

 

8  cm

3  cm

  

5 .6  cm

2 .2  cm

  

1 2  cm

4 .5  cm

3 Find the height of a cone that has a radius of 2 cm and a volume 

of 23  cm3.

4 A cylinder has a volume of 2120.6 cm3 and a base radius of  

5  cm.  What is the volume of a cone with the same height but a 

base radius of 2.5 cm?

5 Determine the surface area and volume of each sphere.

a 

3 .5  m m

 b  

1 5  cm
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6 A hemisphere sits on top of a cylinder.  Find the surface area and 

volume.

 

5  cm

6  cm

7 Eight basketballs are put into a holding container.  The radius 

of each basketball is  1 0 cm.  The container is  shaped like a 

square-based pyramid with each side of the base measuring 40 

cm and with a height of 70 cm.  How much space is  left in the 

container?

8 A cylindrical can has a diameter of 9 cm and is 14 cm high.  

Calculate the volume and surface area of the can to the nearest 

tenth of a centimetre.

9 Calculate the height of a cylinder that has a volume of 250 cm3 

and a radius of 5.5 cm.

10 A cylindrical cardboard tube is 60 cm long and open at both 

ends.  Its surface area is 950 cm2.  Calculate its radius to the 

nearest tenth of a centimetre.

3.  Coordinate geometry

Coordinates

Coordinates describe the position  

of points in the plane.  Horizontal  

positions are shown on the x-axis  

and vertical positions on the  

y-axis.  

1 2 3 4 53 2 145 x

y

(x,  y)

1

2

3

4

1

2

3

4

5

5

0

LO
W
 R
E
S

Ren Descartes introduced  

the use of coordinates in  a  

treatise in  1637.  You  may 

see axes and  coordinates 

described  as Cartesian  axes 

and  Cartesian  coordinates.
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Example 64

Draw axes for and 10  x   1 0 and  10   y   1 0.  

Plot the points with coordinates:  (4,  7),  (3,  6),  (5,  2) and (8,  4).

Answer

5 10510 x

y

(8,  4)

(5,  2)

(3,  6)

(4,  7)
5

5

10

10

0

Exercise 3J

1 Draw axes for 8   x   8 and 5   y   1 0.

  Plot the points with coordinates:   

(5,  0),  (2,  2),  (7,  4) and (1 ,  9).

2 Write down the coordinates of the  

points shown in this diagram.

Midpoints

The midpoint of the line joining the points with  

coordinates (x
1
,  y

1
) and (x

2
,  y

2
) is given  

by 
x x y y
1 2 1 2

2 2

+ +





, .

5 10510
x

y

B

D

A

5

5

10

10

0

C

x

y

(x1,  y1)

(x2,  y2)

0
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Example 65

Find the midpoint of the line joining the points with coordinates  

(1 ,  7) and (3,  3).

Answer

The midpoint is 
  

 
 

1 + 3 7 + 3
= ,

2 2
 =  (1 ,  5)

Exercise 3K

Calculate the midpoints of the lines joining the following pairs of 

points.

1 (2,  7) and (8,  3) 2  (6,  5) and (4,  7) 3  (2,  1 ) and (5,  6).

Distance between two points

The distance between points with coordinates  

(x
1
,  y

1
) and (x

2
,  y

2
) is given by x x y y

2 1

2

2 1

2

( ) + ( ) .

Example 66

Find the distance between the points with coordinates  

(2,  3) and (5,  4).

Answer

Distance           
22 2 2

= 5 2 + 4 3 = 7 + 7  =  9.90

Exercise 3L

Calculate the distance between the following pairs of points.  Give 

your answer to 3  signigant gures where appropriate.

1 (1 ,  2) and (4,  6)

2 (2,  5) and (3,  3)

3 (6,  6) and (1 ,  7)

x

y

0

(x1,  y1)

(x2,  y2)
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The gradient of a  straight line

The gradient of a straight line is a measure of how steep it is.

It is also called the slope.

R ISE

RU N

SLOPE  =  
R I SE

RU N   

Positive gradient

x

y

[  G rad ient =  
Rise

Run

4

6

2

3

= =

Negative gradient

x

y

[  G rad ient =  
Rise

Run

7

9
=   

 

x

y

  

x

y

 Positive Slope Negative slope

  Horizonta l  l ines have  a  grad ient of zero  because  the  rise  is  zero.

 

x

y

 Zero Slope

To fnd  the gradient, 

measure the vertical  

increase (rise)  

between  two points 

and  d ivide by the 

horizontal  increase 

(run).

The run is  6  

un its

The rise is  4 

units.

The run is  9  

un its

The rise is  7  

units.  7  units 

down.

Another way of saying this is 

 gradient =  
Change in  values

Change in  values

y

x
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  Vertica l  l ines have  an  undefned  grad ient,  as the  run  is  zero

 

x

y

 Undefned  Slope

Exercise 3M

Find the gradient of each line.

1 

x

y
 2  

x

y
 3  

x

y

4 

x

y
 5  

x

y
 6  

x

y

7 

x

y
 8  

x

y  9  

x

y

Finding the gradient of a  line given two points

  The gradient of a line is 
Rise

Run
 which is 

The change in 

The change in 

y

x
.

 Given two points (x
1
,  y

1
) and (x

2
,  y

2
),  The change in 

The change in 

y

x
=

-

-

y y

x x

2 1

2 1
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Example 

Find the gradient of the line joining (3,  2) and (4,  1 )

Answer

Gradient =  
y y

x x

2 1

2 1

-

-

=
1 ( 2)

4 ( 3)
=

3

7

 

 

Exercise 3N

Find the gradient of the line through each pair of points.

1 (19,  16) and (7,  15) 2  (1 ,  19) and (2,  7)

3 (4,  7) and (6,  4) 4  (20,  8) and (9,  1 6)

5 (17,  13) and (17,  7) 6  (14,  3) and (1 ,  3)

7 (3,  0) and (11 ,  15) 8  (1 9,  2) and (11 ,  1 0)

9 (6,  10) and (15,  1 5) 10  (1 2,  18) and (18,  18)

Parallel and perpendicular lines

Parallel lines have the same gradient

x

y

1

m

1

m

Perpendicular lines have slope m  and   
m

1

x

y

A

D

B

C

Run(1)

Rise(4)

Rise(2)

Run(4)

0 4 5 6 731

5

7

6

1

2

3

4

2

Both  of these l ines 

have slope m

Line CD has slope 
1

2

Line AB has slope 2

Notice that the product 

of perpendicular 

gradients is  1.

2   
1

2
 =  1
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Exercise 3O

1 a Which of these gradients are parallel?

b Which are perpendicular?

 
3, 3, , 4.5, , , , , 1 .5,

1

3

2

3

2

9

9

2

2

9

6

2

  

2 State if the lines in each pair are parallel,  perpendicular or 

neither.

a Line A through (2,  5) and (0,  1 ) and line B though (4,  1 0) and 

(5,  1 2).  

b Line C through (3,  14) and (2,  6) and line D though (12,  3) 

and (20,  5) 

c Line E through (1 ,  1 0) and (5,  1 5) and line F through (2,  2) 

and (4,  2).  

d Line G through (5,  7) and (2,  4) and line H through (8,  5) 

and (4,  1 ).  

e Line I through (4,  1 1 ) and (10,  20) and line J through (2,  1 ) 

and (6,  7) 

Equations of lines

A straight line is dened by a linear equation of the form

 y =  m x +  c

 

  

Example 68

Find the equation of the line with gradient 3  passing through (0,  4) 

Answer

The line is y =  3x +  4

Gradient of 3      y-intercept of 4

This y-intercept is 4.

The gradient is 3.

Using the gradient formula to nd the equation  
of a  line

Consider a line with a xed point (x
1
,  y

1
) and a general point (x,  y).  

Then m
y y

x x
=

1

1





or y  y
1
 =  m(x  x

1
).

This is cal led  the 

gradient-intercept form.

Some people use 

y =  ax  +  bGradient y-intercept
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Example 

Find the equation of the line with gradient m  =  3  passing through  

(x
1   
y
1
) =  (6,12)

 y  y
1
 =  m(x  x

1
).                                                

y  1 2 =  3(x  6)

y  1 2 =  3x  1 8

         y = 3x  6

Exercise 3P

Find the equation of each line in gradient-intercept form

1 Gradient 3,  passing through (1 ,  5)

2 Gradient 4,  passing through (5,  1 1 )

3 Gradient 2.5,  passing through (4,  1 2)

4 Gradient 
1

2
,  passing through (12,  20)

5 Gradient 5,  passing through (2,  13)

6 Gradient 3,  passing through (1 ,  1 )

7 Gradient 2,  passing through (3,  1 )

8 Gradient  
1

2
,  passing though (4,  3)

9 Find the equation of the line passing through (2,  7) and (5,19).

10 Find the equation of the line passing through (1 ,  3)  

and (5,  11 ).

 Statistics

.  Statistical graphs

In a statistical investigation we collect information,  known as data.   

To represent this data in a clear way we can use graphs.  Three types  

of statistical graph are bar charts,  pie charts and pictograms.

Bar charts

A bar chart is a graph made from rectangles,  or bars,  of equal width  

whose length is proportional to the quantity they represent,  or  

frequency.  Sometimes we leave a small gap between the bars.
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Example 70

Juliene collected some data about the ways in which her class travel to 

school.  

Type of transport Bus Car Taxi Bike Walk

Frequency 7 6 4 1 2

Represent this information in a bar chart.

Answer

Bus

Fr
e
q
u
e
n
cy

Type of transport

0 Car

2

4

8

6

Taxi Bike Walk

Example 71

Lakshmi collected data from the same class 

about the number of children in each of their 

families.

No.  of children 1 2 3 4 6

Frequency 3 9 5 2 1

Represent this information in a bar chart.

Answer

1

2

0

10

2

No. of chi ldren

Fr
e
q
u
e
n
cy

4

6

8

3 4 765

Pie charts

A pie chart is a circle divided into sectors,  like slices from a pie.   

The sector angles are proportional to the quantities they represent.
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Example 72

Use Julienes data from Example 70 to construct a pie chart.

Answer

Type of 

transport
Frequency

Sector  

angle

Bus 7
7

20
  360 126

Car 6
6

20
  360 108

Taxi 4
4

20
  360 72

Bike 1
1

20
  360 18

Walk 2
2

20
  360 36

The total of the frequencies is 20.  The total angle for 

the whole circle is 360.

Bike

Wa lk

Bus

Car

Taxi

Start by drawing a radius and then measure,  with 

your protractor,  each angle in turn.  The total of the 

sector angles should be 360.

Pictograms

Pictograms  are similar to bar charts,  except that pictures are used.  

The number of pictures is proportional to the quantity they 

represent.  The pictures can be relevant to the items they show or just 

a simple character such as an asterisk.

Example 73

Use Julienes data from Example 70 to construct a pictogram.

Answer

Key:    =  1  bus   =  1 car   =  1  taxi

 =  1  bike  =  1  walk

Bus

Car

Taxi

Bike

Walk

In  th is  pictogram, 

d ifferent symbols 

are used  for each  

category but the 

symbols describe the 

category as wel l .
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Example 74

Use this data on the number of children in a sample of families to 

construct a pictogram.

Number of children 1 2 3 4 6

Frequency 4 9 6 2 1

Answer

No.  of chi ldren

1  

2 

3 

4 

6 

Key:    =  1  chi ld

Exercise 4A

1 Adam carried out a survey of the cars passing by his window on 

the road outside.  He noted the colors of the cars that passed by 

for 1 0 minutes and collected the following data.

Color Black Red Blue Green Si lver White

Frequency 12 6 10 7 14 11

  Draw a bar chart,  a pie chart and a pictogram to represent the 

data.  

2 Ida asked the members of her class how many times they had 

visited the cinema in the past month.  She collected the following 

data.

Number of times visited 1 2 3 4 8 12

Number of students 4 7 4 3 1 1

  Draw a bar chart,  a pie chart and a pictogram to represent the 

data.  

Stem and leaf diagrams

Stem and leaf diagrams provide a simple means of organizing raw 

data without losing any of the detail.

Here is some data on the weights of 20 people (in kg).

50,  47,  53,  88,  75,  62,  49,  83,  57,  69,  71 ,  73,  73,  66,  51 ,  44,  78,  66,  

54 and 80

You can draw a stem and leaf diagram for this data.  

They are also cal led  

stem  plots.
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The stem  is the tens,  and the  leaves  are the units.

You must give a key for a stem and leaf diagram.

4 4 7 9 Key

5 0 1 3 4 7 6| 2 means 62 kg

6 2 6 6 9

7 1 3 3 5 8

Exercise 4B

1 The test scores out of 50 for a math class are:

  21 ,  23,  25,  26,  28,  30,  30,  30,  33,  36,  37,  39,  39,  40,  41 ,  42,  42,  

42,  42,  46,  49,  50,  54.

 Show this on a stem and leaf diagram.

2 The number of advertisements in different issues of a magazine 

are:

  164,  1 76,  1 21 ,  1 85,  148,  149,  177,  1 51 ,  1 57,  1 52,  1 63,  145,   

123,  1 76

 Show this on a stem and leaf diagram.

3 The waiting time,  in minutes,  at the dentists surgery was 

recorder for 24 patients as:  

  55,  26,  27,  53,  1 9,  28,  30,  29,  22,  44,  48,  48,  37,  46,  62,  57,  49,  

42,  25,  34,  58,  43,  52,  36.

 Show this on a stem and leaf diagram.

4 The number of tomatoes produced on different plants in a 

garden is given below:

  1 1 ,  34,  14,  23,  56,  36,  28,  1 9,  26,  35,  24,  30,  51 ,  1 8,  14,  1 6,  27,  

29,  38,  26.

 Show this on a stem and leaf diagram.

5 The times,  in seconds,  for scouts to tie a knot were:

 4.6,  2.2,  3.1 ,  4.2,  5.2,  4.3,  6.0,  7.3,  7.4,  3.2,  

 3.3,  6.3,  3.2,  2.3,  2.5,  6.4,  5.2,  2.5,  2.9,  5.2,  5.4,  4.3,  4.8,  4.7

 Show this on a stem and leaf diagram.

. Data analysis

  Discrete data  can only take specic values.  Discrete data is 

often counted.

For example:
 the number of children in your family  the values can only be 

whole numbers.

 UK shoe sizes  2,  2
1

2
,  3,  3

1

2
,  4,  4

1

2
,  5,  5

1

2
,  6,  6

1

2
,    

Use this  key:  

16 |  4 means 164 

advertisements

Use the whole number 

part as the stem, 

and  the tenths as the 

leaves.

The leaves are the units 

digits written in order

Th  m i  h  1  i i

The key explains what the 

stem and leaf data means
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  Continuous data  can take any value within a certain range.  

 Continuous data is measured,  and its accuracy depends on the 

measuring instrument used.

For example:  

 the time taken to run 100 m may be 14.4 seconds or 14.43 

seconds or 14.428 seconds etc.  depending on the measuring 

instrument.  

Exercise 4C

State whether each set of data is discrete or continuous.

1 The number of cars in a school car park.

2 The number of books in a library.

3 The length of your pencil.

4 The time that it takes you to rum 400 m.

5 The speed of a car.

6 The number of friends that you have.

7 The number of shoes that you own.

8 The mass of a table.

9 The distance from the Earth to the Sun.

Measures of central tendency

A measure of central tendency,  or average,  describes a typical value 

for a set of data.  

There are three common types of average:

 The mode  this is the data value that occurs most often.

 The median  this is the middle item when the data is arranged in 

order of size.

 The  mean  this is what most people mean when they use the 

word average.  It is found by adding up all of the data and 

dividing by the number of pieces of data.
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Example 7

Find  a  the mode  b  the median and  c  the mean of this data set:

2,  5,  4,  9,  1 ,  3,  2,  6,  9,  2,  5,  1 3,  4

Answers

a  The mode is 2 2 occurs the most often

b 1 ,  2,  2,  2,  3,  4,  4,  5,  5,  6,  9,  9,  1 3 write them in order and nd the 

middle one

 The median is 4

c  Mean =
1 + 2 + 2 + 2 + 3 + 4 + 4 + 5 + 5 + 6 + 9 + 9 +13

13

=
65

13
= 5

Add them all together.  There are 13 

pieces of data,  so divide by 13.

Exercise 4D

1 Find a  the mode b  the median and c  the mean of 

a 1 ,  4,  1 ,  5,  6,  7,  3,  1 ,  8

b 4,  7,  5,  1 2,  5,  3,  2

c 2,  3,  8,  2,  1 ,  7,  9,  8,  5

d 25,  28,  29,  21 ,  25,  20,  27

e 7.4,  1 0.2,  1 2.5,  6.8,  1 0.2

2 Fifteen students were asked how many brothers and sisters they 

had.  The results were:

 2,  2,  1 ,  0,  3,  5,  2,  1 ,1 ,  0,  1 ,  4,  1 ,  0,  2.

  Find a  the mode,  b  the median and c  the mean number of 

brothers and sisters.

3 My last nine homework scores,  marked out of 1 0,  were:

 8,  7,  9,  1 0,  8,  9,  6,  8,  7

  Find a  the mode b  the median and c  the mean  

homework score.

4 A sprinters times in seconds for the 40 m dash were:

 5.13,  4.82,  5.25,  4.94,  5.06,  4.82,  5.12

  Find a  the mode,  b  the median and c  the mean of the times.

5 Seven farmers own different numbers of chickens.   

These numbers are:  

 253,  78,  497,  1 66,  710,  497 and 599

  Find a  the mode,  b  the median and c  the mean number of 

chickens.
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Measures of dispersion

A measure of dispersion is a value that describes the spread of a set 

of data.  

The range and interquartile range  are two measures of dispersion.

The range shows how spread out the data is.

  Range =  highest value  lowest value

The quartiles divide a set of data into four equal amounts.

  The lower quartile Q
1
 is 25% of the way through the data and 

its position is found using the formula:

 Q
n

1

th

=
+1

4







 where n  is the number of items in the data set.

 The upper quartile Q
3
 is 75% of the way through the data and 

its position is found using the formula

 

Q
n

3

th

= 3
1

4

+







 The interquartile range shows how spread out the middle 

50% of the data is.

 Interquartile range =  Q
3
  Q

1

Example 76

Here are the shoe sizes of fteen boys:

42,  42,  38,  40,  42,  40,  34,  46,  44,  36,  38,  40,  42,  36,  42

Find a  the range and  b  the interquartile range.

Answers

a   34,  36,  36,  38,  38,  40,  40,  40,  

42,  42,  42,  42,  42,  44,  46

 range =  46  34 =  12

b   Lower quartile =  
16

4
th  

value =  4th value

 =  38

  Upper quartile =  3    4th  

value =  12th value

 =  42

  So interquartile range  

=  42  38 =  4

To nd the interquartile range,  rst 

arrange the data in order of size

n = 15
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Exercise 4E

1 Here are the shoe sizes of fteen girls:

 26,  28,  28,  36,  34,  32,  30,  34,  32,  28,  36,  38,  34,  32,  30

 Find a  the range and  b   the interquartile range of the shoe 

sizes.

2 23 students were asked how many pets they had at home.  Here 

are the replies:

 1 ,  4,  3,  5,  3,  2,  8,  0,  2,  1 ,  3,  2,  4,  2,  1 ,  0,  1 ,  2,  6,  7,  2,  8,  2

  Find a  the range and   b   the interquartile range for the 

number of pets.

3 The average daily temperatures inC in Chillton during January 

were

 6,  4,  4,  2,  1 ,  0,  4,  5,  7,  4,  2,  1 ,  0,  3,  4,  6,

 7,  5,  3,  1 ,  1 ,  3,  4,  7,  7,  8,  3,  2,  0,  2,  5 

  Find a  the range and  b   the interquartile range for the 

daily temperatures.

4 The grocer sells potatoes by the kilogram.  

  I bought 1kg of potatoes every day of the week and counted the 

number of potatoes each time.  Here are the results:

Day Monday Tuesday Wednesday Thursday Friday Saturday Sunday

Potatoes 18 15 20 17 14 12 15

  Find a  the range and  b   the interquartile range for the 

number of potatoes in 1  kilogram.

5 The time (in seconds) taken for eleven players in a soccer team to 

prepare for a free kick is given.

 12.4,  2.45,  3.75,  1 0,  3.5,  8.4,  9.6,  23.5,  2.48,  1 5.6,  5.2

  Find a  the range and  b   the interquartile range for the  

time taken.
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Practice 
paper 119

SECTION A

1 Let f (x) =  2(x   p)(x   q).  Part of the graph of f is shown below.

 
y

0 x
(1 ,  0 ) (3 ,  0 )

a Write down the values of p  and q.   [2 marks]

b i  Write down the equation of the axis of symmetry.  [1 mark]

 ii  Find the coordinates of the vertex.  [3 marks]

2  Given that f (x) =  e2x,  answer the following.

a Find the rst four derivatives of f (x).  [4 marks]

b Write an expression for f  (n)(x) in terms of x and n.  [3 marks]

3  Consider the expansion of the expression (x 4   2x)5.

a Write down the number of terms in this expansion.  [1 mark]

b Find the term in x11 .  [5 marks]

Worked solutions on CD:  
Detailed worked solutions for 

this practice  paper are given  

as a  PowerPoint presentation  

on  the  CD.  

Time al lowed:  1  hour 30 minutes

 Answer al l  the questions

  Unless otherwise stated  in  the question, a l l  numerical  

answers must be given  exactly or correct to three 

signifcant fgures.

Full marks are not necessarily awarded for a  correct answer 

with no working. Answers must be supported by working  

and/or explanations. Where an  answer is incorrect,  some marks 

may be given for a  correct method, provided this is shown by 

written working. You are therefore advised to show all working.

Practice exam papers  
on CD: IB examination  papers 

include spaces for you to  write  

your answers.  There is a  version  

of this practice paper with  

space for you to  write your 

answers on the CD.  You can  

papers for further practice.
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4  A straight line containing the points (0,  0) and (2,  3) makes an  

acute angle   with the x-axis.

a Find the value of

 i  sin 2;

 ii  cos 2.  [3 marks]

b Hence,  write down the value of tan 2.  [4 marks]

5  The Venn diagram below shows information about 40 students in  

a theater class.  Of these,  1 1  take a dance class (D),  1 4 take a  

voice class (V) and 5  take both a dance and a voice class.

 
D V

s

p q r

a Write down the value of 

 i  p;

 ii  q;

 iii  r;

 iv  s.  [4 marks]

b Find the value of P V D| ( ) .  [2 marks]

c Show that the V and D are not  mutually exclusive.  [1 mark]

6  The shaded region in the graph shown below is bounded  

by f x

x

( )

sin

=











1

2

x
1

4

,  x =  4,  the x-axis and the y-axis.

 
y

0 x
1

2

3

1

2 3 4 5 6 7 8 9 10 11

 The shaded region is rotated 360 about the x-axis to form a solid.

a Write down a denite integral that gives the volume of the solid.   [1 mark]

b Given that the volume of the solid is p (cos(q)   1 ),  nd the values of p and q.   [5 mark]

7  Let f (x) =  4x.

a Write down lim ( )
x

f x
 

.  [1 mark]

b Show that f x
x

 =1

4

1
( ) log .  [2 marks]

Let g (x) =  2x.

c Find the value of f g( ) ( )1 4 ,  giving your answer as an integer.  [4 marks]

Chapter 19 709



SECTION B

8 Let f (x) =  2x3   1 .5x2   3x +  4.5.  Part of the graph of f  is  

shown below.

 y

0 x

A

B

C

There is a relative maximum point at A,  an inection point at B  

and a relative minimum point at C  (1 ,  2).

a Find the x-coordinate of

 i  point A;

 ii  point B.  [10 marks]

b A certain transformation is dened by a reection in the  

x-axis followed by a translation by the vector 
0

3








 .

 i   Write down the coordinates of the image of C after  

this transformation.

 ii   The graph of a function g is obtained when function  

f undergoes this transformation.  

Write down the equation that denes the function g.  [4 marks]

9 Let f (x) =  xex.

a Use the product rule to show that f (x) =  ex  (1    x).  [4 marks]

b Find f (x).  [3 marks]

c i  Find the value of f (1 ) and the value of f (1 ).

 ii   Hence explain why there is a relative minimum point,  a relative  

maximum point or neither on the graph of f  where x =  1 .  [5 marks]
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10 The line L
1
 is represented by the vector equation r p= + 

































0

4

1

8

2

12

.

  A  second line L
2
 is perpendicular to L

1
 and represented by the  

vector equation r s

l

=  +
































4

2

15

2

2 .

a Show that l =  1 .  [5 marks]

 The lines L
1
 and L

2
 intersect at the point A.

b Find OA.  [6 marks]

 Let OB   =
















9

6

10

 and BC   = 
















1

5

2

.

c  i  Find BA .

 ii  Hence nd ABC .  [7 marks] 

Use the mark scheme 

in  the Answer section  

at the back of th is  

book to mark your 

answers to th is  

practice paper.
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Practice paper 2

Time al lowed:  1  hour 30 minutes

 Answer al l  the questions

  Unless otherwise stated  in  the question, a l l  numerical  

answers must be given  exactly or correct to three 

signifcant fgures.

Full marks are not necessarily awarded or a  correct answer 

with no working. Answers must be supported by working and/or 

explanations. In  particular,  solutions ound rom a  graphic 

display calculator should be supported by suitable working,  

e.g. i graphs are used to fnd a  solution, you should sketch 

these as part o your answer. Where an answer is incorrect,  

some marks may be given or a  correct method, provided this is 

shown by written working. You are thereore advised to show all 

working.

Practice exam papers  
on CD: IB examination  papers 

include spaces for you to  write  

your answers.  There is a  version  

of this practice paper with  

space for you to  write your 

answers on the CD.  You can  

papers for further practice.

Worked solutions on CD:  
Detailed worked solutions for 

this practice  paper are given  

as a  PowerPoint presentation  

on  the  CD.  

SECTION A

1 It is thought that the weight of a mango is related to its length.   

The length (x) in cm and the weight (y) in grams are shown in  

the table below.

Length x (cm) 14 21 10 22 15 17 12 25 22 18

Weight y (g) 70 95 58 112 77 92 63 130 121 100

a Write down the correlation coefcient,  r.  [1 mark]

b Comment on your value for r.  [2 marks]

c Write down the equation of the regression line of y on x.  [1 mark]

d Use your regression line to calculate the weight of a mango of  

length 20 cm.  [2 marks]

2 Consider the arithmetic sequence 5,  9,  1 3,   ,  329

a Write down the common difference.       [1 mark]

b Find the number of terms in the sequence.  [3 marks]

c Find the sum of the sequence.  [2 marks]
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3 Let f (x) =  x sin x,  for 0   x   6 .  

a Find f  (x) [3 marks]

b Sketch the graph of y =  f (x) [4 marks]

4  The following table shows the number of computers that a class  

has owned.  The mean was 4 computers.

Computers 1 2 3 4 5 6

Frequency 2 1 4 9 x 3

a Show that the value of x is 6.  [2 marks]

b Write down the standard deviation.  [1 mark]

  A different school had a mean of 3.6 computers and a standard deviation  

of 1 .2 computers.  An old teacher gives every student a new computer.  

c What will be the new mean? [1 mark]

d What effect will this have on the standard deviation? [1 mark]

5 The diagram below shows quadrilateral ABCD.

 

B

D

A

C

100

30

8

8

10

a Find BD.  [2 marks]

b Find angle BCD.  [3 marks]

c Find the area of triangle BCD.  [2 marks]

6 The acceleration,  a ms2,  of a particle at time t seconds is given by

   

a t t
t

= + 
1

3 2 1sin , .for 
 

 The  particle is at rest when t = 1 .

 Find  the velocity of the particle when t =  5.  [6 marks]

7 The probability of winning in a game of chance is 0.25

a If Wally plays 10 games,  nd the probability that he wins exactly 4.  [3 marks]

b What is the least number of games that Wally must play to  

ensure that the probability of winning at least twice is more  

than 0.9? [4 marks]
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SECTION B

8 The following graph shows the depth of water in Fisheet Harbor  

over a twelve-hour period from midnight to midday.

 y

0 x
1

2

1

2 3 4 5 6 7 8 9 10 11

3

4

5

6

7

8

9

a Use the graph to estimate the time when 

 i  the water is at a maximum.

 ii  the depth is increasing most rapidly.  [2 marks]

b The depth of water can be modeled by the function  

y =  Acos(B(x  C)) +  D

 i  Show that A  =  4

 ii  Write down the value of C.

 iii  Write down the value of D.

 iv Find the value of B.

 v Write down the function that models the depth of water.  [8 marks]

c The Seahawk shing trawler can only enter the harbor when the  

depth of the water is 4.5 m or more.  Use your model to nd  

earliest time after 7 am that the Seahawk can enter the harbor.  [3 marks]

9 Let f (x) =  4  (1   x)2,  for 2   x   4 and g (x) =  ln(x + 3) 2,  for 3    x   5

a Sketch the graphs of both functions on the same axis.  [4 marks]

b i  Write down the equation of the vertical asymptote.

 ii  Write down the x-intercept of g.

 iii  Write down the y-intercept of g.  [4 marks]

c Find the values for which f (x) =  g (x).  [2 marks]

 Let R  be the region between the two curves where x   0.

d i  Shade the region R  on your graph.

 ii  Write down an integral expression that represents the area of R.

 iii  Evaluate the area of R.  [5 marks]
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10  In a large school,  the heights of all fourteen-year-old students  

are measured.

  The heights of the girls are normally distributed with mean  

155 cm and standard deviation 10 cm.

  The heights of the boys are normally distributed with mean  

160 cm and standard deviation 12 cm.

a Find the probability that a girl is taller than 170 cm.  [3 marks]

b Given that 10% of the girls are shorter than x cm,  nd x.  [3 marks]

c Given that 90% of the boys have heights between q cm and r cm  

where q and r are symmetrical about 160 cm,  and q <  r,  nd the value  

of q and of r.  [4 marks]

 In the group of fourteen-year-old students,  60% are girls and 40% are boys.

 The probability that a girl is taller than 170 cm was found in part (a).

 The probability that a boy is taller than 170 cm is 0.202.

 A fourteen-year-old student is selected at random.

d Calculate the probability that the student is taller than 170 cm.  [4 marks]

e Given that the student is taller than 170 cm,  what is the probability  

the student is a girl?  [3 marks]

Use the mark scheme 

in  the Answer section  

at the back of th is  

book to mark your 

answers to th is  

practice paper.
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Answers
Chapter 1

Skills check

1 a  y

4

3

2

1

2

3

1

4

A CF

D

E

0 x4 3 2 1 21 3 54

B

 b   A(0,  2),  B(1 ,  0),  C(1 ,  0),  

D(0,  0),  E(2,  1 ),  F(2,  2),   

G(3 ,  1 ),  H(1 ,  1 )

2  a  34 b  82

 c  1 6 d  

1 3

60

3  a  4  b  2  c  1 0

4  a 

1 1

y

x

1

2

4

3

2

3

4

1 2 434 3 2 7650

 b  

1 1

y

x

2

4

6

8

10

12

14

16

2 432 50

 c  

123 1 2 3

y

2

4

0 x

2

4

6

5  a  x
2 +  9x =  20

 b  x2   4x +  3

 c  x
2 +  x   20

Investigation  handshakes

a  6

b 
Number  

of people

Number of  

handshakes

2 1

3 3

4 6

5 10

6 15

7 21

8 28

9 36

10 45

c y

0 x2 4 6 8 10

5

15

25

35

45

Number of people

N
u
m
b
e
r 
o
f 
h
a
n
d
sh

a
ke

s

d H =  



n(n   1 )

Exercise 1A

1  Functions:  a b f

2 a    Function:  domain {0,  1 ,  2,  

3 ,  4}  range {0,  1 ,  2}

 b    Relation:  domain {1 ,  0,  

1 ,  2,  3}  range {1 ,  0,  1 ,  2}

3 Yes,  function.

Exercise 1B

1 a  b d  f h  i

2  a  

0
48 4 8

y

x

4

2

6

8

4

2

6

2 626

 b  

48 4

y

x

4

8

4

2

2

6

2 66 2
0

 c 

1 1

y

x

1

2

4

3

2

3

4

1 2 434 3 2 7650

 d  

48 4

y

x

4

8

6

2

6 2 2 60

 e   Yes,  vertical line will only 

cross once.

 f  No,  vertical lines  such as   

x =  3  are not functions.

3 Not a function as  a vertical 

line crosses the region in 

many places

 

y

2

1

3

4

0 x3 2 21 31

1

2

3

4

4     
       

  When x =  1 ,  y  =    .  two 

possible values so  not a 

function.
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Exercise 1C

1  Horizontal asymptote:  y  =  0

2  Horizontal asymptote:  y  =  0,  

Vertical asymptote:  x =  0

3  Horizontal asymptote:  y    0,  

Vertical asymptote:  x =  1

4  Horizontal asymptote:  y  =  2,  

Vertical asymptote:  x =  2

5  Horizontal asymptote:  y  =  2,  

Vertical asymptote:  x =  1

6  Horizontal asymptote:  y  =  0,  

Vertical asymptote:  x =  3

Exercise 1D

1 Function,  domain {2,  3 ,  4,  5 ,  

6,  7,  8,  9,  1 0} ,  range {1 ,  3 ,  6,  

1 0,  1 5,  21 ,  28,  36,  45} .

2 a   domain {x:4 <  x   4} ,  

range {y:  0    y    4}

b  domain{x:1    x   5} ,  

range{y:  0    y    4}

c  domain{x :    <  x <  } ,  

range{y:  0    y  <  }

d  domain{x:  <  x   2   

<  x <  } ,   

range{y:    <  y    3  4   

y <  8}

e domain{x:5    x   5} ,  

range{y:  3    y    4}

f domain{x:  <  x   } ,  

range{y:  1    y    1 }

g domain{x:2   x   2} ,  

range{y:  2    y    2}

h domain{x:    <  x   } ,  

range{y:    <  x   }

i  domain x   ,  x   1 ,  range 

y   ,  y    0

3 a  x    ,  y   

 

y

4

8

0 x
4 42 62 8

4

8

12

b x   ,  y   0

 

y

0 x
2 2 4

4

8

10

12

14

16

4

c x   ,  y   0.25

 

y

a

0 x
2 2

5

10

15

20

46

d x   ,  y   

y

a

0 x
1 1 2

5

5

10

10

2

15

e x   0,  y   0

 

y

0 x
20 40 60 80 100

2

4

6

8

10

f x   4,  y   0

y

0
x

20406080100

2

4

6

8

10

a

g x     x   0,  y     y    0,

 

48 4 8

y

x

4

8

4

8

0

h x   ,  y >  0

112

1

y

x

3

2

4

6

8

5

7

20

i  x     x   2,  y     y    0,

 

y

x

4

8

4

6

10

2

2

6

10

8

42 64 268
0

Answers 77



j  x     x   2,  y     y    1

 

1010 20

y

x

4

2

6

10

8

4

6

10

2

8

0

k x     x   3,  y     y    6

13 1 3

y

x

4

4

8

75
0

l x   ,  0  <  y    2

13 1 3

0.5

y

x

1

1.5

2

2 4 65 4 52 0

Exercise 1E

1 a  i  5  i i  5  i ii   1




 iv 2,  v  a    2

b i  21  i i  9 i ii  1




 iv 0 v  3a

c i  
7
 i i  

3
  i ii  

1

8

 iv 0 v  



a 

d i  1 9 i i   1  i ii  6

 iv 5  v  2a  +  5

e i  51  i i  1 1  i ii  2




 iv 2 v  a2 +  2

2 a  a2   4 b  a2 +  1 0a  +  21

c a2   2a    3  d  a4   4a2

e 21    1 0a  +  a2

3 a  2 b  1 1  c  2

4 a  




 b   x =  6,  denominator =  0  

and h  (x)  undened.

5 a  1 25

b The volume of a cube of 

side 5.

6 a  i  
1

9
 ii  

5

4

  i i i  
1
 iv 0.

b i  4 ii  1 1  iii  67

 iv 697 v 6997

 vi  6 9997

c The value of g (x)  is  getting 

increasingly smaller as  x 

approaches 2.

d 2

e asymptote at x =  2.  

4 8

y

x

10

20

10

20

12 1648 0

7 a  9  m s1  b  7  m s1

 c 91  m s1  d  3  s

8 a  f h f h

h

( ) ( )2 2 2+  +

 b  
f h f h

h

( ) ( )3 2 3+  +

Exercise 1F

1 a  1 2  b  3  c  1 5

 d 3x +  3  e  1 3  f 1 6

g 17 h 3x +  1  i  1 8

j  38  k  3x2 +  6  

l  9x2 +  2  m 1 2 n 1 8

o  x2 +  3  p x2 +  2x +  3

2 a  3  b  0  c  1 2

d 1  e  5  f 48

g 3    4x +  x 2 h 2x +  x 2

3 a  x 2 +  4x +  4 b  25

4 a  5x 2 +  5  b  25x 2 +  1

5 a  x 2   8x +  1 9  b  x 2    1

 c 2.5

6 (r  s)  (x) =  x 
2   4,  x   ,  y    4

Exercise 1G

1 b,  c  

2 a  

48 4 8

y

x

4

8

4

8

0

b 

48 4 8

y

x

4

8

4

8

0

c 

48 4 8

y

x

4

8

4

8

0

d 

48 4 8

y

x

4

8

4

8

0

e 

0 21 3

y

x

4

8

4

42 134

Answers



f

21 3

y

x

4

6

2

4

4 523 1 0

Exercise 1H

1 a  i  2  and 1

ii  


 and 3

ii i  x iv  x

 b   They are inverses of each 

other.

2 a  
x + 1

3
 b  

 c 4(x   5)  d  (x +  3 )3

 e  
 

 f   




 g 


  h  

 





3 a  1   x b  x c 



 

4 a  1  b  5  c  


    

5 
  




 

6 ac

0 2

y

x

4

8

4

42

d f (x):  x    ,  y  >  0   

f  1  (x):  x >  0,  y   

7 g1 (x)  =  x2.  The  range of g (x)  

is  x   0  so  the domain of 

g 1  (x)  is  x   0.  The domain of 

f (x)  is  x    so  g 1  (x)    f (x)

8 If f (x)  =  mx +  c then 

1


   
 

    

     not  1  so  not 

perpendicular.

Investigation  functions

1 Changing the constant term 

translates y =  x along the y-axis.

 

246 2 4 6

1

y

x

3

5

2

4

0

2 Changing the x-coefcient 

alters  the gradient of the line.  

 

246 2 4

1

y

x

3

5

2

0

3 y  =  | x +  h|  is  a translation of 

h  along the x-axis

 
135 1 0 3 5

1

y

x

3

5

7

y =| x|

y =| x + 2|y =| x  3|

4 The negative sign reects   

the graph in the x-axis.  

Increasing the value of a  

means the graph increases 

more steeply.

0 13 1 2 3

1

y

x

2

3

4

1

2

3

2

Exercise 1I

1 a  

42 6

y

x

4

6

2

8

4

2 84 28 6 0

b 

2

4

y

x

4

6

4

2
0

6

48 2 2 6 86

c 

4 82 6

2

0

y

x

4

6

4

248 26

d

 

4 82 6

2

y

x

4

6

4

24 08 26

e 

4 8

2

y

x

6

4
4 08 10

f 

4 82 6

2

y

x

4

8

6

10

4

2

6

4 0

8

8 26

Answers 9



g 

10 15

2

y

x

4

6

4

210 015

2 g (x)  =  f (x) +  2

 h (x)  =  f (x)    4

 q (x)  =  
1

2
f (x)

3 q (x)  =  f (x +  4)   2

 s (x) =  f (x +  4)

 t (x) =  f (x   2)

4 a   Domain 1    x   7,  range 

4   y   6

    

4

4

y

x

2

6

8

4

24 08 2 6 826

b Domain 3    x   1 ,  range 

0    y   5  

 

2

2

y

x

4

2

2 046

5 a  y

2

4

0 x24 2 4

2

4

A
1

g

f

b y

2

4

0 x24 2 4

2

4

A
1

Ag

f

 c   y

2

4

0 x24 2 4

2

4

A
1

A
g

f

d 

     
y

2

4

0 x24 2 4

2

4

A
1

Ag

f

e y

2

4

0 x248 2 4 6 8 10

2

4

6
A
1

Ag
f

6 a  Reection in x-axis.   

b Horizontal translation 3  

units.

c Vertical stretch SF2,  

reection x-axis,  vertical 

translation of 5  units.

7 a,  b

20 41 3

2

y

x

f (x)

g (x)
1

3

5

4

24 13

Review exercise non-GDC

1 a  4a    1 3  b    


2 a  2x2  15x +  28  

 b    2x2 +  9

3 a   


 
 b    




4 f  1(x)  =  5x   5

 

0

2

y

x

4

2

4

6

2 424 66

6

(0,1)

f

5 a    


 b  x3  2

6 a  

0 2 4

2

y

x

4

2

4

2

(0,1)

f

 b  

11

1

y

x
1

3

2

2

4

3

20

7 a  Domain x   ,  y    0

 b   Domain x   ,  x   3 ,  

Range y    ,  y    0

8 a            

  b  
 

  
 




 








    

9 a   Inverse function graph is  

the reection in y  =  x.

Answers0



b 

0

2

y

x

4

2

4

2 42 6

(3,  0)

(0,       )
3

2

10 a  2  b   1 3

c 1    


  

11 a  

20 1

2

y

x

4

3

1

5

24 3 1

b P is  (4,  1 )  

12 a  (f   g)  (x)  =  3x +  6

b f  1(x)  =  



 g 1(x)  =  x  2

f 1(1 2)  =  



 =  4

g 1(1 2)  =  1 2   2  =  1 0

f  1  (1 2)  +  g 1  (1 2)  =  4 +1 0

f  1(1 2)  +  g 1  (1 2)  =  1 4

13 a  (h    g)(x)  =  
  

  







( ) 

 =  
 

 









b  




Review exercise GDC

1 Domain:  x   2,  range:  y    0

2  Domain:  x   ,  range:  y    4

 

20 41 3

y

x

4

2

6

10

8

12

14

16

4

2
24 13

3 Domain x   ,  x   2,  range  

y    ,  x   0

 
y

4

6

2

8

0 x235 146 21

4

2

6

10

8

12

4 a  y

2

6

8

4

0 x123 1 2

2

4

8

6

b  x-intercept 1 .5,   

y-intercept 3 .

5 a  y

0 x246 2 4 6

2

4

6

b 0

c Domain x   ,  x   ,  

range y  >  0

6 a  x =  2,  y  =  2

b y

4

8

0 x

f

4812 4 8 12

4

8

12

16

c (2.5,  0),  (0,  2.5)

7 a  

123 1 2 3

y

2

4

6

0 x

2

4

6

b x =   

8 a    

b y

2

4

0 x246 2 4 6

2

4

6

c 1 .67

9 

10

y

0 x

x =  1

y =  1

2 135 4 21

10

20

10 a  
1    


  

b (g  1  f )  (x)   =  (3x   2)  +  3   

=  3x +  1

c  1  


        
 

  

 

 

 

 






















  

    

    
  



Answers 



d y

y =  3

x =  3

4

2

0 x
4 26 42 6 8

4

2

6

10

8

12

e x =  3 ,  y  =  3

Chapter 2

Skills check

1  a  a  =  6

b  x =  5

c  n  =  1 1

2  a  2k(k    5)

b  7a(2a2 +  3a    7)

c  (2x +  3 )(x+2y)

d  (5a    b)(a    2)

e  (n  +  1 )(n  +  3 )

f (2x   3 )(x +  1 )

g  (m  +  6)(m    6)

h  (5x +  9y)(5x   9y)

Exercise 2A

1  a  1 ,  2

b  8,  7

c  5,  6

d  5,  5

e  8,  6

f 3

2  a  
4

3

1

2
,

b  2
4

5
,

c  1
5

2
,

d  
1

2

9

2
,

e   4
2

3
,

f 
3

2

4

3
,

Exercise 2B

1  a  5,  4

b  2,  
2

3

c  
3

2

d  2,  
25

2

e  9,  4

f 
1

4
1,

2  3  or 4

3  
2

5
 or 3

Investigation  perfect  

square trinomials

1  5

2  3

3  7

4  4

5  9

6  1 0

Exercise 2C

1   4 1 9

2  5 37

2



3  3 2 2

4  
 7 65

2

5  1 7

6  
 1 1 3

2

Exercise 2D

1   3 2 3

2  1 2

3  1
3

5


4  
 3 29

4

5  
3

2
, 2

6  
 2 3 6

1 0

Exercise 2E

1  
 9 1 93

8

2   2
4

3
,

3   1
1

5
,

4  3 5

5  no solution

6  
 5 2 1 0

3

7  
3 1 7

4



8  
9 1 1 3

4



9  x =
 9 1 29

4
.

10  3 21

4



Exercise 2F

1  1 8,  32

2  24 m,  1 1  m

3  1 0

4  1 8  cm,  21  cm

5  2.99 seconds

Investigation  roots of 

quadratic equations

1  a  4  b  
3

2

c  
1

5

2  a  7,  2  b  
4 1 0

3



c  
3 89

1 0



3  a  No  solution

b  No solution

c  No solution

Exercise 2G

1  a  37;  two different real roots

b  8;  two different real roots

c  79;  no  real roots

d  0;  two equal real roots

e  23;  no  real roots

f 800;  no  real roots

Answers



2  a  p <  4 b  p  <  3 . 1 25

c  p > 4 2  d  p >
2

3

3  a  k  =  25  b  k  =  1 . 1 25

c  k =  1 5  d  k  =  0,  0.75

4  a  m  >  9  b  2  <  m  <  2

c  m >
1 6

3
 d  m  >  1 2

5  0 <  q  <  1

Investigation  graphs of 

quadratic functions

a  Discriminant,    =  29

 

y

x0

b    =  1 2

 

y

x0

c    =  24

 

y

x0

d    =  71

 

y

x0

e    =  0

 

y

x0

f   =  0

 

y

x0

g    =  33

 

0

y

x

h    =  37

 

0

y

x

If b2   4ac >  0,  graph cuts   

x-axis  twice;  if b2   4ac =  0,   

graph is  tangential to  x-axis;  if  

b2   4ac <  0,  graph does  not 

intersect x-axis.

Exercise 2H

1  a  x =  4;  (0,  5)

b  x =  3 ;  (0,  3)

c  x =  1 ;  (0,  6)

d  x =
5

3
;  (0,  9)

2  a  (7,  2);  (0,  47)

b  (5,  1 );  (0,  26)

c  (1 ,  6);  (0,  1 0)

d  (2,  7);  (0,  5)

3  a  f (x)  =  (x +  5)2   31

  

y

x(0,  6)

(5,  31)

0

 b  f (x)  =  (x   2.5)2   4.25

  

y

x

(0,  2)

(2.5,  4.25)

0

 c  f (x)  =  3(x   1 )2 +  4

  

y

x

(1 ,  4)

(0,  7)

0

 d  f (x)  =  2(x   2)2 +  5

  

y

x

(2,  5)

(0,  3)

0

Answers 7



Exercise 2I

1  a  (3,  0);  (7,  0);  (0,  21 )

b  (4,  0);  (5 ,  0);  (0,  40)

c  (2,  0);  (1 ,  0);  (0,  6)

d  (6,  0);  (2,  0);  (0,  60)

2  a  y =  (x   8)(x +  1 )

  

0

y

x

(1 ,  0)

(0,  8)

(8,  0)

 b  y =  (x   3)(x   5)

  

y

x

(0,  15)

(5,  0)(3,  0)

0

 c  y =  2(x +  1 )(x   2.5)

  

y

x

(2.5,  0)(1 ,  0)

(0,  5)

0

 d  y x x= + 





5 2

4

5
( )

  

y

x

(2,  0)

(0,  8)

0

4

5(  ,  0)

3  a  y =  (x +  3)  2   25;  

  y =  (x +  8)(x   2)

  

y

x

(3,  25)

(0,  16)

(2,  0)(8,  0)

0

 b  y =  (x +  2)2 +  25;

  y =  (x +  7)(x   3 )

  

y

x

(2,  25)

(0,  21)

(7,  0) (3,  0)

0

 c  y =  0.5(x   3 .5)2 +  3 . 1 25;

  y =  0.5(x   1 )(x   6)

  

y

x

(0,  3)

(6,  0)

(3.5,  3.125)

(1 ,  0)

0

 d  y =  4(x   2.25)2   1 2.25;

  y =  4(x   0.5)(x   4)

  

y

x

(4,  0)(0.5,  0)

(0,  8)

(2.25,  12.25)

0

4  a  i  0  ii  6

b  x =  3

c  (3 ,  1 8)

5  a  (  f   g)(x)  =  (x   2)2 +  3

b  (2,  3 )

c  h(x)  =  x 2   1 4x +  50

d  50

Exercise 2J

1  y  =  x 2   4x +  5

2  y  =  x 2   4x   1 2

3  y  =  3x 2   6x +  5

4  y x x=  1

2

5

2

2 3

5  y  =  2x 2 +  7x +  4

6  y  =  0.4x 2 +  8x

7  y  =  x 2 +  4x +  21

8  y  =  1 2x 2   1 2x +  3

Exercise 2K

1  a  1 4.5  metres

 b  1 .42 seconds

2  1 4 cm,  1 8  cm

3  a  1 0    x

 c  50 cm2

4  1 2.1  cm

5  1 7 m,  46  m

6  7,  9,  1 1

7  
1 5

2

+

8  28.1 25  m2

9  60 km,  70  h2

10  6 hours

Review exercise non-GDC

1  a  6,  2

 b  8

c  
7

3
1,

d  3,  4

 e   1 1 3

 f 
7 1 3

6



2  a  4

 b  4,  1

 c  x = 1 .5

 d  1 .5

Answers



3  a  5,  1

 b  2

4  a  (3,  6)

 b  
1

2

 c  1 2

5   3

6  a  f (x)  =  2(x +  3)2   1 3

 b  (1 ,  5)

7  y x x=  
1

2

2 1 2

Review exercise GDC

1  a  0.907,  2.57

 b  4.35,  0. 345

 c  2.58,  0.581

 d   1 .82,  0.220

2  a  20  m

 b  31 .5  m

 c  3.06 s

 d  4.07 s

3  21 ,  68

4  a  =  0.4,  b  =  3 ,  c =  2

5  60 km h1

Chapter 3

Skills check

1  a  4

7
 b  1

4

35

 c  2

1 5

 d  22

27

 e  1 9

27

 f 3

7

2  a  0.625  b  0.7

 c  0.42 d  0. 1 6

 e  1 5  f 4.84

 g  0.0096

Exercise 3A

1  a  
1

2
 b  

1

4

 c  
1

4
 d  

3

4

 e  
3

8

2  
1

5
 

3  a  i  0. 21  i i  0. 33

 b  252

4  a  0. 27

 b   No  the frequencies are  

very different

 c  450

5  a  
2

1 1
 b  0

 c  5

1 1

6  0.2  

7  a  1

2
 b  1 3

40

Exercise 3B

1  
bl br

6 4 10

15

 
4

7

2  
Fr m

7 8 5

5

 
8

25

3  
A G

7 6 11

1

 S ix have both activities.

 a  6

25
 b  1 1

25

4  
G P

11 7 9

5

 Five play neither.

 a  1 1

32
 b  

9

32

5  a  A  =  {3 ,  6,  9,  1 2,  1 5}

  B =  {1 ,  2,  3 ,  5 ,  6,  1 0,  1 5}

 

A B

6 9  12 3 15 1  2  5 10

4 7 8 11  13  14

 c  i  1  ii  
2

5

6  
A B

C

24
3

33

2
2

1

5

50

 a  0.33  b  0.24 

 c  0.3

Exercise 3C

1  a  
51

250

 b  
53

1 00

 c  
299

500

2  a  
2

 b  
3

5

 c  
1

3  1 7

2

4  a  4

1 3
 b  

9

26

 c  2
 d  

1

2

5  a  0.5  b  0.5

Answers 



6  
1 1

7  a  
1

4
 b  

3

4

8  a  0.6  b  0.4

 c  0.9

Exercise 3D

1  a  N b  Y

 c  N d  Y

 e  N f N

 g  N

2  yes

3  
57

89

4  a  
7
 b  

47

 c  
1 3

60

Exercise 3E

1  HHH,  HHT,  HTH,  HTT,  THH,  

THT,  TTH,  TTT

 a  
1

2

 b  
3

8

 c  
1

2  

BLUE

RED

1 2 3 4

1 (1,  1 ) (1,  2 ) (1 ,  3 ) (1 ,  4)

2 (2 ,  1 ) (2 ,  2 ) (2 ,  3 ) (2 ,  4)

3 (3 ,  1 ) (3,  2 ) (3 ,  3 ) (3 ,  4)

4 (4,  1 ) (4,  2 ) (4,  3 ) (4,  4)

 a  
3

8
 b  

3

 c  
1
 d  

9

3  

Box 1

Box 2

1 2 3

2 (2 ,  1 ) (2 ,  2 ) (2 ,  3 )

3 (3 ,  1 ) (3 ,  2 ) (3 ,  3 )

4 (4,  1 ) (4,  2 ) (4,  3 )

5 (5,  1 ) (5 ,  2 ) (5 ,  3 )

 a  
1
 b  

1

 c  
3

4

 d  
5

1 2

 e  
2

3

4  

 a  
1

6
 b  

23

36

 c  
1 3

1 8
 d  

1 3

 e  
5

9

5  a  
1

6

 b  
1

9

 c  
2

9

Exercise 3F

1  
1

2

2  
2

1 69

3  
64

4  0.6375  

5  a  P  (B ) =  0.2;  P (B   C   ) =  0.16

 b  Not independent

6  
5

1 2

7  
1

59049

8  1

256

9  a  0.4

 b  P  (E )    P  (F   )  =  P  (E   F   )  

 c  P (E   F   )    0

 d  0.64

10  2

27

11  1

12  a  0. 27  b  0. 63

 c  0.07

13  0.1 8,  0.28

14  a  
1

1 296

 b  
1

First  draw

Second  

draw

0 1 2 3 4 5

0 (0,  0) (0,  1 ) (0,  2 ) (0,  3 ) (0,  4) (0,  5 )

1 (1,  0) (1 ,  1 ) (1 ,  2 ) (1 ,  3 ) (1 ,  4) (1 ,  5 )

2 (2 ,  0) (2 ,  1 ) (2 ,  2 ) (2 ,  3 ) (2 ,  4) (2 ,  5 )

3 (3 ,  0) (3 , 1 ) (3 ,  2 ) (3 ,  3 ) (3 ,  4) (3 ,  5 )

4 (4,  0) (4, 1 ) (4,  2 ) (4,  3 ) (4,  4) (4,  5 )

5 (5,  0) (5 , 1 ) (5 ,  2 ) (5 ,  3 ) (5 ,  4) (5 ,  5 )

15  Rolling a  six  on four throws 

of one dice

16  a  0.729 b  0.271

Exercise 3G

1  1 2  take both subjects

 a  8

27

 b  
23

27

 c  
4

5

2  a  0.2  b  
1

3

 c  
7

1 5

3  39

48

4  a  
1
 b  

2

5

 c  3

5

 d  
1

5  
61

95

6  
1

6

7  a  0  b  0

 c  0.63

8  67.3% 

9  
34

47

10  a  
1
 b  

43

 c  
1 1

1

11  0.3

12  
1

3

Answers



Exercise 3H

1  a  

C

I

C

I

C

I

1

3

2

3

1

3

2

3

1

3

2

3

 b  
4

9

 c  
8

9

2  MichelleLaura

S

S
2

3

1

3

S

S

S

S
1

2

1

2

1

2

1

2

 
1

3

3  a  1

 b  
49

1 20

4  
4

9

5  a  0.48

 b  0.64

6  a  

W

W'

R

R'

R

R'

0.4

0.6

0.8

0.2

0.6

0.4

 b  0.32 c  0.4624

Exercise 3I

1  a  
1 1

1 1 05
 b  

1 32

1 1 05

2  a  
5

33
 b  1 5

22

 c  
1

3  a  
1

1 2
 b  

5

1 8

 c  
5

1 8
 d  

5

1 2

4  
1 20

1 001

5  a  
2

5
 b  

8

1

6  a  
55

 b  
9

 c  7

1 1

 d  
5

1 1

Review exercise non-GDC

1  a  
1
 b  

1

 c  
49

90
 d  

1

1

2  
1 1

30
 

3  a  0. 55

 b   P  (C   D) =  0.15 P  (c)   P  (D)

  =  0. 1 4

4  a  0. 02  b  0. 78

 c  0.76 d  
1

30

5  a  6x

 b  

Drama Comedy

Real ity

2x
3

6x

20
15

7

x

 c   x =  5

Review exercise GDC

1  a  0. 3

 b  No,  P  (C and D )    0  

 c   No,  P  (C )    P  (D )     

P  (C and D )  

 d  0.6

 e  0.75

2  a  0.43

 b  0.31 6

3  a  

Bicycle

Bus

Car

0.3

0.6

0.1

0.6

0.1

0.6

0.1

0.6

0.1

Bicycle

Car

Bus

Bicycle

Car

Bicycle

Bus

Bus

Car

0.3

0.3

0.2

 b  i  0.09 

  ii  0.1 8

  iii  0.46

 c  0.343

 d  0.045

4  a  
3

8
  b  

2

3

 c  
2

21

5  Female Eating carrots

23 19 27

11

 Both  female and eating  

carrots  =  1 9.

 a  
1 1

70
 b  

1 9

36

 c   No,  P  (F)    P  (C )     

P  (F and C )  

Answers 77



Chapter 4

Skills check 

1 a  


 
 b  





 c 1    1 0
9

2 a  5  b  3  c  4

3 y

0 x24 2 4 6

4

6

8

2y =  x 

2

y =  (x  2)  

2

Investigation  folding paper

Number 

of folds

Number 

of layers

Thickness 

(km)

As thick 

as a 

0 1 1  107
Piece of 

paper

1 2 2  107

2 4 4  107
Credit 

card

3 8 8  107

4 16 1.6  106

5 32 3.2   106

6 64 6.4  106

7 128 1.28  105 Textbook

8 256 2.56  105

9 512 5.12   105

3  a  1 3  folds

 b  1 5  folds

4  1 1 3  000 000 km

Exercise 4A

1 a  x5

 b 6p 6q 2

 c  




 

 

 d  x 4y 6

2 a  x3

 b a4

 c 






 d 2x 2y 3

3 a  x12 b 27t 6

 c  3x 6y 4 d  y 6

Exercise 4B

1 a  3  b 5  c 1 6

 d  4 e 




2 a  



 b  





 c 



 d 


 
 e  

 


   

Exercise 4C

1 a  8a3  b 





 c q3

 d  
d

c3
 e  

P

4

3

4

2 a  








 b  




 c 

3
3

2

x

y

Exercise 4D

1 a  x =  5  b x =  2

 c x =  3 ,  1  d  x =  




 e  x =  3

2 a  x =  



 b  x =  4

 c x =  




 d x =  




3 x =  6

Exercise 4E

1 a  x =  3  b x =  2  c x =  




 d  x =  
1

2
 e x =  3

1

3


 f x =  




2 a  x =  8  b  x =  625

 c x =  



 d  x =  64

 e x =  32  f x =  


 

3 a  x =  
1

31 25
 b  x =  

1

21 6

 c x =  51 2  d  x =  
27

64

Investigation  graphs of 

exponential functions 1

y =  3  

x

y =  10 

x
y =  5  

x
y

x0

(0, 1 )

Investigation  graphs of 

exponential functions 2

0

y =(     )
x1

10

y =(    )
x1

5

y =(    )
x1

3

(0, 1 )

Investigation  compound 

interest

Half-

yearly

 
 
 

2

1
1 +

2
2.25

Quarterly
 
 
 

4

1
1 +

4
2.441 406 25

Monthly
 
 
 

1 2

1
1 +

1 2
2.613 035 290 22

Weekly
 
 
 

5 2

1
1 +

5 2
2.692 596 954 44

Dai ly
 
 
 

3 65

1
1 +

3 65

2.714 567  482 02

Hourly
 
 
 

8 760

1
1 +

8 7 6 0
2.718 126 690 63

Every 

minute

 
 
 
 

5 2 5 600

1
1 +

5 2 5 60 0

2.718 279 215 4

Every 

second

 
 
 
 

31 536000

1
1+

31 536000
2.718 282  472  54

Exercise 4F

1 Curves of

 a  y

0 x123 1 2 3

4

6

10

8

2

g(x)  =  2x +  3

f (x)  =  2x

 b  y

0 x123 1 2 3

2

3

5

4

1

f (x)  =  3xg(x)  =  3x

Answers78



 c y

0 x12345 1 2 3 4 5

1

2

3

4

1

2

4

3

       
x1

2(    )f (x)  =

       
x1

2(    )g(x)  =

 d  y

0 x12345 1 2 3 4 5

1

2

3

5

4

1

2

5

4

3

f (x)  =  e 
x

g(x)  =  e 
x +  1

 e  
y

0 x123 1 2 3

2

4

6

8

10

g(x)  =  2        
x1

3(    )
f (x)  =         

x1

3(    )

 f 
1

2
g(x)  = ( )

2x
y

0 x12345 1 2 3 4 5

1

2

3

4

1

2

4

3

       
x1

2(     )f (x)  =

2 Domain Range

 a  x      f (x)  > 3

 b  x     f (x)  > 0

 c x     f (x)  <  0

 d  x     f (x)  > 0

 e  x     f (x)  > 0

 f x     f (x)  > 0

Exercise 4G

1 a  2  b  



 c 6 d  0

2 a  4 b  



 c 




 d  4

Exercise 4H

1 a  1  b  1  c  1

 d  0 e  0 f 0

Exercise 4I

1 a  log
2
x =  9  b log

3
x =  5

 c log
 
x
  
=  4 d  log

a
x =  b

2 a  2x =  8  b  3 x =  27

 c 1 0x =  1 000 d ax =  b

3 a  64 b 81  c 8

 d  36 e 




Investigation  inverse functions

a The function y  =  2
x

x 3 2 1 0 1 2 3

y
1

8

1

4

1

2
1 2 4 8

b  The inverse function of y  =  2
x

x
1

8

1

4

1

2
1 2 4 8

y 3 2 1 0 1 2 3

c  

y =  2x

y

0 x123 1 2 3 4 5

1

2

3

5

4

1

2

3
y =  

lnx

ln2

d  The graphs are reections of 

each other in the line y  =  x

Exercise 4J

1 a   Curve is  shifted down two 

units

 b   Curve is  translated right  

2  units

 c  Curve is  stretched by 

factor 2  parallel with  

y-axis

2 y

0
x2 4 6 8 10

(2,  0)

y =  2 log (x   1 )
1

1

2

2

3 y

0 x2 4 6 8 10

y =  log2(x +  1 )  +  2

y =  3

1

2

3

4

4 3

5 f 1  (2)  =  9

Exercise 4K

1 a  0.477 b 1 .20

 c 0.805  d 0.861

 e  0.861  f  0.0969

 g  0.228 h  0.954

Exercise 4L

1 a  x =  0.425  b  x =  5.81

 c  x =  0  d  x =  0.693

 e  x =  3 .51

2 a  0. 367 b  0.222

 c  0 d  0.301

3 a  1 00  b  


 
 c  1  d  0. 000 007 94

4 a  1 2  b  4

 c    d  4

5 a  5  b 2

 c  0 d  1

 e  3

6  
  


 


  ,  x >  0

7 Domain [e0.5,  e] ;   

Range [2,  4]

8 f x x

=
  

1

3
e

9       =  

Exercise 4M

1 a  log 30  b log 1 2  c  log 4

 d  log 7  e log








 f log



 g log




 

2 a  
 
 
 






  b 







 c log
a
 6  d  

 
 
 







   

 e  
 
 
 






  f 

 
 
 
 





 


 



Answers 



3 a  2  b 3  c  2

 d  3  e  1

Exercise 4N

1 a  p  +  q b 3p c  q   p

 d  



 e  







2 6x  3y   6z 

3 a  1  +  log x  b 2  2logx

 c 

 

 
   d   




  

4 y  =  3a   4  5 3   2log
3
x

Exercise 4O

1 a  2 .81  b 1 .21  c  0.325

 d  0.51 4 e  1 2.4

2 




3 a  



 b 


 c 

 



 d  2x +  y e  



+  f  





4 a  

0 x1 1 2 3 4
1

2

1

2

log x

log 4
y =

   b y

0 x1 1

2

1

1

2

4 3 2 432

log x2

log 5

5 a  2b  b 




 c 2b  d 




Exercise 4P

1  a 2.32  b  3 . 56 c   1 .76

 d  0.425  e  0.229 f 3 .64

 g  1 .79 h   1 1 .0

2  a 6.78  b  2 . 36

 c  3.88  d  0. 263

 e  0.526 f 2 . 04

 g  999

Exercise 4Q

1 a  1 . 1 6  b  1 . 41  c 0.31 4

 d  0.0570 e 1 1 . 1

2 a  
ln

ln

500

5

2









 b 

ln

ln

8

5

3

7

















 c 
ln

ln

1 44

5

1 08








 d  

ln 64

ln 3

3 a  x =  0  b  x =  








Exercise 4R

1 a  x =  



 b  x =  1

 c x =  



 d x = 2

 e  x =  1 .62

Exercise 4S

1 a  x =  83  b x =  1 4

 c x =  



2 a  x =  9  b  x =  6

 c  no solutions

3 A  =  x (2x +  7)  =  2x2  +  7x  

x =  0.5

4 x =  4

5 x =  1 6

Exercise 4T

1 a  450   1 .032n

 b  1 0 years

2 a  i  1 21  ii  1 95

 b  9.6  days (1 0 days)

3 49.4 hours

4 a  v

0 t123 1 2 3

40

60

80

20
v =  9  +  29e  0.063t

 b  38  m s1  c  9 m s1

 d  1 0.7  m s1  e 1 7

5 a =  4,  b  =  3

Review exercise GDC

1 3.52

2 a  0.548  b  0.954

 c 1 .1 8

3 a  5  b 2

 c 3.60 d  1 ,  4

 e  1 00,  
1

1 00

4 a   f (x)  >  0,  range of g(x)
 
is  all 

real numbers

 b   They are 1 1  functions;  

f x x = ( ) ln
1

2
;  x

x1
= e

2

3

 c  ( )( )f g x x = 3;  

( )( )g f x x = 3

 d  x = 3

5 a  21 8  393  insects

 b  8.66 days

Review exercise non-GDC

1 0

2 

log

log

3

5

35

9

















3 4.5

4 


 



 



5 a  x =  7  b  x =  2

 c x =  1 ,4 d x =

 





6 a  



 b  m    n

 c 2m d 
 



+

7 Shift one unit to  the right,  

stretch factor 
1

3
 parallel to  

x-axis,  shift 2  units  up.

8 a  f x
x = 









1 1

2 3
( ) ln

 b  f x x =1 1

3
( ) log

 c f x
x

x = =1 22

4
2( )

9 a  =  2,  b  =  4

Answers0



Chapter 5

Skills check 

1  a  8x +  20  b  1 2x  1 8

 c  x3 7x

 d x 4 +  6x 3 +  9x 2

 e x 3 +  5x 2   24x 

2  y

0 x
123

y =  3

x =  0 x =  3
x =  2

y =  0

y =  4

1 2 3 4

4

6

2

2

4

3  A  is  a horizontal shift of 4 

units  to  the right.  Function A  

is  y  =  (x   4)3

 B is  a vertical shift of 2  units  

down.  Function B  is  y  =  x3   2

Investigation  graphing 

product pairs

x 24 12 8 3 6 4 2 1

y 1 2 3 8 4 6 12 24

y

0 x
246 2 4 6

12

18

6

24

6

12

18

24

xy =  24

As y  gets  bigger,  x gets  smaller 

and vice versa.

The graph gets  closer and closer 

to  the axes as  x-  and y-values 

increase.

Exercise 5A

1 a  



 b  




 c 





 d 1  e 



 f  



 g 




 h  





2  a  


 
 b 




 c 





 d  



 e  



 
 f 





 g 



 h  



  i  




 j  





+





3  a   




   b   

 

 


 c  

 

 


 

 

4  a  4  b  x

5  a i  0.5  i i  0. 05

  i ii  0.005  iv  0. 0005

 b   y  gets  smaller,  nearer to  

zero.

 c   y
x

=

24
 so  it can never be 

zero.

 d i  0. 5  i i  0. 05

  iii  0.005  iv  0. 0005

 e   x gets smaller,  nearer to zero.

 f  x
y

=

24
 so  it can never be 

zero.

Investigation  graphs of 

reciprocal functions

1  a y

0 x
246 2 4

4

6

2

2

4

6

The numerator indicates the 

scale factor of the stretch 

parallel to  the y-axis.  

2 y

0 x
246 2 4 6

4

6

2

2

4

6

Changing the sign of the 

numerator reects  the graphs 

of the original functions in 

the x-axis.

3  a

x 0.25 0.4 0.5 1 2 4 8 10 16

f(x) 16 10 8 4 2 1 0.5 0.4 0.25

 b   The values  of x  

and f (x)  are  the  same 

numbers  but in reverse 

order.

 c d  e

 y

0 x
2 4 6 8 10 12 14 16

4

6

8

14

16

12

10

2

 f  The function reects  onto  

itself.

 g   The function is  its  own 

inverse.

Exercise 5B

1 y

0 x
246810 2 4 6 108

4

6

8

10

2

2

4

6

8

10

5

x
y =

 

y

0 x
246810 2 4 6 108

4

6

8

10

2

2

4

6

8

10

6

x
y =

Answers 7



 

y

0 x
24681 0 2 4 6 1 08

4

6

8

1 0

2

2

4

6

8

1 0

xy  =  8

2 y

0 x246810 2 4 6 108

4

6

8

10

2

2

4

6

8

10

12

x
y =

12

x
y = 

3 a  

 

y

0 x
246810 2 4 6 108

4

6

8

10

2

2

4

6

8

10

1

x
f(x)  =

x =  0  and y  =  0

 b y

0 x

4

2

2

4

6

8

10

y

0246810 2 4 6 108

4

6

8

10

2

2

4

6

8

10

1

x
f(x)  = + 2

x =  0  and y  =  2

4 a   y  =  0,  x =  0;  Domain x   ,   

x   0;  Range y    ,  y    0

 b   y  =  2,  x =  0;  Domain x   ,  

x   0;  Range    

 c   y  =  2,  x =  0   

Domain x   ,  x  0  

Range y    ,  y   2

5  a s

0 d
10 20 30 40 50

40

80

160

200

120

250

d
s =

 b 25  m c 2.5  m s1

6 a  F

0 l1 2 3 4 5 6

2000

3000

4000

5000

1000

1500

l
F =

 b  750 N

 c   i  1 .5  m  ii  075  m

  ii i  0.5  m

Investigation  graphing 

rational functions 1

a  y

0 x246 2 4 6

4

6

2

2

4

6

1

x
y =

 y

0 x
246 2 4 6 108

4

6

8

10

2

2

4

6

8

1

(x  2)
y =

 

y

0 x246810 2 4 6 8

4

6

8

10

2

2

4

6

1

(x + 3)
y =

 

y

0 x246810 2 4 6 8

4

6

8

10

2

2

4

6

2

(x +  3)
y =

b  

Rational  

function

Vertical  

asymptote

Horizontal  

asymptote
Domain Range






 x =  0 y =  0 x ,   

x   0

y ,   

y   0








 x =  2 y =  0 x ,   

x   2

y ,   

y   0








 x =  3 y =  0 x ,   

x   3

y ,   

y   0








 x =  3 y =  0 x ,   

x   3

y ,   

y   0

 c   The vertical asymptote 

is  the x-value that makes 

the denominator equal to  

zero.

 d They are all y  =  0

 e  x   ,  x   x-value of 

asymptote

 f  y    ,  y   0,  the y-value of 

the horizontal asymptote.

Exercise 5C

1 a   y  =  0,  x =  1   

Domain       

Range    

 b   y  =  0,  x =  4  

Domain      

Range    

 c   y  =  0,  x =  5   

Domain      

Range    
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 d  y =  0,  x =  1   

Domain       

Range    

 e   y  =  2,  x =  1   

Domain       

Range    

 f  y  =  2,  x =  1   

Domain       

Range     

 g   y  =  2,  x =  3   

Domain       

Range    

 h  y  =  2,  x =  3   

Domain       

Range     

2 a
y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6

4

x
y =

 Domain

Range

x x

y y

 

 





,

,

0

0

 b y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6

3

x  3
y =

 

Domain 3

Range

x x

y y

 

 





,

, 0

 c

 8
4

x + 5
y =

y

0 x
2410 2

4

4

8

12

14

68

 

  

  

Domain , 5

Range , 8

x x

y y





 d

+ 3
1

x  7
y =

y

0 x
2 2 4 6 8 1210

4

6

8

2

2

 

Domain

Ran e

x x 

 





,

,

7

3

 e y

0 x
48 4

4

4

8

12

12

 6
6

x + 2
y =

 

Domain 2

Ran e 6

x x 

 





, 



 f y

0 x
24 642

8

6

4

2

2

4

6

6

+ 4
5

x
y =

 

Domain 0

Ran e

x x 

 





,

, 4

 g y

0 x
125 1

1

1

2

3

4

34

  2
1

4x +  1 2
y =

 

Domain

Ran e

x x  

  





, 3

2

 h y

0 x
246 2 4 6

4

6

2

2

4

6

3

2 x
y =

 

Domain

Ran e

x x 

 





,

, 0

 i y

0 x
248 6 2 4 6 8

4

6

8

10

2

2

4

6
+ 5

4

3x  6
y =

 

Domain

Range

x x

y y

 

 





,

, 5

3 t

0
c

1020 10 20 30 40 50

1

1 .5

2

3

2.5

0.5

 b  3.9 C

4 a y

0 x
246810 2 4 6 108

4

6

8

2

2

4

6

y =
1

x + 2

y = x + 2

The linear function is  a line of 

symmetry for the rational 

function.  The linear function 

crosses the  x-axis  at the same 

place as  the vertical asymptote.

 b 

 y

0 x
246810 2 4 6 108

4

6

8

2

2

4

6

y =
1

x + 1 y = x + 1

The linear function is  a line of 

symmetry for the rational 

function.  The linear function 

crosses the  x-axis  at the same 

place as  the vertical asymptote of 

the rational function.

Answers 7



Investigation  graphing 

rational functions 2

a y

0 x
246810 2 4 6 108

2

3

4

1

1

2

3

y =
x

x + 3

 y

0 x
246810 2 4 6 108

2

3

4

1

1

2

3

y =
x + 1

x + 3

 

y

0 x
246810 2 4 6 108

4

6

8

2

2

4

6

y =
2x

x + 3

 

y

0 x
246810 2 4 6 108

4

6

8

2

2

4

6

y =
2x   1

x +  3

b 

Rational  

function

Vertical  

asymptote

Horizontal  

asymptote
Domain Range

y
x

x
=

+3 x =  3 y =  1 x ,   

x   3

y ,   

y   1

y
x

x
=

+

+

1

3
x =  3 y =  1 x ,   

x   3

y ,   

y   1

y
x

x
=

+

2

3
x =  3 y =  2 x ,   

x   3

y ,  

 y   2

y
x

x
=



+

2

3
x =  3 y =  2

x ,   

x   3

y ,   

y   2

c  The horizontal asymptote 

is  the quotient of the 

x-coefcients.

d  The domain excludes the 

x-value of the vertical 

asymptote.

Exercise 5D

1 a   y  =  1 ,  x =  3   

Domain       

Range    

 b  y  =  



 ,  x =  





   Domain   




  Range   




 c  y  =  



,  x =  




 

  Domain    



   

  Range   



 

 d  y  =  
 


,  x =  





  Domain    



 

  Range   
 


 

2 a  ii i,  b i,  c iv,  d  ii

3 a  y

0 x
246810 2 4

4

6

2

2

4

6

y =
x +  2

x +  3

Domain        

Range    

 b y

0 x
246 2 4 6 8

2

3

1

1

2

3

y =
x

4x +  3

Domain   



 

Range  



 

 c y

0 x
51015 5 10 15 20

2

3

4

1

1

2

3

y =
x   7

3x   8

Domain  



 

Range  



 

 d 
y

0 x
5101520 5 10 15 20

4

6

8

2

2

4

y =
9x +  1

3x   2

Domain  



 

Range    

 e  y

0 x
2468 2 4 6 8

4

2

2

4

6

y =
3x +  10

4x   12

Domain    

Range   



 

 f y

0 x
2468 2 4 6 8

2

3

4

1

1

2

3

4

y =
5x +  2

4x

Domain   

Range  
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 g y

0 x
2468 2 4 6 8

4

6

8

2

2

4

6

8

y =
3x

2x   4

Domain   

Range  



 

 h y

0 x
20406080 20 40

20

30

40

10

10

20

30

40

y =
7x

x   15

Domain      

Range     

 i  y

0 x
246 2 4 6

8

12

16

20

4

4

y =
14x   4

2x   1

Domain  



 

Range    

4 E.g.  =
1

+ 4
y

x
+ 3

5 a  C (x)  =  450 +  5 .5x 

 b A x
x

x
( )

.
=

+450 5 5

 c  Domain is x >  0.  Since x 

represents the number of 

T-shirts produced,  only 

positive values make sense.  

Exclude x =  0 since A(x)   

is undened for x =  0 and at 

x =  0 no T-shirts are made.

 d  x =  0

 e  The horizontal asymptote 

is  y  =  5 .5 .  As the number 

of shirts  produced 

increases,  the set up  costs  

become negligible.  

6  a  

t 2 3 4 5 6 7 8 9 10 11 12

c 100

7

20 25 500

17

100

3

700

19

40 300 500

11

1 100 50

 b  c

t
2 4 6 8 10 12

20

30

40

50

10

O

c =
at

t +  12

 c  Approximately 38.5  mg

 d  c =  1 00

 e   The childrens  dose will 

not exceed 1 00 mg.

7 a  $128.67

 b  


 

 



   where 

n =  number of years and C 

represents the annual cost.

 c   

 

 

d   The vertical asymptote is   

n  =  0  and the horizontal 

asymptote is  C =  92.  

e  The cost will never go  below 

$92

 
 

 
2

1 200 92 20
( ) $1 52

20
C n  

f No,  as  more expensive fridge 

is  still more expensive in the 

long-run.

Review exercise non-GDC

1  i  a,  i i  d,  i ii  c,  iv e,  v b ,  vi  f.

2  a  i y

0 x
248 6 2 4 6 8

4

6

8

2

2

4

6

g

f(x)  =
5

x

  i i  x =  0,  y  =  0

  iii   Domain x   ,  x  0  

Range y    ,  y   0

 b  i y

0 x
246 2 4 6

4

6

2

2

4

6

f(x)  =
1

x + 1

  i i  x =  1 ,  y  =  0

  i i i   Domain x   ,  x  1   

Range y    ,  y   0

 c i y

f

0 x

4

6

8

10

2

2

4

6

8

10

51015 5 10 15 2520

f(x)  =
x +  3

3   x

  i i  x =  3 ,  y  =1

  i i i   Domain x   ,  x  3  

Range y    ,  y   1

3 a   x =  4,  y  =  0   

Domain x   ,  x   4  

Range y    ,  y   0

Answers 



 b  x =  0,  y  =  3   

Domain x   ,  x  0 

Range y    ,  y   3

 c   x =  6,  y  =  2   

Domain x   ,  x  6  

Range y    ,  y   2

 d   x =  1 ,  y  =  5   

Domain x   ,  x  1  

Range y    ,  y   5

4  a  


=


 b  c

0 s5 10 15 20 25 30

80

120

160

240

200

40

c =
300

s

 c  The domain and range 

are limited to  + and the 

domain to  +

5 a  i   






  i i  x =  2

  i ii  (2,  2)

 b  (0,  



 )  (




,  0)

 c 
y

0 x2468 2 4 6 8

4

6

8

10

2

2

4
x = 2

f(x)  =
2  x  1

x + 2

Review exercise GDC  

1  a  y

0 x2468 2 4 6 8

4

2

2

4

6

8

10

f (x)

f (x)  =         5
6

x

Domain x   ,  x  0 

Range y    ,  y   5

b y

0 x2468 2 4 6 8

4

6

8

2

2

4

6

8

f (x)

f (x)  =       +3
2

x

Domain x   ,  x  0 

Range y    ,  y   3

c y

0 x24 2 4 6 8 10 12

4

6

8

2

2

4

6

8

f (x)

f (x)  =
2

x  5

Domain x   ,  x  5   

Range y    ,  y   0

d y

0 x2 4 6 8 10 12

2

2

4

6

8

10

12

f (x)

f (x)  =             8
3

x   7

Domain x   ,  x  7   

Range y    ,  y   8

e y

0 x28 6 4 2 4 6 8

4

6

8

2

2

4

6

8

f (x)

f (x)  =
8

x + 3

Domain x   ,  x  3   

Range y    ,  y   0

f y

0 x210 2 4

4

6

2

2

4

8

8 6 4

6
f (x)  =            2

6

x + 4

Domain x   ,  x   4   

Range y    ,  y   2

2  a Using the equation 

  
  





 

  distance =  5600,  






b s (km h1)

t (hours)

4 8 12 16 20

400

600

800

1200

1000

200

0

f

s =
5600

t

 c 560 km h1  

3  a 

 m (minutes)

s20 40 60 80 100120

100

150

200

300

250

50

0

m =
22.2s  +  14.28

s

 b  i  1 65  min

  ii  57.9 min

  ii i  36.5  min

 c m  =  22.2

 d   The number of minutes 

that can be spent in direct 

sunlight without skin 

damage on a day when  

s =  1 .
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Chapter 6

Skills check 

1  a       6  b  3 ,  5  c  5

2  a  


=
  


 b  


=



3  a  1 08  b  1 2.22

4  a  5  b  1 6  c 




Investigation  saving money

a Week 

number

Weekly 

savings

Total  

savings

1 20 20

2 25 45

3 30 75

4 35 110

5 40 150

6 45 195

7 50 345

8 55 300

b  Savings in 1 0th week:  $65;  

Savings in 1 7th week:  $1 00

c   Total saved in 1 st year (52  

weeks):  $7670

d  $1 000 saved after 1 7  weeks.  

e  M =  20 +  5(n   1 )  or M =  1 5  +  5n

f T
n n

T
n n

=
+

=
+( ) ( )35 5

2

5 7

2
or

Exercise 6A

1  a  1 9,  23 ,  27  b  1 6,  32,  64

 c  1 8,  24,  31  d  80,  1 60,  320

 e      
 

    

 f  6.01 2 34,  6.01 2  345,  

6.01 2  345  6

2  a  1 0,  30,  90,  270

 b  3,  7,  1 5,  31

 c 
   
  

   

 d  x,  x 2,  x 4,  x 8

3  a  u
1
 =  2  and u

n+1
=  u

n 
+ 2

 b  u
1
 =  1  and u

n + 1
=  3u

n

 c  u
1
 =  64 and 




+
=





 d  u
1
 =  7  and u

n + 1
=  u

n 
+ 5

4  a  3 ,  9,  27,  81

 b  3 ,  9,  1 5,  21

 c  1 ,  2,  4,  8

 d  1 ,  4,  27,  256

5  a  u
n
 =  2n  b  u

n
 =  3 n1

 c  u
n
 =  27n  d  u

n
 =  5n +  2

 e  





=

+ 
 f u

n
 =  nx

6  a  61 0

 b   u
1
 =  1 ,  u

2
 =  1 ,  and  

u
n  +  1

 =  u
n
 + u

n  1

Exercise 6B

1  a  i  u
15
 =  45  i i  u

n
 =  3n

 b  i  u
15
 =  235

  i i  u
n
 =  1 5n +  1 0

 c  i  u
15
 =  1 06

  i i  u
n
 =  5n +  31

 d  i  u
15
 =  82

  i i  u
n
 =  1 1 3   1 3n 

 e  i  u
15
 =  1 4

  i i  u
n
 =  0.6n +  5

 f i  u
15
 =  x +  1 4a

  i i  u
n
 =  x +  an   a

2  a  51  b  1 69 c  37

 d  1 5  e  27  f 1 0

Exercise 6C

1  d =  0.9

2  d =  3 ,  u
1
 =  64

3  5 . 5

4  8

Exercise 6D

1  a  r =  



,  u

7
 =  





 b  r =  3 ,  u
7
 =  291 6

 c  r =  1 0,  u
7
 =  1  000 000

 d  r =  0.4,  u
7
 =  0. 1 02 4

 e  r =  3x,  u
7
 =  1 458x 6

 f r =  

,  u

7
 =  ab7

Exercise 6E

1  r =  0.4,  u
1
 =  1 25

2  r =  2,  u
1
 =   4.5

3  a  n  =  1 2  b  n  =  9

 c  n  =  7  d  n  =  33

4  r = 4,  u
2
 =  36

5  p  =  27

6  x =  8

Exercise 6F

1  a  







  b  








=



 c   




( )
=

 


 d     





 





=

( )

 e  
 =




 

 f  


 




+( )
=



 g   



 







=

  h  

 =






2  a   4  +  7  +  1 0  +  1 3  +  1 6  +  1 9  

+  22  +  25

 b  4  +  1 6  +  64 +  256 +  1 024

 c  40  +  80  +  1 60 +  320 +  640 

 d   x 5 +  x 6 +  x 7 +  x 8 +  x 9 +  

x 10 +  x 11  

3  a  31 5  b  363

 c  1 40  d  31 5

Exercise 6G

1  234

2  1 08

3  594

4  40x +  1 52

4 a  c

m  (% )2 0 40 60 80 1 00

2  1 06

3 1 06

4 1 0
6

1  1 06

0

c  =
750  000  m

1 00    m

 b  i  1 87 500 Thai baht  

ii  750 000 Thai baht 

ii i  6750 000 Thai baht.

 c   No.  When  m  =  1 00,  the 

function is  undened.

5  a 
y

0 x12 1 2 3 4 5

2

3

4

1

1

x = 2.5

y = 2

1

2x  5
2  +f(x) =

 b  i  x =  



,  y =  2

  ii  2.25

  i i i  1 .8

Answers 77



5  a  n =  24 b  1 776

6  2292

Exercise 6H

1  3

2  a  3n2  2n b  1 7

3  a  1 .75n2  31 .75n  b  21

4  a  1 600 b  1 2  600

5  a  n =  24,  b  S
24
 =  1 776

6  d =  2.5,  S
20
 =  575

Exercise 6I

1  a  1 32  860 b  1 228.5

 c  42.656 25

 d  4095x +  4095

2  a  435  848  050

 b   1 1  81 9.58

 c  1  048  575

 d  log(a1048575)

3  a  i  9  i i  76  684

 b  i  6  i i  3685.5

 c  i  8  i i  1 . 626 537 5

 d  i  1 1  i i  885.73

Exercise 6J

1  a  6  b  5

 c  1 9  d  6

2  r =  3 ,  S
10
 =  



 
3  r =  3

4  a  1 . 5  b  21

5  2059

6  3

Investigation  converging 

series

1  i  a  r =
1

2

  b  r = 2

  c  r =
1

4
 i i  Inspect values on GDC

2  a   The values are approaching 

4 as  n    

 b   The values are approaching 

1 25  as  n    

 c   The values are approaching 

1 92 as  n    

3  Results  like 1
1

2

5 0

 





  are 

beyond the limit of the display.

Exercise 6K

1  | r|  <  1

2  a   S
4 
=    ,  S

7 
  21 5.9

 
,  

and S

 =  21 6

 b   S
4
 =  1 476,  S

7 
=  1 975.71 2,  

and S

 =  2500

 c   S
4
 =  88.88,  S

7 
=  88.888  88,  

 and S

 =  

 d   S
4 
=    ,  S

7
   1 2.71 ,  

and S

 =  1 3 .5

3    

4  1 92

5  1 6  or 48

6  1 50

7  41 1 8

Exercise 6L

1  20

2  a  26.25  cm b  1 1 9

3  a  $3984.62 b  $4025.81

 c  $4035.36

4  42

5  1 8

6  232

7  19.6  years

8  a  1 ,  8 ,  21  b  1 ,  7,  1 3

 c  6n   5

9  a  4,  1 2,  28  b  4,  8 ,  1 6

 c  4(2n1)

10   86 months

11  About $1 6.30

Exercise 6M

1  1 0

2  28

3  35

4  84

5  1 5

6  1 20

Investigation  patterns in 

polynomials

1  a  +  b

2  a2 +  2ab  +  b2

3  a3 +  3a2b  +  3ab2 +  b3

4  a4 +  4a3b  +  6a2b2 +  4ab3 +  b4

5  a5 +  5a4b  +  1 0a3b2 +  1 0a2b3 +  

5ab4 +  b5

6  a6 +  6a5b  +  1 5a4b2 +  20a3b3 +  

1 5a2b4 +  6ab5 +  b6

The  coefcients are from Pascals  

triangle.  

(a  +  b)7 =   a7 +  7a6b  +  21 a5b2 +  

35a4b3 +  35a3b4 +  21 a2b5 

+  7ab6 +b7

Exercise 6N

1  y5 +  1 5y4 +  90y3 +  270y2  

+  405y  +  243

2  1 6b4  32b3 +  24b2  8b  +  1

3   

   

  

 

   

    

  

  

4   


 


  

+ + +

5    

  

 

     

     

 

  

  



      

     

 

6   

 

   

 

    

  

    

 

7    

 

  



 

 

    

 


  

  



 



8  


 

 

  










 
+ + +

Exercise 6O

1  336x5

2  1 280y4

3  4860a2b4

4  51 2

5  2

6  4

7  1 7 920

8  4860

9  8

10  7

Review exercise non-GDC

1  a  4  b  283  c  25

2  a  



 b  1  c  

256

3
3  a  4  b  5

4  a  30  b  262

5  1 20

6  a  



 b  





7  4

Answers



Chapter 7

Skills check

1  a  3x (3x 3   5x 2 +  1 )

b  (2x   3 )(2x +  3 )

c  (x   3 )(x   2)

d  (2x +  1 )(x   5)

2  a  x 3 +  6x 2 +  1 2x +  8

b  81x 4   1 08x 3 +  54x 2  

  1 2x +  1

c  8x 3 +  36x 2y  +  54 xy 2 +  27y 3

3  a  x 6 b  4x 3 

c  5
1

2x  d  x
5

7

e  7
3

2x


Investigation  creating a 

sequence

Round  

number

Portion  of the  paper 

you  have  at  the  end  

of the  round  Fraction  

Decimal  (3  sf)

1
1

3
  0 .333

2
4

9
  0 .444

3
13

27
  0 .481

4
40

81
  0 .494

5
121

243
 0.498

6
364

729
  0 .499

1  The portion gets  closer to  
1

2
.

2  The portion gets  closer and 

 closer to 1

2
,  yet never reaches 1

2
.

Exercise 7A

1  Divergent

2  Convergent;  3 . 5

3  Convergent;  0

4  Convergent;  0.75

5  Divergent

Exercise 7B

1  1 0

2  1

3  1

4  Does not exist

5  4

6  Does not exist

Investigation  secant and 

tangent lines

1 y

0 x
2 1 2

4

8

2

1

6

P

A
B

C D
E

F



Point Coordinates Line
Gradient  

or slope

P (0,  1 )  

A (1.5,  3 .25) AP 1.5

B (1,  2 )  BP 1

C (0.5,  1 .25) CP 0.5

D (0.5 ,  1 .25) DP 0.5

E (1 ,  2 ) EP 1

F (1 .5 ,  3 .25) FP 1.5

3  0

4 y

0 x
2 1 2

4

8

2

1

6

P

A
B

C D
E

F

Exercise 7C

1  
[ ( ) ] ( )3 4 3 4

3
x h x

h

+ +  +
=

2  
2 1 2 1

2 2

4 2
( ) ( )x h x

h
x h

+    
= +

3

        

  

2 2( ) 2( ) 3 ( 2 3)

2 2

x h x h x x

h

x h

Exercise 7D

1  2;  m =  2

2  6x +  2;  m  =    1 6

3  2x   1 ;  m  =  1

Investigation  the derivative 

of f (x)  =  x n

1 f x x

f x

x h

x

h

h

x h x

h

( )

( ) lim

lim( )

( )

=

=

= +

=





+ 

2

0

2 2

0

2

2



f x x

f x

x xh h

x

h

h

x h x

h

( )

( ) lim

lim( )

( )

=

=

= + +

=





+ 

3

0

3 3

0

2 2

2

3 3

3



f x x

f x

x x h xh h

x

h

h

x h x

h

( )

( ) lim

lim( )

( )

=

=

= + + +

=





+ 

4

0

4 4

0

3 2 2 3

3

4 6 4

4



2  To nd the derivative of  

f (x)  = x n,  multiply x by the 

exponent n  and subtract one 

from the exponent to  get the 

new exponent.  If f (x)  = x n,  

then f   (x)  = nx n1

3  Prediction:  f   (x) =  5x 4





 





  

 



5

5 5

0

4 3 2 2

0

3 4

4

( )

( )

'( ) lim

lim(5 10 10

5 )

5

h

h

x h x

h

f x x

f x

x x h x h

xh h

x

8  720x3

9  a  1 7  b  323

Review exercise GDC

1  a  3  b  52

2  a  96  b  32

3  a  u
1
 =  7,  d =  2  b  720

4  a  2  b  1 1

5  1 8

6  u
1
 =  5 ,  r =  3

7  

 





8  




9  a    5 .47 million  b  2056

Answers 



5  No

6  f   (x)  =  x 4   7x 6 +  x 7   4x 3  =  1 1x 1 0

7 f   (x)  =  u (x)    v   (x)   +  v (x)    u   (x)  

8    f (x)  =  (3x +  1 )(x 2   1 )

  =  3x 3  +  x 2    3x   1

 f   (x)  =  9x 2 +  2x   3

  f (x)  =  (3x +  1 )(x 2   1 )

 f   (x)  =  (3x +  1 )(2x)  +  (x 2   1 )(3)

 =  6x 2 +  2x +  3x 2    3

 =  9x 2 +  2x   3

 This  supports  the conjecture.

Exercise 7I

1  
x x

x

2

2

8

4



( )

2  1 0x 4 +  4x 3  +  9x 2 +  2x +  1

3  
1

2

 ln x

x

4  
e

e
x

x

x
x+ ln

5  
6

4
2

( )x +

6  
e

e

x

x
( )+ 1

2

7  e x (5x 3  +  1 5x 2  +  4x +  4)

8  
x x x

x

4 2

3 2

6 2

1

 

+( )

9  1

10  y x y x =   =  +2 3 1
1

2

1

2
( ); ( )

Exercise 7J

1  2 2 5

3
x 

2  4 x 3

3  4 xe  x  +  2  x2e  x

4  
2 4

3

x

x

x x
e e

5  3 2

9

5

1 6

5

x

x



6  
2

2
x x

x



e

7  
2

1
2 2

x

x( )+

8  3  +  3  lnx

9  1
1
2


x

Exercise 7E

1  5x 4

2  8x 7

3  
4
5

x

4  
1 1

3
2

3

23

x
x

  or

5   
1

2

1

2
3

2

3

x
x

 or 

6  
3

5

3

5
2

5

25

x
x

  or

Exercise 7F

1  
1 6

9
x

2  0

3  3 2

3

6
x

x
+

4  5x 4

5  2x   8

6  
1

2

4

3

1

2

2

3x x



7  
3

2
3

x

8  
3

8
3

x

9 4x 3

10  
5

6

3

4

1

6

1

4x x

+

11  1 2x 3   4x

12  4x +  3

13  

2

3

2

3

1

3

2

3x x

+

14  6x 2   1 2x

15  3x 2 +  4x   3

Exercise 7G

1  y  +  3  =  2(x   3);

y x+ =  3 3
1

2
( )

y

0 x
124 3 1 2 3 4

1

1

2

3

4

5 y + 3  =  2(x   3)

y + 3  =       (x   3)
1

2
 f(x)  =  x2   4x

2 a  y    4 =  4(x +  3)

 b  y    6  =  1 (x   1 )

 c  y x = 5 3
1

3
( )

 d  y x =  9 1
1 5

4
( )

3 a  y x =  3 2
1

7
( )

 b  y x+ = +5 1
1

6
( )

 c  y x =  25 2
1

20
( )

 d  y x+ =  2 1
3

26
( )

4  x =  1 ;  x =  1

5  5

Investigation  the derivatives 

of e  x and In x

1  Conjecture:  f (x)  = e  x

2  Conjecture:  f x
x

( ) =
1

Exercise 7H

1  
4

x

2  e x

x

+
1

2

1

2

3  1 2 3 1
x

x
+

4  8x +  3

5  2
1

e x

x
+

6  5e  x +  4

7  y    5  =  1 2(x   ln 3 )

8  y x = +9 3
1

6
( )

9  y x = 1
1

e
e( )

10  y x =  7 2
1

9
( )

11  2e 3;  40.2

12  
5

24
0 208; .

Investigation  the derivative 

of the product of two 

functions

1  1 1

2  f   (x)  =  1 1x 1 0

3  u   (x)  =  4x 3;  v   (x)  =  7x 6

4  u   (x)    v   (x)  =  28x 9 

Answers



10  5
3

2

1

2
2

1

2

x

x

+

11  
+



x

x

1

1
3

( )

12  1 0x 4 +  1 2x 3    3x 2    1 8x   1 5

13  y x
e

=  
1

1( )

14  y  =  x   1

15    9n  +  3 .5

16  4r 2

17  7

18  4

Investigation  nding  

the derivative of a  

composite function

1 a   f (x)  =  (2    x)3 

  =  8    1 2x  +  6x 2   x 3

  f   (x)  =  1 2 +  1 2x   3x 2

 b  f   (x)  =  3(2    x)2   (1 )

2 a   f (x)  =  (2x +  1 )2

  =  4x 2 +  4x  +  1

  f   (x)  =  8x +  4

 b  f   (x)  =  2(2x1 )  2

3 a   f (x)  =  (3x 2 +  1 )2

  =  9x 4 +  6x 2   +  1

  f   (x)  =  36x 3 +  1 2x

 b  f   (x)  =  2(3x 2 +  1 )    (6x)

4  The derivative of a composite 

function is  the derivative of 

the outside function with 

respect to  the inside function 

multiplied by the derivative  

of the inside function.

5  f (x)  =  (x 4 +  x 2)3  

 =  x 1 2 +  3x 1 0 +  3x 8  +  x 6

 f   (x)  =  1 2x 1 1  +  30x 9 +  24x 7 +  6x 5

 f   (x)  =  3(x 4 +  x 2)2   (4x 3  +  2x)

  =  3(x 8 +  2x 6 +  x 4)(4x 3  +  2x)

  =  3(4x 1 1  +  1 0x 9 +  8x 7 +  2x 5)

  =  1 2x 1 1  +  30x 9 +  24x 7 +  6x 5

Exercise 7K

1  x 5;  3x 4 +  2x;   

5(3x 4 +  2x)4 (1 2x 3  +  2)

2  4x 3;  2x 2 +  3x +  1 ;  

1 2(2x 2  +  3x +  1 )2 (4x +  3 )

3  ln ; ;x x
x

3 5 5

4  x x

x

3

2

3

2 3
2

3 2 3

; ;

( )

+

+

5  e x;  4x;  4e 4x

6  x x
x

x

3

2

3
; ln ;

ln( )

7  x x

x

2

3

1

3

9 2
6

9 2

; ;

( )

+

+

8  x x
x

x

4 2

2

3

4

2 3

2 3

; ;+

+( )

9  5x 4;  x 3  +  3x;  

20(x 3  +  3x)3 (3x 2 +  3 )

10  e ex xx x; ;4 1 23 2 4
3

Exercise 7L

1  8x 2 (2x    3 )3 +  2x (2x   3 )4 

or 6x (2x    1 )(2x   3 )3

2  
 +x x

x

2 2

e

3  


+

8

3
2 2

x

x( )

4  


+ +

+

+

+
x

x x

x

x( ) ( ) ( )2 1

1

2 1

1

2 1

3

2

1

2

3

2

  or

5  
e e

e e

2 2

2 2

1

2

x x

x x



+( )





6  
6

2 1

2

3

x

x 

7  
1

x xln

8  
 

+

 

+





2 2 1

1
2

2

2 2

( )

( )

( )

( )

e e

e e

e e

e

x x

x x

x x

x
  or

9  
 +

 

2 3

3 2
2 2

x

x x( )

10  






  

1 1
5 2 3 22 2

5 3

1

2 2

 

5 1 2
 

( 3)

( 3) 4 ( 3)

or
x x

x

x x x x

11 a  ( )2 2
2

2
x

x x



e

 b  2

 c y    1  =  2(x    2)

12  e

1

3

13  h x
x

 ( )
( )

=


6

1 2
4
.  Since 

 6  >  0  and(1    2x)4 >  0  for 

all x where h  is  dened,  

the gradient of h  is  always 

positive.

14  a  6

 b  8

Exercise 7M

1  
3

x

2  1 80x 2 +  24x

3  3e 3n  (6n  +  5)

4  
8
3

x

5  
3

2
x

6  1

7  equals 0

8  d

d

d

d

d

d

d

d

y

x

y

x

y

x

y

x

x x

x x

x x

x x

= 

= +

= 

= +









e e

e e

e e

e e

2

2

3

3

4

4

 When n  is  odd 

 
d

d

n

n

xy

x
=  e e  and when 

 n is  even 

 

d

d

n

n

x xy

x
= + e e .

9  d

d

d

d

d

d

d

d

d

d

y

x x

y

x x

y

x x

y

x x

y

x

n

x

n

n

n

n

=


=

=


=

=


+

1

2

6

24

1

2

2

2 3

3

3 4

4

4 5

( ) !
11

10  
1 8

25

8

5x

Answers 



 d  Let acceleration be 2  m  s2.

Time

(s)

Velocity

(m  s1)

Speed

(m  s1)

0 10 10

1 8 8

2 6 6

3 4 4

4 2 2

2 a  Speeding up

b  Slowing down

c  Speeding up

d  Slowing down

3 a  Speeding up

b  Slowing down

Exercise 7P

1 a  v (t)  =  8  t 3    1 2t,  t   0

  a (t)  =  24 t 2   1 2,  t   0

b  84 cm  s2;  Velocity is  

increasing 84 cm  s1  at 

time 2  seconds.

c  v (t )  =  0  when t =  0  and 

1 .22  s;  a (t )  =  0  when  

t =  0.707 s;  speeding up  

for 0  <  t <  0.707 s  and  
t >  1 .22;  slowing down for 

0.707 <  t <  1 .22

2 a   v (t)  =  3  t 2 +  24t   36,   

0    t   8  

  a (t)  =  6t +  24,  0    t   8

b  s (0)  =  20  m;   

v (0)  =  36 m  s1;  

a (0)  =  24 m  s1;

c  t =  2,  6  s;  moving left on  

0    t   2  and 6    t   8,  

moving right 2    t   6

d  t =  4 s;  speeding up on  

2    t   4 and 6    t   8,  

slowing down on 0    t   2  

and 4   t   6

3 a  v (t)  =  9.8  t +  4.9

  a (t)  =  9.8

b  2.01  s

c  0.5  s;  1 1 .2  m

d  v (0.3) =  1 .96 >  0 and  

a (0.3) =  9.8 <  0.  Since the 

signs of v (0.3) and a (0.3)  

are different the particle is  

slowing down at 0.3 seconds.

Exercise 7N

1 a  1 .4 m;  21  m

 b  9.8  m s1

 c   9.8  m s1 ;  0  m s1 ;  9.8  m s1 ;  

The ball is  moving upward 

at 1  s,  at rest at 2  s  and 

downward at 3  s.

2 a  4000 litres;  1 778  litres

 b   1 1 1  litres/min;  During 

the time interval 0  to   

20  minutes,  water is  being 

pumped out of the tank at 

an average rate of  

1 1 1  litres  per minute.

 c   89 litres/min;  at  

20  minutes,  water is  being 

pumped out of the tank at 

an average rate of 89 litres  

per minute.

 d   V   (t )  is  negative for  

0    t <  40 minutes,  which 

means water is  owing 

out of the tank during this  

time interval.  Therefore 

the amount of water in the 

tank is  never increasing 

from t =  0  minutes to   

t =  40  minutes.

3 a  1 1 2  bacteria/day

 b  P   (t)  =  25e 0.25t

 c   305  bacteria/day;  on day 

1 0  the number of bacteria 

are increasing at a rate of 

305  bacteria/day.

4 a   20.25  dollars/unit;   

20.05  dollars/unit

 b  C   (n)  =  0. 1n  +  1 0

 
c   20 dollars/unit;  It costs   

20  dollars  per unit to  

produce units  after the 

1 00th unit.

Exercise 7O

1 a  0  cm;  9  cm s1

 b  1  s  and 3  s

 c 

0

t =  3

t =  1
t =  0

4 S

2  a  4  ft

 b   s  (2)  =  1 6(2)2 +  40(2)   

+  4 =  64 +  80  +  4 =  20  ft

 c i  1 6t 2  +  40t +  4 =  20

   ii  t =
1

2
2,  s

 d  i  
d

d

s

t
t=  +32 40

  i i  40 ft s1

  i i i  
5

4
 s

  iv  29 ft

3  a  v(t)  =  s(t)

  

=


=


=


e e

e

e

e

e

t t

t

t

t

t

( ) ( )

( )

( )

( )

1

1

1

2

t

t

v t
t

2

 b  1  second

Investigation  velocity,  

acceleration and speed

1 a  Let acceleration be 2  m s2.

Time

(s)

Velocity

(m  s1)

Speed

(m  s1)

0 10  10

1 12 12

2 14 14

3 16 16

4 18 18

 b   Let acceleration be 2 m s2.

Time

(s)

Velocity

(m  s1)

Speed

(m  s1)

0 10 10

1 8 8

2 6 6

3 4 4

4 2 2

 c   Let acceleration be 2 m  s2.

Time

(s)

Velocity

(m  s1)

Speed

(m  s1)

0 10 10

1 12 12

2 14 14

3 16 16

4 18 18

Answers7



4  a  i  v(t)  =
1

2

1

1
t

t


+
  ii  1  second

 b  i  a(t)  =
1

2

1

1
2

+
+( )t

  ii  Since 
1

2
0>  and 

 
1

1
0

2
( )

,
t +

>

 a(t)  =
1

2

1

1
2

+
+( )t

>  0

  for t   0  and so  velocity 

is  never decreasing.

Exercise 7Q

1  Decreasing ( ,  )

2  Increasing ( ,  2);  decreasing 

(2,  )

3  Increasing (1 ,  1 )  ;  decreasing  
( ,  1 )  and (1 ,  )

4   Decreasing ( ,  0);  increasing 

(0,  )

5   Increasing (1 ,  0)  and (1 ,  );  

decreasing (,  1 ) and (0,  1 )

6  Decreasing ( ,  3 )  and (3 ,  )

7  Decreasing (0,  )

8  Increasing (3,  );  decreasing 

(,  3)

9   Increasing  ( , 3 )  and 

( 3, );  decreasing ( , ) 3 1 ,  

(1 ,  1 )  and ( , )1 3

10   Increasing ( ,  2)  and  

(4,  );  decreasing (2,  4)

Exercise 7R

1  relative minimum (1 ,  5)

2  relative minimum (2,  21 );  

relative maximum (2,  1 1 )

3  no relative extrema

4  relative minimum (1 ,  1 )  

and (1 ,  1 );  relative  

maximum (0,  0)

5  relative minimum  









3

4

21 87

256
,

6  relative minimum (0,  0);  

 relative maximum 2
4
2

,
e











7  no relative extrema

8  relative minimum (1 ,  0);  

relative maximum (3,  8)

Exercise 7S

1  concave up (,  )

2  concave up (0,  2);  concave 

down ( ,  0)  and (2,  );  

inexion points  (0,  0)   

and (2,  1 6)

3  concave up (2,  );  concave 

down ( ,  2);  inexion  

point (2,  8)

4  concave up (,  )

5  concave up (2,  );  concave 

down ( ,  2);  inexion 

 point  







2

4
2

,
e

6  concave up 
 
  
 
 

3

3
,  and 

 
 
  
 


3

3
, ;  concave down 

 










3

3

3

3
, ;  inexion points  

 










3

3

3

4
,  and 

3

3

3

4
,











7 a  f x
x

x
( )

( )
= 

+
48

1 2
2 2

f x

x x x x

x

x

( )

( ) ( ) ( )[ ( )( )]

( )

( ) (

=

=

+    +
+

+

2 2 2

2 4

2 2

1 2 48 48 2 12 2

12

1 2  + +
+

+  + +
+

=

48 1 92 1 2

1 2

48 1 2 1 2 4

1 2

2 2

2 4

2 2 2

2 4

) ( )

( )

( )[ ( ) ]

( )

x x

x

x x x

x

==

=

=

+ 
+

+ 
+

48 1 2 3 1 2

1 2

1 44 1 2 4

1 2

1 44

2 2

2 4

2 2

2 4

( )( )

( )

( )( )

( )

(

x x

x

x x

x

x
22

2 3

4

1 2


+

)

( )x

 b  i   relative maximum  

(0,  2)

  i i  inection points  

  






2

3

2
,  and 2

3

2
,











8  concave up (,  2)  and  

(4,  );  concave down (2,  4);  

inection points  at x =  2,  4

Exercise 7T

1  y

x0124 3 1 2 3 4

4

4

8

12

16

(4,  0)

(0,  8)

5
3


49
3

,( )

2
3

0,( )

2  y

x012 1 2
2

4

6

8

10

(1 ,  0)

(1 ,  8)

5
3


40
27

,( )

(0,  5)

(5,  0) (5,  0)

3 y

0 x246 2 4 6 8 10 12

4

6

8

2

2

4

6

8

x = 4

y =  1
(0,  2)

4 y

0 x1 2 3 4 5 6

4

6

8

10

2 (3,  0)

5 y

0 x11234 2 3 4

4

4

6

6

8

8

10

2

2

(0,  0)

6 y

0 x11234 2 3 4

1

1

(1 ,  0)

(0,  1 )

(1 ,  0)

3


1
2

,( )3
3


1
2

,( )3

Answers 



Exercise 7U

1 y

x1 02 1 2 33

y =  f(x)

y =  f '(x)

y =  f ''(x)

2 

y =  f(x)

y =  f ''(x)

y

x1 02 1 2 33

y =  f ' (x)

 

3  
y =  f(x)

y =  f ''(x)

y =  f '(x)

y

x0248 2 4 6 86

Exercise 7V

1  relative minimum (3 ,  75)

2  relative minimum (1 ,  0) and 

(1 ,  0);  relative maximum (0,  1 )

3  relative minimum (3 ,  27)

4  relative minimum  







1

1
,

e

5  relative minimum (1 ,  0)

6  relative maximum (0,  1 )

Exercise 7W

1  A  neither;  B   relative and 

absolute minimum;   

C   absolute maximum

2  A  neither;  B   relative 

minimum;  C   relative and 

absolute maximum;   

D   absolute minimum

3  absolute maximum 8;  

absolute minimum 8

4  absolute maximum 1 6;  

absolute minimum 9

5  absolute maximum 2;

absolute  minimum 
5

2

Exercise 7X

1  
79

4
 and 

1

4

2  1 00 and 50

3  x =  50 ft;  y = 200

3
 ft

Exercise 7Y

1  40 cm by 40 cm by 20  cm

2  3  items

3  22

4 a  r
h

=
30 3

5

 b  
 

 
 


2

30 3

5
( ) ( )

h
V h h  or 

  
  2 39

25
( ) (100 20 )V h h h h

c  
d

d

d

d

V

h

V

h

h h

h

=  +

=  +

9

25

9

25

1 00 40 3

40 6

2

2

2

p

p

( );

( )

 d  r =  4 cm;  h =
1 0

3
 cm

5  a  p x x x( ) = 4 2 2

 b  
d

d

d

d

p

x
x

p

x
x

x=  =  2 1
1

2

2

2 3

2

4 4;

 c   0.630 thousand units   

or 630 units

Review exercise nonGDC

1  a  1 2x2 +  6x  2

 b  4

3

1

3x

 c  
1 2

5
x

 d  
4 3 2

1 0 4 3 2 1x x x x   

 e  1 1

7
2

( )x +

 f 
4

4e
x

 g  2 3 3
1 2 ( 1)x x 

 h  
2

2 3x +

 i  
1 2

3

 ln x

x

 j  
4

3

1

3
x 

 k  2
e (3 6 1)
x

x x 

 l  


6

3
2

e

e

x

x
( )

 m  3

2 5x 

 n  2
2 e ( 1)

x
x x 

 o  
1

x

2  a x 3 +  3x 2h  +  3xh2 +  h3

b











    

      

  

  

  

 











3 3

0

3 2 2 3 3

0

2 2 3

0

2 2

0

2 2

0

2

[2( ) 6( )] (2 6 )

2 6 6 2 6 6 2 6

6 6 2 6 )

(6 6 2 6)

lim

lim

lim

lim

lim (6 6 2 6)

6 6

'( )

h

h

h

h

h

x h x h x x

h

x x h xh h x h x x

h

x h xh h h

h

h x xh h

h

x xh h

x

f x

c p =  1 ;  q  =  1

d f   (x)  =  1 2x

e (0,  )

3  y x =  4 1
1

1 2
( )

4  2 3

3

9 2 3

9

2 3

3

9 2 3

9
, , ,











 +









5  a  f   (2)  > f (2)  > f (2);  

 b   f    (2)>  0;  since the graph 
of f is  concave up,  f (2) =  0   

and f   (2)  <  0  since the 

graph of f is  decreasing

6 a  i  4x 3 1 2x 2

  ii  1 2x 2 24x

 b i  (0,  0),  (4,  0)

  i i  (3 ,  27)

  i ii  (0,  0),  (2,  1 6)

c y

x0124 1 2 3 43
5

5

10

15

20

10

15

20

25

(0,  0) (4,  0)

(2,  16)

(3,  27)

Answers7



7 a  v t
t

( ) = 20
1 00

 b  t <  5

 c   
2

1 0
( ) ( )

t
v t a t  and since 

   1 00 >  0  and t 2 >  0,   

v  (t)  >  0.  Therefore 

velocity is  always 

increasing.

Review exercise GDC

1 a  Does not exist 

 b 1

 c 8

 d Does not exist

2 a  i  y x= +
2

1 00

 i i   

 


2

2

(30 ) 625  

 60 1 525

orx

x x

z

 i i i  

 





2

2

1 00

60 1 525

( ) x

x x

L x

 b  i  





 





2

2

d

d 1 00

30

60 1 525

L x

x x

x

x x

  ii  8.57 ft

Chapter 8

Skills check

1 y

2

4

6

8

10

12

x0 Red Blue Pink Purple Black

2  a  6.4 b  8

c i  6  ii  1 0  ii i  1 1

Exercise 8A

1  a  Discrete b  Continuous 

c  Continuous d  Discrete

2  Discrete

Exercise 8B

1  a  Continuous

b  y

10

20

30

40

x0 15 30 45 60 75 90

Time in  minutes

N
u
m
b
e
r 
o
f 
st
u
d
e
n
ts

2  a  Continuous

b  1 7

c y

1

2

3

4

5

x0 2010 30 40 50 60 70

Age (years)

N
u
m
b
e
r 
o
f 
te
a
ch

e
rs

3 a  Continuous 

 b 96 c  

Mass 

(kg)

1    w 

<  2

2    w 

<  3

3    w 

<  4

4    w 

<  5

Number 

of 

ch ickens

8 24 50 14 

4 a  Continuous 

 b  c  5  min

Time 5   t <  10 10   t <  15 15   t <  20 20   t <  25 25   t <  30 30   t <  35 35   t <  40 40   t <  45

f 1 2 4 4 2 2 1 1

2  a  1  b  1 70    h  <  1 80

Exercise 8D

1  62.5  km h1

2  $1 .86

3 a  Discrete

 b  5.76 calls  per day

4  a  Continuous 

 b  90   m  <  1 20

 c  83.4 min per day

5  79

6  91 .1  kg

7  255  km

8  568

9  1 03  points

10  $31 5.20

Exercise 8E

1 a  4  b  5  c  3 . 5

d  4 e  6

2  1 1

3  Mode 7,  mean 5.25,  median 5.5

Data Mean Mode Median

Data  set
6,  7 ,  8 ,  10,  12 ,  14,  14,  

15, 16,  20
12 .2  14 13

Add  4  to  each   

da ta  set

10,  11,  12 ,  14,  16,  18,  

18,  19,  20,  24
16.2 18 17

Mu l tiply the  origina l  

da ta  set by 2

12 ,  14,  16,  20,  24,  28,  

28,  30,  32 ,  40
24.4  28 26

Exercise 8C

1  a  1 8  b  9

 c  1 8  and 24 d  0

 e  
1

2
 and 2

a  If you add 4 to  each data 

value,  you will add 4 to  the 

mean,  mode and median.

b  If you multiply each data value 

by 2,  you will multiply the 

mean,  mode and median by 2.

Investigation: Measures of 

central tendency

Answers 



Exercise 8F

1 a  95  cm b  67.5  c  57.5

 d  92.5  e  35

0 20 40 60 80 120100

y

x

Q
1

Q
3

mmin  x max x

2  a  1 4 b  79  c  75

 d  82 e  7

71 75 79 82 85

Min  X Q
1

Q
3m Max X

y

x

3 a  1 9  b  21  c  1 2

 d  27 e  1 5

10 20 30

Q
1

Q
3

mmin  x max x

y

x

4 a  5  b  8  c  7

d  1 0 e  3

5 a  iii b  i  c  ii

Exercise 8G

1 a  75  cm

 b  (77.5    72)   cm =  5 .5  cm

c  The middle 50% of data 

has a spread of 5 .5  cm.

2  
y

5

10

15

20

25

30

40

35

x0 10.5 20.5 30.5 40.5

Length  (mm)

C
u
m
u
la
ti
v
e
 f
re
q
u
e
n
c
y

3  a y

x

10

20

30

40

50

60

100

70

80

90

0
2 4 8 1214 18166 10

Time (min)

Q
1

Q
2
Q
3

N
u
m
b
e
r 
o
f 
s
tu
d
e
n
ts
 w
h
o
 

to
o
k
 l
e
s
s
 t
h
a
n
 t
h
is
 t
im

e
 i  1 1  min

 i i   (1 3 .6    8.2)min 

=  5 .4 min

b  p  =  32,  q  =  8

4  a Marks f cf

20    m  <  30 2 2

30    m  <  40 3 5

40    m  <  50 5 10

50    m  <  60 7 17

60    m  <  70 6 23

70    m  <  80 4 27

80    m  <  90 2 29

90    m  <  100 1 30

 b  y

4

8

12

16

20

24

32

28

x0
20 40 60 80 100

Exam mark (%)

C
u
m
u
la
ti
v
e
 f
re
q
u
e
n
c
y

 c  i  Median   57%

  ii  Lower quartile   45%

   Upper quartile   69%

  ii i   Inter-quartile  

range   24%

5  a 
Distance  ( d) f cf

0    d  <  20 4 4

20    d  <  40 9 13

40    d  <  60 15 28

60    d  <  80 10 38

80    d  <  100 2 40

 b y

4

8

12

16

20

24

40

36

32

28

x0
20 40 60 80 100

Distance thrown (m)

C
u
m
u
la
ti
v
e
 f
re
q
u
e
n
c
y

c  Qualifying distance   66  m

d  Inter-quartile range   28  m

e  Median   50  m

6  a  i  23  min ii  1 6  min

  ii i  37 min

 b  y

x
4030 5010

0
20

7  a  1 70  cm

 b   50 owers between 1 35  cm 

and 1 63  cm

 c  22 owers,  1 80 cm d  1 1 0

 e  

y

x
170160 180 190 200140

0
150

Height (cm)

Exercise 8H

1 a   Mean =  1 8,   

variance =  1 29.6,   

standard deviation =  1 1 .4

b  Mean =  40,  variance =  200,  

standard deviation =  1 4.1

2  a   Variance =  78.5,   

standard deviation =  8.86

b  Variance =  80.1 8,   

standard deviation =  8.95

c  Variance =  449,  standard 

deviation =  21 .2

3  1 .32

4  Mean =  2.5,   

standard deviation =  1 .24

5  Standard deviation =  1 4.9

6  a  Discrete b  2 .73

 c  1 .34 d  23

7  Mean =  42.4,   

standard deviation =  21 .6

8  a  51  b  69.5  

 c  i  21 .8  ii  None

Investigation:  The efect o 

adding or multiplying the data 

set on a standard deviation

a  2.47 

b  The mean increases by 1 00 to  

1 03.9.  

Answers



Chapter 9

Skills check

1 a  2  +  8  +  1 8  +  32  +  50

 b  4 +  7  +  1 0  +  1 3  +  1 6  

 c   g(x
1
)  +  4g(x

2
)  +  9g(x

3
)  +  

1 6g(x
4
)  +  25g(x

5
)

 d   f (x
1
)(x

1
)  +  f (x

2
)(x

2
)  +  

f (x
3
)(x

3
)    

2  a  1 8  mm2 b  8  cm2 

3  a  1 60  cm3  b  42  ft3

 Investigation  

antiderivatives of xn

  
f (x)  

Antiderivatives 

of f

x 1

2
x2 +  C 

x2 1

3

x3 +  C 

x3 1

4

x4 +  C 

x4 1

5

x5 +  C 

2  
1

1n +
x 

n+1

3  
1

3 1 +
x
3+1  =  

1

2
x
2 or 

1

2
2

x
;   

d
x







1

2

2  =  x 3

 



1
1

2
1

1
1

2

x
 =  

3

2
2

3
x ;   

 
 

3

2
d 2

d 3
x

x

  

=  
1

2x

4  n = 1  

Exercise 9A

1  
1

8
x
8 +  C 

2  
1

5
x
5 +  C

3  
1
 +  C

4  
1

22x C

5  
4

3
3

4
x  +  C

6  
7

5
5

7
x

+  C

7  
1

3
3

x

 +  C

8  
1

1 1
1 1

x

 +  C

9  
4

3
3

4
x  +  C 

10  
1 0

7
7

1 0
x  +  C

11  
4

5
5

4
x  +  C

12  
1

33x  +  C

Exercise 9B

1  
1

4
x 
4 +  C

2  
1

t

 +  C 

3  
9

5
5

9
x  +  C

4  2u  +  C

5  x
3 +  x2 +  x +  C

6  
2
2

x

 +  C

7  
1

3
t
3 +  

4

5

5

4t  +  C

8  
3

5

5

3x  +  x +  C

9   x5 +  3x4 +  3x2  2x +  C

10  t +  C

11  a  3 2

3

8
x

x


 b  
1

4

44
x C

x
 +

12  a  
6
4

5x

 b  25

6

5x C+

c  2.47

d  The standard deviation 

remains the same.  This  

is  because the standard 

deviation only measures the 

spread of the numbers,  and 

that remains constant if the 

same number is  added to  each 

item in the list.

e  The mean is  doubled.

f 4.94

g  The variance will be 

multiplied by 4 because the 

variance is  the standard 

deviation squared.

Review exercise non-GDC

1 a  3  b  5  c  5

 d  9

2  a  4.2  b  4  c  4

3  Mean =  27.5  yrs,  standard 

deviation =  0.4 yrs.

 Type A

4  a  52  b  1 4 c  8  

 Type B

 a  52 b  8  c  3

5  a  426  b  72  c  62

6 a  

y

x160 170 1800

20

40

100

120

140

80

60

150

Height (cm)

C
u
m
u
la
ti
v
e
 f
re
q
u
e
n
c
y

 b  Median   1 63

 c  IQR  6

7  a  k  =  1 00   96  =  4

 b  i  median =  3

  ii  IQR =  5   1  =  4

8  Median =  65  oF,  IQR =  45  oF

Review exercise GDC

1  Median =  20,  IQR =  1 4

2  a  6.48  b  1 . 31

3 a  6  b  6  c  5 .92

4  a   Mean  =  2.57,  median =  2,  

mode =  1 ,  standard  

deviation =  1 .68,   

variance =  2.82

b  Range =  6,  lower  

quartile =  1 ,  IQR =  3

5  a  1 60    Height <  1 70

b  
Height f

140    Height  <  150 15

150    Height  <  160 55

160    Height  <  170 90

170    Height  <  180 45

180    Height  <  190 5

  Mean  =  1 64 cm

6  a  i  p  =  65  i i  q  =  34

 b  Median =  1 8

 c  Mean =  1 7.7

Answers 



Exercise 9C

1  f (x)  =  
2

3
x6 +  4x2 +  8

2  y  =  
1

5
x5 +  

5

4
4

5
x  +  9

3  s(t)  =  t3    t2   6  

4  1 1 5 cm3

5  a  5  m s2

 b  s t t t( ) = + 5 20
5

2

2

Exercise 9D

1  2 ln x +  C,  x >  0

2  3ex  +  C

3  
1

4
ln t +  C,  t >  0 

4  
1

2
x2 +C

5  
4

3
x3 +  6x2 +  9x +  C

6  
2
x3  +  3x2 +  5  ln x +  C,  x >  0

7  
1

3
u3  +  C

8  
1

4
x4  x3 +  

3

2
x2  x +  C

9  
1

2
(ex +  x)  +  C

10  

5

2
2

5
x  +  

3

2
2

3
x  +  

1

22x  +  C

Exercise 9E

1  
1

6
(2x +  5)3 +  C

2  
1

12
(3x +  5)4 +  C

3  2
1

2
3

e
x

C


+

4  
1

5
 ln(5x +  4)  +  C,  x >  

4

5

5  
3

2
 ln(7   2x)  +  C,  x >  

7

2

6  2e2x+1  +  C

7  
3

1 6
(4x  3 )8 +  C

8   
3

2
2

21
(7 2)x C

9   
1

4
e4x +  

4

3
ln(3x  5)  +  C,   

x >  
5

3
 

10  
1

1 2 4 5
2

( )x 
 +  C 

11  a  1 2(4x +  5)2 

 b  
1

1 6
(4x +  5)4 +  C

12  s  =  
1

3
 e3t +  3t2 +  

1 3

3

Exercise 9F

1  
1

3
(2x2 +  5)3 +  C 

2  ln(x3 +  2x)  +  C,  x3 +  2x >  0

3   
3

2 2
2

3
(3 5 )x x C

4  e x
4

 +  C

5  
1

3 1
2

x x+ +
 +  C

6  e
x  +  C

7  
1

30
(2x3 +  5)5 +  C 

8   
3

2 4
4

3
( )x x C

9  
1

2
(x4  x2)4 +  C 

10  ln(x3  4x)  +  C,  x3  4x >  0

11  f (x)  =  ln(4x2 +  1 )  +  4

12  f (x)  =  e x
3

 +  4e

 Investigation  area and the 

denite integral

1  a  i  0.5  ii  1 ;  1 . 25;  2;  3 .25

  iii  3.75

 b  i  0.5  ii  1 . 25;  2;  3 .25;  5

  iii  5.75

 c   4.67;  3.75 <  4.67 <  5.75;  the 

area of the shaded region

2  
1

2
(3)(6)  =  9;  

2

1
(2x +  2)dx =  9;  

they are equal  

3  

a

b

f (x)dx

4  a   
1

2
(2.5  +  1 )(3)  =  5.25;   

5

1

 
 

 


1

2
3x dx =  5 .25

 b   
1

2
(42)    25 . 1 ;   
4

4
 21 6 x dx   25. 1  

Exercise 9G

1  

6

2

 
 
 


1

2
1x dx =  1 6;   

1

2
(8)(4)  =  1 6

2  

0

2
(x3  4x)dx =  4;  no  area 

formula

3  

3

1
3  dx =  1 2;  (4)(3)  =  1 2

4  

3

0
 29 x dx   7.07;   

1

4
(32)    7.07  

5  

3

1

1

x
dx   1 . 1 0;  no area 

formula

6  

6

0

 
 
 


1

3
2x dx =  1 8;   

1

2
(2  +  4)(6)  =  1 8  

Exercise 9H

1  1 2

2  1 4

3   4

4   8

5  1 2

6  0

7  1 1

8   3

9  20

10  1 2

11  a  4   b  1 2

12  a  4

 b  i  a  =  3 ;  b  =  7  ii  k  =  3

9.4 Exercise 9I

1  1

2  
1 0

3

3  
1

2

4  
36

5

5  4(e3  1 )

6  1

7  
1 6

3

8  1 6

9  a  24  b  
32

3

10  1 2

Exercise 9J

1  ln 3

2  
1 1
2 3

e e


3  0

4  2
1

e
e











Answers



Interval Width Height Area

1.5    x    0.5 1 f(1)   g(1)  =   2   (3)  =  1  1 (1)  =  1

0.5    x    0 .5  1 f(0)   g(0)  =  0   (2 )  =  2  1 (2 )  =  2

0.5    x    1 .5   1 f(1)   g(1)  =  4   (1)  =  5  1 (5)  =  5

1.5    x    2 .5  1 f(2 )   g(2 )  =  10   0  =  10  1(10)  =  10

2 .5    x    3 .5  1 f(3 )   g(3 )  =  18   1  =  17  1(17 )  =  17

5  
56

9

6  320

7  2
1 8

7
ln

8  2(e4  e3)

9  a  
2

0

2x2(x  2)dx,  b  
8

3

10  9

 Investigation:  Area between 

two curves

1  

3  

1 2 3 4124 3 x

y

4

6

8

2

2

4

6

8

0

 
2

2

(x3   (2x   4))dx =  1 6

4  

1 2 3 4124 3 x

y

2

3

4

1

1

2

3

0

 

2

1

((3  +  2x  x2)   (x +  1 ))dx  

=  
9

2

5  a  (0,0),  ( 1 ,  0),  (1 ,0)  

 b  i  f (x)  =  4x3  2x 

  ii   Relative 

minimum points:  

   
        

   

1 1 1 1
, , ,

2 4 2 4

 

    Relative  maximum  

point:  (0,  0)

 c  i  and ii  

 

1 21

(0,  0)

g(x)  =  1   x2

f(x)  =  x4  x2

2 x

y

1

2

1

2

0

(         ,       ) 12
1
4 (        ,       ) 12

1
4





 d   
1

1

((1   x2)   (x4  x2))dx = 
8

6  

1 2 3 41 x

y

2

1

1

2

3

0

 
3.146

0.1586

(ln(x)   (x  2)dx  

  1 .95

7  

1 2 3 412 x

y

2

3

4

5

1

1
0

 
2.732

0.7321

(( x +  3)  (x2  3x +  1 ))dx 

  6.93

2  Area  35 ;  the  area enclosed 

by part of the  rectangles  

that extend beyond the 

region bounded by the  two 

curves  is  greater than the 

gaps  left by the  rectangles  in 

the  region.

3  

3.5

1 .5

[(x2 +  3x)   (x  2)] dx  

  35 .4;  The values are very 

close.

Exercise 9K

1  

1 2 3 4124 3 x

y

2

3

4

1

1

2

3

4

0

2

2

         
    

 



2 21 1

2 2

32

3

2 2 dx x x

2  

10 212 x

y

1

2

 

1

0

  2 1

3
dx x x

Answers 



8  

1 2 3123 x

y

2

3

1

1

2

3

0

 

0.3841

1 .952
((2   x  x2)   ex dx  

  2 . 68

9  

2 4 6 8 1024 x

y

4

6

8

2

2

4

0

 

9.275

1 .725











+










+1

2

2

1
6x

x

x
dx  

  9. 68

10  a  

1 2 3 4 5 612 x

y

1

2

3

4

2

1
0

f(x)  =  x

g(x)  =  2x

 b  i 

4

0
 2 dx x x

  i i  2.67 or 
8

3

 c  i   
k

 2 x x dx or  

4

3

1

2

3

2 2k k

  i i  k    1 . 51  

Exercise 9L

1  
1

0

((x3  2x2)   (2x2  3x))dx +   

3

1
((2x2  3x)   (x3  2x2))dx  

  3 .08

2  
1

0

((x  1 )3   (x  1 ))dx +   

2

1
((x  1 )   (x  1 )3)dx =  0.5

3  0

1 .131

x x xe x
x3

2

( )  ( )( )
d  +  

1 .131

0
      

2
3x

xe x x dx  

  1 . 1 8

4  

0.7071

3
((x4 +  1 0x2  9)    

(x4  9x2))dx +  

0.7071

0.7071
((x4  9x2)  

 (x4 +  1 0x2  9))dx +   
3

0.7071
((x4 +  1 0x2  9)    

(x4  9x2))dx   1 1 0  

5  a  i  (4,  4)  

  ii  f (x)  =  
1

2
 x

   m  =  f (4)  =  2

   y   4 =  2(x  4)

   y  =  2x  4

 b  i  (1 .236,  1 .528) 

  ii   
1 .236

0

 
 
 

 2 21

4
( )x x dx + 

4

1 .236

 
 
 

 21
4

4
(2 )x x dx 

 2.55

 Investigation: Volume of 

revolution

1  

Interval Radius Height Volume

0   x   1 f(1)  =  0.5 1  0 = 1  (0.5)2 (1)    0.7854 
1   x   2 f(2)  =  1  2   1  = 1  (1)2 (1)    3.142 
2    x   3 f(3)  =  1.5 3   2  =  1  (1.5)2 (1)    7.069 
3    x   4 f(4)  =  2  4  3  = 1  (2)2  (1)    12.57  
4   x   5  f(5)  =  2.5 5   4 = 1  (2.5)2 (1)    19.63  
5    x   6  f(6)  =  3  6   5  = 1  (3)2 (1)    28.27  

2  71 .5;  greater

3  

6

0
 (0.5x)2dx  56.5  

4  Volume =  
1

3
 (3)2 (6)    56.5  

Exercise 9M

1  
5

0

 (42)dx   251 ;   

V =   (42)(5)    251

2  
3

0

 (6   2x)2dx   1 1 3 ;   

V =  
1

3
 (62)(3)    1 1 3

3  
2

2
 2 2( 4 )x dx   33 .5;   

V =  
4

3
 (23)    33 .5

4  
4

0

 2 2( 1 6 )x dx   1 34;   

V =  
 
 
 

31 4
( )

2 3
4    1 34

5  
4

2

 (x2)dx  58.6;  V =  1
3
 (42)(4)   

 
1

3
 (22)(2)    58.6

Exercise 9N

1  

2

1
 (x3)2 dx =  

1 27

7



2  

1

0

 (x2 +  1 )2 dx =  
28

1 5



3  

3

0
 (3x  x2)2 dx =  

81

1 0

4  

4

1

 
 
 

2

1
d

x
x  =  

3

4



5  a  

ln 4

0


 
 
 

 
 
 
 

2
1

4e d
x

x

 b  2

6  a  

a

1

 
 
 

2

1
d

x
x

 b  e3  

Answers7



Exercise 9O

1  a  v(t)  =  2t  6

 b  

s(t)
01 1 2 3 4 5 6 7 8

t =  4
t =  3

t =  0

 c   

4

0

(2t  6)dt =   8  m;   

4

0

| 2t  6| dt =  1 0  m 

2  a  v(t)  =  t2  6t +  8  

 b  

t =  4
t =  0 t =  2

t =  6

5
1

3
6

2

3

s(t)
0 12

 c  

6

0

(t2  6t +  8)dt   1 2  m;   

 
6

0

| t2  6t +  8| dt   1 4.7 m  

3  a  v(t)  =  3(t  2)2 

 b  

s(t)
8 0 8

t =  2t =  0 t =  4

 c   

4

0

3(t  2)2dt =  1 6  m;   

4

0

| 3(t  2)2| dt =  1 6  m

4  a   

1 2

2

v(t)dt =  
1

2
(6)(6)   

 
1

2
(4 +  2)(2)  =  1 2  m 

  

12

2

| v(t)| dt =  
1

2
(6)(6)   

+  
1

2
(4 +  2)(2)  =  24 m

 b   

5

0

v(t)dt =  
1

2
(2)(2)   

+  
1

2
(3)(6)  =  1 1  m

   

5

0

| v(t)| dt =  
1

2
(2)(2)   

+  
1

2
(3)(6)  =  1 1  m

c  
12

0

v(t)dt =  
1

2
(2)(2)  +  

1

2
(6)(6)   

 
1

2
(4 +  2)(2)  =  1 4 m

 

12

0

| v(t)| dt =  
1

2
(2)(2) +  

1

2
(6)(6)  

+  
1

2
(4 +  2)(2)  =  26  m

5  a  2  m s2 

 b  s(t)  =  
1

3
t3  9t +  1 2   

 c  

8

2

| t2  9| dt   1 1 9 m  

6  a  2  m s2 

 b  2 <  t <  1 0  

 c  28

Exercise 9P

1  

10

0

1 8 4 20. e d
t

t    239 billions  

of barrels

2  

1 .5

0

(1 375t2  t3)dt   1 550 

spectators

3  36.5  +   
8

0
5 0 01 0 1 3 0 3 8 0 3 0 9

4 3 2

t t t t te( . . . . . ) +   +

  

dt   240 cm3 

4  4000 +  

20

0

 
 

 
 1

60
1 33

t
dt    

1 780 gallons

Review exercise nonGDC

1  a  x4  4x2 +  6x +  C

 b  
7

3
3

7
x C

 c   
3

1

x
C

 d  
5

1 8

1

2
0

3
x x C x + >ln ,

 e  1

4

4
e

x C+

 f  3 51
( 1)

1 5
x C

 g     
1 3

2 2
ln(2 3) ,x C x

 h   21

2
(ln ) , 0x C x

 i   2 21
( )

2
3 1x C

 j  2ln(ex +  3 )  +  C

 k  
3

2(2 5)x  +  C 

 l  
1

2

2
2

e x
C

( )
+

2  a   4

 b  1 6

 c  8

 d  e6  e3

 e  20

 f 
ln 5

2

3  a  
2

1

(x2  1 )dx  

 b  
4

3

 c  
2

1

(x2  1 )dx  
1

1

(x2  1 )dx  

 d   
2

1

(x2  1 )2dx

4  f (x)  =   23

2
2 4x x  

5  a  5

 b  28

6  s(t)  =  2e2t +  2t +  6  

7  1 3

Review exercise GDC

1  1 07

2  a  a(t)  =  4t  1 1

 b  a  =  1 . 5,  b  =  4 

 c  7.83  m

3 a  y  =  3x 

 b  (2,  6)

 c  

1 212 x

y

4

6

8

2

2

4

0

 d   

2

1

(3x  (x3  2))dx =  6.75  

Chapter 10

Skills check

1 a  32  b  27  c  343

 d  
1

1 28
 e  

81

256

 f 0.000000001  or 1    1 09

2 a  n  =  4 b  n  =  5  c  n  =  3

 d  n  =  4 e  n  =  3  f n  =  3

Answers 



Exercise 10A

1  a  Positive,  strong 

 b  Negative,  weak

 c  Negative,  strong 

 d  Positive,  weak

 e  No correlation

2  a  i  Positive i i  Linear

  i ii  Strong

 b  i  Negative i i  Linear

  i ii  Strong

 c  i  Positive i i  Linear

  i ii  Moderate

 d  i  No  association

  i i  Non-linear

  i ii  Zero

 e  i  Positive i i  Linear

  i ii  Weak

 f i  Negative

  i i  Non-linear

  i ii  Strong

3  a  Increases b  Decreases

4  a  

Rainfal l  in  Tennessee

1999

0

20

40

60

2001 2003 2005 2007 2009

R
a
in
fa
ll
 i
n
 c
m

y

x

 b  Strong,  negative

 c   As the year increases  the 

rainfall decreases.

5  a  

0
20 40 60 80 100

20

40

60

80

100

y

x

Mathematics

S
c
ie
n
c
e

Scores

 b  Strong,  positive,  linear

Investigation  leaning tower 

of Pisa (continued) 

 a  
Scatterplot of lean  vs year

year

le
a
n

75.0

650

675

700

725

750

77.5 80.0 87.582.5 85.0

y

x

 b  Strong,  positive

 c   The lean is  increasing.  The  

danger with extrapolation 

is  that it assumes that the 

current trend will continue 

and this  is  not always the 

case.

Exercise 10B

1  a  (96.7,  44.1 )

 b  
Relationship between  leaf length

and  width

Length  (mm)

0

10

80

W
id
th
 (
m
m
)

40 120 160

M

30

20

40

60

50

70

y

x

2  a  i  1 75  cm

  ii  66 kg

 b  

Weight (kg)

0

160

65

H
e
ig
h
t 
(c
m
)

60 70 75

155

170

165

175

185

180

190

M

y

x

3  a  (4,  6.67)

 b

Hours

Mean  Point

0

4

4

In
c
re
a
s
e

2 6 8

2

8

6

10

14

12

y

x

 c  Strong,  positive

 d   An increase in the number 

of hours spent studying 

mathematics produces an 

increase in the grade.

Exercise 10C

1  a  (x ,  y )  =  (75,  7.03)

Temperature

P
e
rc
e
n
ta
g
e
 d
is
e
a
s
e
d

8070

2.3

12.3

y

x

 b  y  =   0.96x +  79   

 c  7

2  a  220000

 b  75.4

 c   and d  Note the values  

of m  and b  in the equation  

y  =  mx +  b  are 

approximate.  

40

200160 240 280

y =  x +  300

20

0

80

60

100

140

120

y

x

 e  Approximately 70  houses

Answers7



Exercise 10D

1  The slope is   0.3 .  As a 

student plays  one more  

day of sport they do  1 8  

minutes less  homework.

 The  y-intercept is  40,   

which means that  

the average student  

who does no hours of  

sport does  40  hours of 

homework.

2  The slope is  6.  For every time 

a person has been convicted 

of a crime they know 6  more 

criminals.

 The  y-intercept is  0. 5 ,   

which means  that people  

who have not been  

convicted of a crime  

know 0. 5  criminals  on 

average.

3  The slope is  2.4.  For every 

pack of cigarettes smoked per 

week there are 2.4 more sick 

days per year.

 The  y-intercept is  7,  which 

means that the average person 

that does not smoke has 7  sick 

days per year.

4  The slope is  1 00.  1 00 more 

customers come to  his  shop 

every year.

 The  y-intercept is  5,   

which means that 5   

people visited his  shop in  

year zero;  the y-intercept  

is  not suitable for 

interpretation.

5  The slope is  0.8.  Every 1  

mark increase in mathematics 

results  in a 0.8  increase in 

science.

 The  y-intercept is  1 0 which is  

not suitable for interpretation 

as  a zero  in mathematics 

would mean a 1 0 in  

science.  

Exercise 10E

1  a  

4

21 4 5 6

Time (hours)

C
o
n
c
e
n
tr
a
ti
o
n

2

0

8

6

10

14

12

3

y

x

 b  y =  1 .84x +  1 .99

 c  8.43  (3  sf)

2  a

10

21 4 5 6

Age (yrs)

C
o
s
t 
($

1
0
0
0
)

7

5

0

20

15

25

30

3

y

x

 b  y  =  2.67x +  28. 1   

 c  $1 6085

 d   The relationship may not 

be linear.  Antique cars  are 

often more expensive after 

50  years than when new.

3  a

4

42 8 10 12

Months of membership

H
o
u
rs
 o
f 
e
x
e
rc
is
e

14

2

0

8

6

10

6

y

x

 b  y  =  0.665x +  9.86  

 c  7.865  hours

 d   No.  The equation gives 

 6. 1  hours of exercise!

4  Fifty years  =  600 months,  and 

the line would predict Sarahs  

height at 50  years  to  be about 

302 cm =  30.2  metres.

 Clearly  there is  a major 

difculty with extrapolation.  

In fact,  most females reach 

their maximum height in 

their mid to  late teens,  and 

from then on their height is  

fairly constant.  Therefore 

extrapolating with a linear 

function is  unsuitable.

5  a  (1 981 ,  694)

 b  

Scatterplot of lean  vs year

Year

L
e
a
n

75.0

650

675

700

725

750

77.5 80.0 87.582.5 85.0

y

x

 c  y  =  9.32x  1 7767 

 d  780 m

Exercise 10F

1  r =  0.863.  There is  a strong,  

positive correlation.

2  a  0. 789

 b  Strong,  positive correlation

 c   The income increases as  

the number of years of 

education increases.

3  a  0. 91 0

 b   The stopping distance 

increases  as  the car gets  

older.

 c  Strong correlation

4  a   0.  887

 b   Strong,  negative correlation

 c   Yes,  Kellys  grade would 

increase if the chat time 

decreased.

5  a  0. 0262

 b  Positive,  weak correlation

 c   No,  Mos  grade would not 

increase if the game time 

decreased.

Answers 7



6  0.994.  Strong,  positive 

correlation.

Review exercise non-GDC

1  a  ii b  v

 c  iii d  i

2  a  and b

20

200 400 600

Distance (km)

Fu
e
l 
(l
it
re
s)

800

10

0

40

30

50

60

y

x

 c  32 litres

3  a  and c

11 .6

30 40 50

Age (years)

Mean  point

Ti
m
e
 (
se

co
n
d
s)

11 .2

10.8

12.4

12.0

12.8

13.2

13.6

20

y

x

 b   Mean age =  34 years,  

mean time =  1 2  seconds

 c  Approximately 1 1 .6  s

Review exercise GDC

1  a 

0

y

x

 b   As the time increases,  

the number of push-ups 

decreases.

 c  y  =  1 .29x +  9  

 d   r =  0.929.  There 

is  a strong,  negative 

correlation.

2  a  w  =  22.4 +  55.5h  

 b  66.4 kg

3  a  r =  0.785  

 b  y  =  30.7  +  0.688x

 c  99.5

 This  should be reasonably 

accurate since the product

moment correlation 

coefcient shows fairly strong 

correlation.

4  a  

20

20 40 60

Test 1

Te
st
 2

60 80

10

40

30

50

0

y

x

 b  Positive,  strong

 c  high

 d  y =  0.50x +  0.48

 e  20.48

5  a ,  c  and f 

Load  (kg)

0

24

4

Le
n
gt
h
 (
cm

)

1 2 3 5 76 8 x

y

22

28

26

30

34

32

36

38

L

 b  (4,  30)  d  i  r =  0.986

  ii   (very) strong positive 

correlation

 e  y  =  1 .83x +  22.7   

g  30.9  cm 

 h   Not possible to  nd an 

answer as  the value lies  

too  far outside the given 

data set.

6  a  

Agreeableness

0

10

4

B
e
h
a
vi
o
r 
p
ro
b
le
m
s

1 2 3 5 6 x

y

5

20

15

25

35

30

40

 b   Behavior problems 

decrease.

 c    0.797

 d   Strong,  negative 

correlation

 e  Fewer

 f y  =  1 0.2x +  51 .0  

 g  5.1

7  a  y  =  1 0.7x +  1 21

 b  i   Every coat on average 

costs  $1 0.65  to  

produce.

  ii   When the factory 

does not produce any 

clothes it has to  pay 

costs  of $1 21 .  

 c  $870

 d  1 4 

Chapter 11

Skills check

1  a  x =  90

 b  x =  50

 c  x =  68

 d  x =  
70

3

 e  x =  6.09 (3  sf)

 f x =  1 4.7  (3  sf)

Answers



Exercise 11A

1  b  =  1 6,    =  36.9,  B  =  53 . 1 

2  B  =  50,  a  =  31 .0,  c =  48.3

3    =  35,  a =  2.58,  b =  3 .69

4  a  =  36,    =  36.9,  B  =  53 . 1 

5  B  =  55,  b  =  1 5.7,  c =  1 9.2

6  c =  1 2.9,    =  41 .2,  B  =  48.8

7  x =  5 ,    =  22.6,  B  =  67.4

Exercise 11B

1 a   b  =  1 2 3 ,    =  30,

  B  =  60

 b  B  =  45,  a =  9,  c =  9 2

 c    =  30,  a  =  2.25,  

 b  =  
9 3

4

 d  a  =  2 3 ,    =  30,  

  B  =  60

 e  b  =  5 2 ,    =  45,  

  B  =  45

2  x =  8 2 ,  y  =  8 3 8 ,  z =  1 6

3  x =  
2 3 + 2

3
,  AC =  

4 3 + 2

3

4  x =  1 ,  AB =  3 2  or x =  3 ,  

 AB =  1 1 2

5  w  =  9.8  cm,  x =  1 3 .9  cm,   

y  =  6.5  cm,  z =  1 5.4 cm

Exercise 11C

1  a  0 2  cm

 b   BC =  70.5   
A BC =  38.9

2  a  AE =  29. 1 ,  BE =  34.4

 b   AD  =  74.1 ,   

E BA  =  54.5,  
AB  =  51 .5

3  758  m

4  71 .5  and 1 08.5

5  4.78  km,  N21 .1 W

6  70.7  m

7  44.8  km,  243.5

8  1 35.7  m,  202.2  cm

9  91 .2  m

10  40.7  m

11  4.01  s

12  a  20.6  b  26.6

 c  35.1   d  50.0

Exercise 11D

1 a  (0.940,  0. 342)

 b  (0.956,  0.292)

 c  (0.5,  0.866)

 d  (0.276,  0.961 )

 e  (0,  1 )

2 a  66  b  81 

 c  45 d  1 4

3 a  0.470 b  0. 308

 c  0.203  d  0. 25

Investigation  Obtuse angles



x0

(0.766,  0.643)(0.766,  0.643)

y

40

140



x0

(0.906,  0.423)(0.906,  0.423)

y

25

155



x0

(0.375,  0.927)(0.375,  0.927)

y

68

112

Exercise 11E

1 a   B  (0.866,  0.5),   
C ( 0.866,  0.5)

b  B  (0.545,  0.839),   
C ( 0.545,  0.839)

c  B  (0.707,  0.707),   
C ( 0.707,  0.707)

d  B  (0.974,  0.225),   
C ( 0.974,  0.225)

e  B  (0.087,  0.996),   
C ( 0.087,  0.996)

2 a  70.6

b  1 7.3

c  25.4

d  39.7

3 a  0. 2588,  1 65

b  0.5878,  1 44

c  0.9877,  99

d  0.8988,  1 1 6

4 a  60.6,  1 1 9.4

b  25.8,  1 54.2

c  30.3,  1 49.7

d  30,  1 50

Exercise 11F

1 a  1 . 50  b  1 .92

c  0.91 0 d  1

2 a  y  =  1 .09x,    =  48

b  y  =  1 .87x,    =  62

c  y  =  2.80x,    =  1 1 0

d  y  =  1 .21x,    =  1 29

e  y  =  0.75x,    =  1 43

f y  =  2.36x,    =  1 1 3

Exercise 11G

1 a   C  =  50,  a  =  1 7.7  cm,   

  c =  1 8.5

b  B  =  68,  a  =  1 .69 cm,   

 b  =  2.44 cm

c  B  =  40.9,  C  =  84.1 ,   
  c =  5 .46  cm

d    =  40,  a  =  1 49,   
  c =  1 90

e  C  =  1 1 0,  a  =  2.80,  b  =  4.21

2  26.9 cm

3  3.37 km,  2.24 km

4  1 5.8  m

Investigation  Ambiguous 

triangles

1  C
1
 =  62,  C

2
 =  1 1 8.  The 

angles are supplementary.

2  B
1
 =  86,  B

2
 =  30,   

b
1
 =  5 .65  cm,  b

2
 =  2.83  cm

Exercise 11H

1 a   C
1
 =  61 .0,  B

1
 =  89.0,  

   b
1
 =  8.0  cm

 C
2
 =  1 1 9.0,  B

2
 =  31 .0,  

   b
2
 =  4. 1  cm

Answers 



c  
4

9

d  
1 1

6

2  a  0.977 rad

b  1 .87 rad

c  5.65  rad

d  4.01  rad

3  a  1 50

b  300

c  270

d  225

4  a  85 .9

b  20.6

c  1 36

d  206

Exercise 11M

1  a  
2

2

b  
1

2

c  
3

3

d  
3

2

2  a  0.892

b  0.949

c  1 .1 2

d  0.667

3  a  9.76  cm2

b  5.45  cm

c  50.5  cm2

4  1 0.9 m2

5  a  1 7. 1  cm2 b  1 2. 1  cm2

c  2.63  rad d  1 5 .8  cm

Review exercise non-GDC

1  7 2  cm

2  a  30  b  8 3  cm

3  
2

5

4  1 0 cm2

5  a  25  cm b  1 25  cm2

b  C
1
 =  71 .1 ,  

1
 =  58.9,  

 a
1
 =  1 9.0  cm

 C
2
 =  1 08.9,  

2
 =  21 . 1 ,  

 a
2
 =  8.0  cm

c  B
1 
=  68.5,  

1
 =  91 .5,  

 a
1
 =  7.3  cm

 B
2
 =  1 1 1 .5,  

2
 =  48.5,  

 a
2
 =  5 .5  cm

d  C  =  30.5,  B  =  1 07.5,  

 b  =  47.0  cm

e  Triangle does not exist

f B
1
 =  77.8,  C

1
 =  32.2,  

 c
1
 =  1 4.2  cm

 B
2
 =  1 02.2,  C

2
 =  7.8,  

 c
2
 =  3 .6  cm

g  B  =  26.7,  C  =  1 08.3,  

 c =  29.5  cm

h  C
1
 =  67.1 ,  

1
 =  56.9,  

 a
1
 =  45.5  cm

 C
1
 =  1 1 2.9,  

2
 =  1 1 . 1 ,  

 a
2
 =  1 0.4 cm

2  a   BE =  8  m,  CE =  6  m,   

DE =  1 5  m

b  EAB =  53 .1 ,   

B CE =  53 .1 ,   

B CD  =  1 26.9,   

A BD  =  98.8,   

C BD  =  25. 1 

c  Given side BD  =  1 7  m  

in ABD  and angle 
D  =  28.1 ,  and side  

AB  =  1 0,  then there are 2  

possible triangles,  tting 

this  data,  namely DBA  and 
DBC.

3  b  5 .80  km c  24.9  km

d  1 43.5

Exercise 11I

1 a   a  =  65.7  m,  B  =  36.0,  

  C  =  80.0

b    =  28.9,  B  =  52.8,

 C  =  98.4

c    =  44.4,  B  =  1 07.8,  

 C  =  27.8

d  b  =  7.48  m,    =  43.5,  

 C  =  1 05.5

e  c =  92.8  m,    =  49.4,  

 B  =  60.6

f   =  48.6,  B  =  56.4,  

 C =  75.0

2  1 2.1  km

3  4.07 cm,  6.48  cm

4  1 8.8  km

5  043.5  or 1 36.5

6  a  45

b  71 .8

c  63.8

Exercise 11J

1 a  26.7  cm2

b 40.8  cm2

c 1 52 cm2

d 34.1  cm2

e 901  cm2

f 435  cm2

2  47.8

3  22.7  cm

4  a  76.7

b  81 .4 cm2

5  x =  2.5  cm

6  5.31  mm,  1 8.5  mm

Exercise 11K

1  9.52 cm

2  39 cm

3  5  radians

4  3000 cm2,  220 cm

5  22.95  cm2,  21 .3  cm

6    =  1 .7,  r =  1 6

7  7.96 cm2

Exercise 11L

1  a  5

12

b  
4

3

Answers



Review exercise GDC

1  72.7 m

2  a  (0.848,  0.530)

b  72.9

c  (0.600,  0.800)

3  a  54.7  b  1 0.9  cm

4  a  1 8.0  m b  34.3

5  a  1 21   b  8 .60  cm

6  54.1  km

7  a  31 .9  b  1 3 .9  cm

c  1 1 9 d  27.4 cm2

8  a  21 .6  cm b  1 4.5  cm

c  1 1 .1 6  cm d  47.3  cm

Chapter 12

Skills check

1  a  (3 ,  0,  0)

 b  (3 ,  4,  0)

 c  (3 ,  0,  2)

 d  (3 ,  4,  2)

 e  (1 .5,  4,  2)

2  6.71

3  a  20  cm

 b  1 01 

Exercise 12A

1 a  x  =  2i  +  3 j

 b  y  =  7j

 c  z  =  i  +  j    k

2  a  AB  =  
2

3











 b  CD  =  





















1

6

1

 c  EF  =  

0

0

1

















3  a  =  














3

5
 =  3i    5 j

 b  =  










2

4
 =  2i  +  4j

 c  =  
3

8









  =  3 i  +  8 j

 d  =  
0

6









  =  6j

 e  =  














3

6
 =  3 i    6j

4  a  5

 b  1 0  =  3 . 1 6

 c  29 = 5.39

 d  5.3

 e  29 5 39= .

5  a  38 6 1 6= .

 b  26 5 1 0= .

 c  3

 d  7

 e  2  =  1 .41

Exercise 12B

1  a  c  =  3b

  d  =  
1
a  

  e  =  5b  

  f =  2a

 b  They are perpendicular.

2  a,  b ,  e

3  a  
24

 b  
28

4  t =  25,  s  =  
8

5

5  a  OG  =  j  +  k

 b  BD  =  i   j  +  k

 c AD  =  i  +  k

 d  OM  =  
1

2
i  +  j  +  k

6  a  OG  =  4j  +3k

 b  BD  =  5i  4j  +  3k

 c  AD  =  5i +  3k

 d  OM  =  
5

2
i  +  4j  +  3k

Exercise 12C

1  PQ  =  













5

1
,  QP  =  

5

1











2  a  AB  =  














4

4

 b  BA  =  
4

4











 c  AC  =  










7

3

 d  CB  =  
3

7









 .

3  a  2i   3 j  +  5k

 b  i  +  5 j   6k

 c  i  +  5 j   6k

 d  i   5 j  +  6k

4  LM  =  

5

4

3





















5  US  =  2i  +  8 j   3k

6  x = 0,  y = 7,  z = 9

Exercise 12D

1   AB  =  





















3

4

5 ,  AC  =  

3

5

4


















,   

BC  =  

6

1 0

8


















.  Any two of 

these are scalar multiples of 

each other

2  a  AB  =  

3

2

8



















 b   AC  =  

6

4

1 6


















 so AB  =  

1

2
 AC   

or BC  =  





















3

2

8

 so AB  =  BC

3  P
1
P

2
 =  





















3

1

0

,  P
1
P

3
 =  





















6

2

0

,   

P
2
P

3
 =  





















3

1

0

;  P
4 2 4

7

3
, ,











4  x =  
5
;  AB  :  BC =  1  :  2

Answers 



Exercise 12E

1  AB  =  

5

0

2
















;  29 5 39= .

2  | AB |  =  1 29 ,  | AC |  =  42   

| BC |  =  1 29 .  Two sides 

equal length therefore 

isosceles.  Angle CAB  =  46.8

3  t = 6 

4  x =   5

5  a = 2

6  a  1 5

 b  1 0

 c  1 3

Exercise 12F

1  
3

5

4

5

2 2

1


















+ =

2  
1

3

2

3

2

3
1

2 2 2









 + 







 + 







 =

3  
1
 (4i   3 j)  

4  
1

42

1

5

4





















 

5  
1

3
(2i  +  2j   k)

6  
1

5

7  
5

5
(2i   j)

8  7

1 4

1

3

2





















9  a  
cos

sin




  
 

 b  
cos

sin




  
 

Exercise 12G

1  a  5i  +  j

 b  2i  +  3 j

 c  2i  +  4j  

 d  8i  +  4j

 e  i   3 j  

 f 2i

2  a  










2

2

 b  
1

8











 c  














1 5

3

.

 d  










5

1 5

 e  
3

34











3  a  8i   j    3k

 b  i  +  2j  +  3k

 c  i   2j    3k

 d  8i   6j    1 0k

4  x  =












4

5 5.
,  y  =

















1 9

3

1 6

,   

z =










6

1 0

5  x =   4.5,  y = 1 0.5

6  s = 4.5,  t = 9,  u = 9

Exercise 12H

4  a  i  b  a

  ii  b  a

  iii  2b    2a

  iv  b    2a

  v  2b    3a

 b   AB  is  parallel to  and half 

the length of FC

 c  FD  and AC are parallel

5  d  MX  =  3MP

Investigation  cosine rule

Exercise 12I

1  a  1 8  b  5

 c  20 d  1 3

 e  1 3

2  a  9  b  20

 c  20 d  58

 e  1 3

3  a  Perpendicular

 b  Neither

 c  Parallel

 d  Neither

 e  Perpendicular

 f Parallel

 g  Parallel

4  1 5

5  d =
















2

1

3

6  45

7  a  94.8

 b  1 61 .6

 c  1 36.4

8  a  AB  =  










1

5
,  AC  =  

1

2











 b  1 1

 c  
1 1

26 5

9  a  79.0

 b  90

 c  1 1 8.1 

10  a  AB =  1 7 ;  AC =  26

 b  cos BAC =
1

1 7 26

 c  1 0.5  

11  54.7

12  a   OA OB  = 0 therefore 
perpendicular

 b  62

13   =  2.5  

14   =  9

15  p  =  3  

Exercise 12J

1  a  r
1 3

2 2
t

   
      
   


 

 b  r
51

20
t

   
     

  


 



 c  r =



+ 

































3

1

2

3

2

8

t

 d  r  =  2j   k  +  t(3 i   j  +  k)

2  a   E.g.  r
4 1

5 7
t

   
      
   


 



 b  E.g.  r
4 1

2 0
t

   
      
   

 


Answers



 c  E.g.  r

3 1

5 9

2 3

t

   
   
   
   
   



    

 d  E.g.  r

0 1

0 1

1 1

t

   
   
   
   
   

  



3  a  E.g.  r
1 2

6 3
t

   
      
   


 



 b  E.g.  r
1 2

0 5
t

   
      
   


 

 c  E.g.  r

4 1

2 0

1 3

t

   
   
   
   
   

 

 d  E.g.  r =  5k  +  t(4i   k)

4  a  Yes b  No

 c  Yes d  No

5  r

2 2

4 3

5 8

t

   
   
   
   
   



 

 p =  2,  q  =  21  

6  E.g.  r =


+




















6

5

0

1
t

7  a  Coincident

 b  Perpendicular

 c  Parallel

 d  None

 e  None

8  a  53 .6  b  1 1 5.2

10  a  i  2i  +  5 j  +  3k

  ii  2i  +  5 j  +  3k

 b  i  | OF|  =  38

  ii  | AG |  =  38

  iii  OF    AG  =  30

 c  37.9

11  a  AB  =  7i   8 j  +  8k

 b  cos OB  =  
49

30 1 1 7

 d    =  3  

 e  (22,  1 9,  22)   

Exercise 12K

1  (4,  2)

2  

48

3

5

5





















3  
23

3

1

3

2

3
, ,











4  






1

5

3
,

6  a  

5

8

1 5



















 b  Dot product =  0

7  a  a  =  5 ;   b  =  8

 b  (4,  5 ,  7)

 c  3 1 0

8  a  E.g.  r

2 1

1 1

2 3

t

   
   
   
   
   

   



 b  (3,  2,  1 )

 c  1 1

 d  1 20.2

Exercise 12L

1  a   
1 5

1 0









 or 1 0  km north and 

1 5  km east

 b  5 1 3  km

2  a  29  m s1

 b 
50

20











 c  1 3  m s1

 d  8 29  m

 e  They will collide.

3  a  4  p.m.  b  7i  +  6j  

4  a  3 2  m s1and 86  m s1

 c  51 .2  m

Review exercise non-GDC

1  a   AB  =  

















3

1

2

,  BC  =  

9

3

6




















,   

AC  =  

6

2

4





















3  (a  +  b)    (a   b)  =  0  

4  (7,  9,  0)

5  a  AB  =  
3

3









 ,  AC  =  















1

2

 b  AB    AC  =  9

6  a  
















2

1 0

1

 b  t =  2

7  a  r s= +

































2

2

4

1

3

2

 b  (4,  8,  8)  

 d  

2

6

4

















 e  2 1 4

8  a  1 2.30 p.m. ;  










2

1 1 5.
 b  3  km

Review exercise GDC

1  1 22

2  a  QR  =  

















1

0

5

,  QP  =  

0

1

1



















 b  46.1 

 c  2.60

3  a  i  4j  ii  i  +  3k

  iii  2i  +  4j

 b BC=  i  +  4j    3k

  BD  =  i  +  4j    3k

 c  i  20  ii  20

  iii  1 8

 d  25.8

4  a  0,  4,  2

 b  82.9

5  a  OP    PQ  =  0,  PQ  =  

0

6

2

















 b  E.g.  

1 0

1 6

3 2


   
   
   

   
   

 r

 c  

1

2

4

















 d  1 58

6  a  AB  =  

6

2

0



















 c  (36,  1 8,  0)  d  5 . 1 0  m s1  

 e  6 seconds f (1 8,  6,  6)

Answers 9



Chapter 13
Skills check

1  a  


 b  

 c  



 d  



2  a  


 b   1

 c  1  d  0.5

3  a    1 .48  b  2

4  a  0.1 82,  2.40 b  1 . 1 4

Investigation  Sine,  cosine 

and tangent on the unit circle

1  sin90 =  1 ,  cos90  =  0,  tan90  

does not exist

2  sin1 80 =  0,  cos1 80  =  1 ,  

tan1 80 =  0

3  sin270 =  1 ,  cos270 =  0,  

tan270 does  not exist

4  sin360 =  0,  cos360  =  1 ,  

tan360 =  0

5  sin(90) =  1 ,  cos(90) =  0,  

tan(90)  does not exist

6  sin(180) =  0,  cos(180) =  1 ,  

tan(1 80)  =  0

7  sin0 =  0,  cos0 =  1 ,  tan0 =  0

8  sin



 =  1 ,  cos




 =  0,  tan




 

does not exist

9  sin  =  0,  cos  =  1 ,  tan  =  0

10  sin



 =  1 ,  cos 




 =  0,  tan




 

does not exist

11  sin 




 =  1 ,  cos






 =  0,   

tan 






 does not exist

12  sin4  =  0,  cos4  =  1 ,   

tan4  =  0

Exercise 13A

1  a  

75

b 

110

c 

250

d 

330

e 

100

f 

270

g 

180

h 

40

2  a 

r

6

b 
5r

3

c 
r

2

d 
11r

6

e 

r

3

f 

5r

6

g 

2r

h 

3

3  a  1 20,  240,  300

b  340,  20,  1 60

c  255,  285,  1 05

d  65,  245,  295

4  a  35,  325

b  130,  230

c  295,  65

d  240,  1 20

5  a  230,  1 30,  31 0

b  280,  80,  260

c  40,  1 40,  320

d  1 55,  335,  205

6  a  
  

 
  

 
  

b  
  

 
 

 
  

c  3    4. 1 ,  4. 1    2,      4. 1

d    +  3 ,  2    3 ,  3    

7  a  
 

 



 

 b  1 ,  (1    2)

c  2.5,  (2.5    2)

d  
 


 


 

For questions 3  to  8, there are many 

other possible correct answers.

Answers



8  a  
  

 
  

 
  

b  1 .3  +  ,  1 . 3    ,  1 .3    2

c  
  

 
  

 
  

d  2    5 ,      5 ,  5    

Exercise 13B

1  a  0.940 b  0. 342

c  0.342 d  0.940

2   a  



 b  





c  

 d  





3  a  0.8  b  0.6  c  0.6

d  0.8  e  

 f 





g  0.8  h  




4  a  




 b  a  c  b

 d  



 e  a  f b

g  a  h  b

Exercise 13C

1  a  300,  240,  60,  1 20

b  1 20,  240

c  31 5,  1 35,  45,  225

d  360,  180,  0,  1 80,  360

e  45,  1 35,  225,  31 5

f 30,  1 50,  21 0,  330

2  a  
   

 
   

  
   

b  0,  ,  2

c  
 

 
 


 

d   


 

e  
   

   
  

  
   

f    
 
  

  
   

3  a  0,  360,  720

b  135,  45,  225,  31 5,  

585,  675

c  225,  45,  1 35,  31 5,  

495,  675

d  60,  1 20,  240,  300,  

420,  480,  600,  660

4  a  



 b  

 
 



 

c  
 

 



 

 d  
 

 



 

Exercise 13D

1  a  1 5,  1 65

b  165,  1 05,  1 5,  75

c  90

d  1 80

2  a  
   

 
  

  
   

b  
     

 
    

    
     

c  




 d  







3  a  
 


 
 b      

 
  

c  
  


 
 d  





Exercise 13E

1  a  
  

 
 b  




 c  

  



2  a  
 


 b  




 c   

3  a  
 


 b  

  

 

c  


 
 d  

  



4  a  



 b  





c  



 d  

 

 

  a  



 b  





c  



 d  





6  a  



 b  





c  



 d  





7  a  


 
 
+

 b  


 
 
+

c  

 



 +
 d  

 

 

 

 



+

Exercise 13F

1  a  30,  90,  1 50

b  22.5,  1 1 2.5

c  1 35

d  45,  1 35

2  a   1 50,  1 20,  30,  60

b  90

c  1 50,  30

d  90,  30,  1 50

3  a  0,  

 b  
 


 

c  0,  




d  0,  
  




 
  



4  a  
 


 
 b  





c  0,    d  
 


 

6  k  =  6

7  b  =  8

Exercise 13G

1  346,  1 94,  1 4,  1 66

2  27,  333  

3  244,  296  

4  55,  235,  41 5

5  5.33,  4.1 0,  0.955,  2. 1 9

6  1 .71 ,  4.58  

7  0.739

8  0.637,  1 .41

Investigation: graphing tan x

1

Angle 

measure (x)  

(degrees)

Tangent  

value  

( tan x)

0 0

30, +30 
1

3
, 

1

3
 

45, +45 1, 1

-60,  +60  3 ,  3

120  3

135 1

150 
1

3

180 0

210
1

3

225 1

240 3

300  3

315 1

330 
1

3

360 0

Answers 



3  tan  90  and tan  270 

are undened.  The limit 

of the tangent as  the angle 

approaches  90  or  270 is  

innite.  Asymptotes  are often 

shown on graphs for values 

that do  not exist.

Exercise 13H

1  297,  1 1 7,  63,  243

2  107,  73,  253  

3  1 24,  304  

4  38,  1 42,  398,  502

5  5.88,  2.74,  0.405,  3 .55

6  1 .88,  1 .26

7  4.55

8  4.66,  1 .20,  2.28,  4.77

Investigation: transformations 

of sin x and cos x

 

x

y

0

1 

x

y

0

2 

x

y

0

3 

x

y

0

4 

x

y

0

5 

x

y

0

Exercise 13I

1  

r
x

y

0r 2r2r

2

4

6

1

2 

r
x

y

0r 2r2r

4

2

3 

r
x

y

0
2rr2r

4

2

2

4

4 

r
x

y

0r 2r2r

1

1

5 

r
x

y

0r 2r2r

1

1

6 

r
x

y

0
2rr2r

2

4

7 

r
x

y

0r 2r2r

1

2

3

8  

r
x

y

0 2rr2r

4

8

4

9  
2

3


 
 

    or  

6

 
 
 

  

10     

11  
 

 
 

 


 

12  
 

 
 

  


   

Exercise 13J

1 

r
x

y

0r 2r2r

0.5

0.5

2 

r
x

y

0r 2r2r

2

4

2

4

3 

r
x

y

0r 2r2r

2

4

2

4

4 

x

y

0
r 2rr2r

1

1

r

2

3r

2

3r

2

r

2


5 

r
x

y

0r 2r2r

1

2

1

2

Answers



6  

r
x

y

0
r 2r2r

3

1

1

3

7  

r
x

y

0
r 2r2r 1

3

1

3

r

2

3r

2

r

2


3r

2


r

2

3r

2

r

2


3r

2


8 

r
x

y

0
r 2r2r

1

1

9     

10     

11   = ( )  

12         or 

4
1 .5

 
 
 

   

Exercise 13K

For questions 1 to 4, answers may vary.

1  
 

 
 

  



      ,   

 
 
 

  



    

2  
  

  
  

   

 
   ,   

  
  

  
  

 
  

3        ,   

  
  

  
  


   

4  
  

  
  

 


 
   ,   

  
  

  
  

 
 

5  

r
x

y

0
r 2r 3r2r3r 1

2

1

3

4

5

6  

r
x

y

0
r

2

r r

2


1

2

7  

r
x

y

0
r

1

1

2

2

8  

r
x

y

0
r 2r 3r2r3r 1

2

1

3

4

5

6

7

Exercise 13L

1 a,  b

 c

 d

2  a,  b

 c

 d

Answers 



3 a,  b

 c

 d

Exercise 13M

1  a  Approximately 1 2  hours

 b  9.49 m

 c  1 3.5  m

 d  05:30

2  a  3 .06 C

 b   30 C,  day 1 87 (about 6   

July)

 c   about 90  days:  days 1 49 

inclusive and days  

325365  inclusive

3  a  46  m

 b   ( ) ( )







= 

+

  

 




 



p

c  1 0.3  m

d  4.75  minutes

4  a    ( ) ( )







=  

+

  





 


p

b  21  gallons

c  Early May and late  

August

Review exercise non  GDC

1  a  0.342

 b  0.342

 c  0.342

2  a  0. 643

 b  0.643

 c  0.643

3  a  1 20,  240

 b  330,  1 50,  30,  21 0

 c   270,  1 50,  30,  90,  

21 0,  330

4  0,  
2


,  

5  a  i  a  =  5,  c =  0,  d =  6

 ii   






 ,  and the  

period is  8.  
 




 


b  4 <  x <  8

6   a  




 b  


 c  
 



7 

x

y

0
543213 2 1

2

4

6

Review exercise GDC

1  a  48.6,  1 31 .4

 b  1 29,  231

 c  70.3 ,  1 09.7,  289.7  

2  a  3 .36,  0.51 5,  2.85,  6.06

 b  0.607

 c  1 .89,  0  

3  a  a = 4,  





 ,  c =  3

 b  0.667,  3 . 33,  4.67

4  a  P =  4,  Q  =  7

b 

x

y

0
84 1 2 1 6 2 0 2 4

2

6

1 0

1 4

 c  t =  2,  at 2:00

 d  8  hours

5  a  A=  2.825,  B =  1 2.1 75

 b  9.91

Chapter 

Skills check

1  a  2

2

b   1

 c   
1

3

3

3
 or 

d  
3

2

2  a x =  0,  ,  2

b 

5 3
, , ,

6 2 6 2
x

   

c 
3

2 2
, ,x

 



3  a  2x3  ex +  6x2  ex

b 2 +  ln(x2)

c  
 + +

+

x x

x

2

2 2

1 0 4

4( )

d  1
2

 ln x

x

Exercise 14A

1 3cos x +  2sin x

2 
3

3
2

cos x

3 
2

2

cos

sin

x

x

4  2cos  t sin t or  sin (2t)

5 
cos x

x2

6 
2

2

tan

cos

x

x

7  +1

2 2
4 4sin cos (

x
x )

Answers



8  
2 2

2
2

sin ( )

cos ( )

x

x

9 
3

8 cos ( )

sin ( )

x

x

 





10  [cos(sin x)]  cos x

11  a 
3

2

2 3

x

xcos ( )

 b  4cos3 x sin x

12  a 3cos (3x  4)  

 b  9sin (3x  4)  

Exercise 14B

1 

2 2
1 1 ; 1 1y x y x

    
   
   

      

2 
1

4 4 4
2 4 ; 2y x y x

    
   
   

      

3   2

4  a 
1

2
 b  2sin (2x)  

c  
1

2 3
3y x

 
 
 

   

5 5
,

3 3

 

Exercise 14C

1  
3

1 2 sin 2 3x
 

 
 

  

2  
1

1( cos )+ x

3 xex 

4 e  sin2t cos  2t 

5  2ex sin x 

6  2
cos

tan
t

t
t

7  3e3x  cos  4x  4e3x sin 4x

8  
1

2 2
2

cos tanx x

9  
cos

ln sin
x

x
x x

10 
sin

cos

x

x
 or tan x

11  a 
2

x
 b 

1

2 2
cos

x

 c 
1

2
3

2

2

2

2
ln cos sinx

x

x

x
+

12 a  =  1 ,  b  =  2  

Exercise 14D

1  Relative minimum:  
 
 
 


4

3
, 2


;

 relative maximum:   
 
 3

, 2


2  relative minimums:  

    
   
   


3

,
2 2
, 1 , 3

 
;  relative 

 maximums:  
3 5 3

, , ,
6 2 6 2

    
   
   

3  decreasing:  
2

x


  ;

 increasing 
2

0 x


  ;  concave

 down:  0  <  x <  ;  relative

 maximum:  ,
2

1
 

 
 

x0

f (x)

r

4
r

2
r3r

4

1

, )( r2 1
f(x)  =  sin  x 

4  decreasing:

   ,
4 2 4

0 x x
   ;

 increasing 

 
3

,
4 2 4

x x
  

    ;

 concave up:  

    
3 5 7

,
8 8 8 8

x x
   

;

 concave down:  

3 5 7
, ,

8 8 8 8
;xx x

   
    

 relative maximum:  
2
, 1

 
 
 

;

 relative minimums:

 3
, ,

4 4
0 , 0

    
   
   

;  

 x  points:  

1 3 1 5 1 7 1
, , , , , , ,

8 2 8 2 8 2 8 2

          
       
       

x0

f (x)

1

r7r
8

5r
8

3r
4

3r
8

r

8
r

4
r

2

, )( r8
1
8

, )( r2 1

,3r
8( )1

2

,5r
8( )1

2 ,7r
8( )1

2

f(x)  =  cos2  (2x)

5  a   f (x)  =   2sin 2x  

            +  2cos x(sin x)

    =   2sin 2x  2sinx cos x 

    =   2sin 2x  sin 2x 

    =   3sin 2x 

b  ,
2

1
 

 
 



c   f (x)  =   6cos 2x

d  
1 3 1
, , ,

4 2 4 2

    
   
   

6  a  i   f (x)  =  x cos x +  sin x 

  ii  a  =  1 ,  b  =  2  

 b  i  x   2 . 03,  4.91  

  ii   f (2.03)     2.71  <  0  

  relative maximum 

at x =  2.03

       f (4.91 )    5 .21  >  0   

relative minimum at  

x =  4.91

7  a f (x)  =   x2  sin x +  2x cos  x 

 b  minimum:  1 1 .6;  

maximum:  7.09

8  a 

2

2

4 sin cos

25 4 sin

2 sin 2

25 4 sin

d '( ) 2 sin  

or 2 sin

 







 







  

 

 b  

i0

f(x)

1

2

1

2

3

2r5r
4

3r
2

7r
4

3r
4

r

4
r

2
r

(1 .23,  2.16)

(5.05,  2 .16)

(2r,  0)(r,  0)

d'(i)  =  2sin  i  
4sin  i  cos i

25  4sin2
i

 c i   The blade is  closest 

the center of the 

wheel when d  ()
 
has 

a relative minimum or 

at an endpoint.  There 

is a relative minimum 

when d  () changes from 

negative to positive at  

 = .  Testing the 

endpoints and critical 

Answers 



numbers we nd  

d(0) =  7,  d(2 )  =  7   

and d()  =  3 .  So  the 

closest distance is  3  

metres and it occurs 

when the angle of 

rotation is  .

  i i   The distance is  

changing fastest 

when d   ()  has a 

relative minimum or 

maximum.  This  occurs 

when  is  1 .23  radians 

or 5 .05  radians.

Exercise 14E

1  2sin x  3cos  x +  C 

2  31 1

3 3
3 sinx x C

 
 
 

   

3   cos (x)  +  C 

4   + +
1

2
2 3cos ( )x C

5  sin (5x 4)  +  C 

6  1

4
4 42sin ( )x x C +

7  1

3

3e tan x C+

8  sin (ln x)  +  C 

9  31

3
sin x C

10   ln(cos x)  +  C,  cos  x >  0  

11  a  e  sin  x  sin x+  e  sin x  cos2 x 

 b  e  sin x  +  C 

12  a   

 

 

 

1

cos

sin

cos

'( ) sin

tan

x

x

x

f x x

x

 b  
21

2
ln(cos )x C    

Exercise 14F

1  3 ; 1 .73

2  4;  4

3  
3 3

4
;  1 . 30

4  
3 2

2


;  0. 1 59

Exercise 14G

1  1 2.1

2  6.31

3  
6



4  a 3.97

 b 38.3

5  a a  =  2,  
1

2
b 

b 
2

0

1

2
2 sin d 8x x


 
 
 







6  a i  c =  1 ,  d =  2

 i i  
2


 and 7

6



 b  i  2

  i i  4.25

 c  9. 1 2

Exercise 14H

1  a v =  e  t cos  t +  e  t sin t

b  a  =  2e  t cos  t 

2  a 2 m s1

 b  
p

2
s

 c 1  m

3  a  i  3
,

2 2

 

  ii  
3

2 2
t

 
 

 b a(t) =    e  sin t sin t +   

e  sin t cos2 t

 c  s(t)  =  e  sin t +  3

4  a  
4

0
(4 sin 3 cos )dt t t

 b 4.34 m

5  a  i  2.52 m s2

  i i  speeding up

 b  2.51  s  and 3 .54 s

 c  7. 37  m

6  a 5.82 m s2

b  i  

v

0 t
2 4 6 8 1 0 1 2 1 4

2

3

4

5

6

1

i i  1 .1 1  s,  2.03  s,  7.39 s,   

8 .31  s

 i ii   No,  the particle does 

not return to  the origin.  

Looking at the area 

between the curve  

and the t-axis,  there is  

more area above the axis  

than below,  indicating  

that the particle moves  

to  the right a greater 

distance than to  the left,  

so  it never returns to  the 

origin.

 c  24.1  m

Review exercise nonGDC

1  a  2sin(1   2x)  
 

 b  3sin2  x cos  x 

c  e
tan

cos

t

t
2

d  
x x

x

cos

sin

2

2

e  x2  sin x +  2xcos x

f 
1 1

2
tan cos sin cosx x x x

 or 

 g  
sin

(ln )(cos )
x

x
x x 

 h    2sin2 x +  2cos2  x or  

2cos 2x 

2  a x 4 +  cos x +  C

b  
1

3
3sin ( )x C+

c  
 + +
1

4
4 1cos ( )x C

d  1

4
2 2sin ( )x C+

Answers



e  
1

2 2 1cos ( )t
C

+
+

 f  cos  (ln x)  +  C 

g  
1

2

2

esin x C+

h  
6

2 sin x
C




3  a  0  b  2  +    

c  2 d  2  

4  x =  2  

5  
2 3

,
3 2

 
  
 

6 
21

2
cos 1y x x  

7  a  p  =  2,  q  =  2

 b  3  +  2

Review exercise GDC

1  a  4.53

 b  1 .36

2 a  4.93

 b  45.0

3  1 .23

4  a  i  s (t)  =   1 0  sin (5t)  e  cos  (5 t)  

      ii   s  (t)  =   1 0 sin (5t)

                  [e  cos  (5 t)  )  (sin (5t))(5)]   

    +  e  cos  (5 t)  [1 0(cos (5t))  (5)]

         =   50  sin2 (5t)[e  cos(5 t)    

 50  cos (5t)(e  cos  (5 t))]

    =   50  e  cos  (5 t)  (sin2 (5t)   

 cos  (5t))

 ii i

0 and
5 5

1 8.4 0s s
    

   
   
      

   Therefore by the second 

derivative test s has  a 

relative minimum at 

5
t


 .

 b 1 4.2  m

p P(p  )

1 1

2 2

3 2

4 3

5 2

36

6 4

36

8 2

36

9 1

36

10 2

12 4

15 2

16 1

18 2

20 2

24 2

36

25 1

30 2

36 1

36

Chapter 15

Skills check

1 a  5 . 5

 b  
851 6

39
1 4.6 (3sf)

2 a  1 5

 b  56

 c 0.267

3 a  1 . 71 875

 b  2.98

 c 8.68

Exercise 15A

1 a  Discrete

 b  Continuous

 c Discrete

 d  Continuous

2 a  b

s P(S =  s)

2
1

36

3
2

36

4
3

36

5
4

36

6
5

36

7
6

36

8
5

36

9
4

36

10
3

36

11
2

36

12
1

36

 
n P(N  =  n)

0
25

36

1
10

36

2
1

36

c d

 

3  a  

T 2 3 4 5 6

P(T =  t) 1

36

4

36

10

36

12

36

9

36

 b  P(T >  4)  =  
21 7

36 12

n P(N  =  n)

1
11

36

2
9

36

3
7

36

4
5

36

5
3

36

6
1

36

Answers 



4 a  

s 1 2 3 6 10

P(S =  s) 1

6

1

3

1

6

1

6

1

6

 b 
1

2

5 a  1

6
 b  

1

2

6 
1

36

7 0.2

8 
27

4

9 a  
1 5

8 24
,a b 

 b 
25

96

10 b  

c 2 3 4 5 6

P(C =  c) 1

18

5

18

6

18

5

18

1

18

Investigation  dice scores

1

d 0 1 2 3 4 5

P(D =  d) 6

36

10

36

8

36

6

36

4

36

2

36

2

d 0 1 2 3 4 5

Expected  

frequency

6 10 8 6 4 2

3 Mean =  35

1 8
4

d Expected  

frequency

0 150

9

1 250

9

2 200

9

3 150

9

4 100

9

5 50

9

 mean  =  35

1 8

10 a  P(Z =  0)  =  0.7489

 b  E(Z )  =  70,  The expected 

amount to  be won on  

a ticket

 c Lose $0.30

Investigation:  The binomial 

quiz

1 T 2  T  3  F  4  F  5  F

You  would expect to  get 2.5  

questions right 

Probability  that you get exactly 3  

right out of 5  =  0.3125

Exercise 15C

1 a  
1

4
 b  

1

1 6

 c 
5

1 6
 d  

1 5

1 6

2 a  0. 329

 b  0.351  P(X <  2)

 c 0.680

 d  0.649

3 a  0.0389

 b  0.952

 c 0.00870

 d  0.932

Exercise 15D

1 1 ;  0.421

2 a  0.257

 b  0.260

3 a  0.851

 b  0.000491

 c 0.01 09

4 a  0.0584

 b  0.9996

5 0.91 3

6 a  0.224

 b  0.399

7 a  i  0.0307

  i i  0.463

  i i i  0.1 71

 b i  0.21 5

  i i  0.0292

  i i i  0.1 58

5 Same mean

6

 

35

1 8

Exercise 15B

 1  
91

6
1 5.2 (3 sf)

 2  
3 1

8 8
,x y 

 3  
1

3
5

 4 
2

3
5

 5  a  k  =  
1

25
  b E(X)  =  5

6 a

X 1 2 3

P(X =  x) 0.2 1    k k   0 .2

 b  0 2 1. , k

 c k  +  1 .6  

7 0.2

8 a  

r P(R =  r )

1 18

90

2 16

90

3 14

90

4 12

90

5 10

90

6 8

90

7 6

90

8 4

90

9 2

90

 b  
2

3
3

 c 1

9 b  1 6

1 25
,  c  

4

5

1

5

1





















n

 d  1

Answers



Exercise 15E

1 n  =  4

2  68

3  n  =  7

4 9 attempts

5  7 times

Exercise 15F

1 a  20

 b  6
2

3

 c  1 0

2 n  =  25

3 a  X~B(1 5,  0.25)

 b  3.75

 c 0.000795

4  a  0.51

 b  38.2

Exercise 15G

1  Mean =  0   

Variance =  0

2   Mean =  7.2  

Standard deviation =  1 .70  

(3  sf )

3 Mean =  20   

Standard deviation =  3 . 1 6   

(3  sf )

3 a  E  (X)  =  
5

3

 b  Var  (X)  =  
25

1 8

 c P (X <  )  =  0.485  (3  sf )

5 a  E  (X)  =  
22

5

 b  Var  (X)  =  
88

25

 c  P  (X <  4)  =  0.332 (3  sf )

6 P  (X   3 )  =  0.873  (3  sf )

7 a  n  =  26

 b  Var  (X)  =  5 .46

8 n  =  1 2,  p  =  0.8,   

P  (X =  6)  =  0.01 55

Exercise 15H

1 a  P(1  <  Z <  1 )  =  0.683

 b  P(2 <  Z <  2)  =  0.954

 c P(3  <  Z <  3 )  =  0.997

2 a  0.272 b  0.483

3 a  0. 1 59

 b  0.00820

4 a  0. 1 59

 b  0.0401

5 a  0. 742

 b  0.236

 c 0.0359

 d  0.977

 e  0.390

6 a  0. 306

 b  0.595  

 c  0.285

7 a  0. 31 1

 b  0.21 5

Exercise 15I

1 a  0. 655  b  0. 841

 c 0.1 86 d  0. 5

2 a  0. 672 b  0. 748

 c  0.345

3 a  0. 994 b  0. 977

 c  0.494

Exercise 15J

1 a  0. 933  b  0. 691

 c  0.736

2 477

3 a  0. 0668  b  1 5 .9%

4 53.5% 

5 a  0. 1 06 b  0. 001 1 8

Exercise 15K

1 a  1 . 42  b  0.407

 c  2.58

2 a  1 . 77  b   1 .00

 c  0.841

3 a  0. 385  b  1 . 60

4 a  1 . 64 b  0. 842

Exercise 15L

1 5.64

2 a  41 3 .4

 b  432.8

3 a  0. 1 06 b  0. 864

 c 498.9 and 505.1

4 a  0. 673  b  582  g

5 a  79.7  marks

 b  35.8  marks

Exercise 15M

1 8.33

2 1 5.4

3   =  49.9  and   =  4.23

4   =  71 .4 and   =  1 3 .8.

5 7.66

6 546.5  g

7 a  0. 389 b  34.9%

8 54.3

9 0.260

10 a  1 26;  33 .7

 b  Yes (60.5%) 

11   =  507.2  and   =  7.41 .

Review exercise non-GDC

1 a  6  b  
7

1 5
 

2 a  
1

35
 b  3

3 x =  
3

8
,  
1 3

64

4 a  2,  4,  6,  8,  1 2,  1 6

 b  
1

8
,  
2

8
,  
1

8
,  
2

8
,  
1

8
,  
1

8

 c 7.5  d  62.50

5 
40

243

6 0.2  

7 a  85  b  0.023

Review exercise GDC

1 a  1 9

27

 b  

x 5 1

P(X =  x) 8

27

19

 c i  $
7

9
  i i  $7

2 a  0.254 b  0.448

3 0.0243

4 a  i  0.0881

 i i  0.00637

 b  2 c  1 4

5 1 .44

6 a  8 .68

 b  0.755  

7 38.9;  8.63

8 a  33 .3  b  0. 328

 c 0.263  

Answers 



Chapter 8

Exercise 1A

1 a  1 1  b  1 0  c  8

 d  4 e  5  f 3

 g  1 6 f 3  

2 a  5  b  1
1

2

 c 5

4  

d  24

3 a  1 2  b  540

 c  1 6 d  5

4 a  5  b  8  c  8  d  2

5 a  2  b  4  c  34

Exercise 1B

1 a  2

2

 b  2 3  c  5

 d  2 1 0  e  1 0

5

 

2 a  2 3  b  5 3  c  6 2

 d  6 2  e  1 5 3

3 a  6  b  9  c  1 6 3  

d  6 6  e  75 1 5

4 a  5 5  b  2 2  c  4 3

 d   2  e  0

5 a  1 1 +6 2  b  5+2 6

 c  1 -2 2

 d  4 3 4 2 6+  

 e  2

6 a  ( )21 7

7

+

 b  ( )1 2 3

1 1

+

 c  ( )5 5

4



 d  1 6+1 1 2

7 a  
1 1 3

3
 b  

1 3 3

6

 c  1 2 5

5

Exercise 1C

1 a  1 ,  2,  3 ,  6,  9,  1 8

 b  1 ,  3 ,  9,  27

 c  1 ,  2,  3 ,  5 ,  6,  1 0,  1 5,  30

 d  1 ,  2,  4,  7,  1 4,  28

 e  1 ,  2,  3 ,  6,  1 3 ,  26,  39,  78

2 a  2
2
3

2
 b  2

2
35

 c  23
3
 d  2

5
 e  2

4
7

3 a  4  b  2  

4 a  336  b  540

Exercise 1D

1 a  1 1

1 2

 b  1 6

1 5

 c 1

 d  
21

81

 or 2  

49

81

2 a  4

9

 b  7

20

 c  2

3

 d  
5

8

3 a  1 8

5

 b  22

7

 c  93

4

 d  1 67

72

4 a  4
4

7

  b  33  
1

3

 c  4
1

4

 d  1 4
8

1 1

5 a  0. 32  b  0. 71 4

 c  3.8  d  2. 647

Exercise 1E

1 a  52%  b  70%

2 a  2. 24 CHF b  0. 54 GBP

 c  1 87.57 EUR d  1 0400 JPY

Exercise 1F

1 576 GBP

2 1 4875  JPY

3 7%

4  26.5%

5  265421 00

6  32 USD

7  3.40 to  4.00 GBP so  0.60 GBP

8  No,  1 0% of 50.00 AUD is  

5 .00 AUD making a total of 

55.00 AUD 1 0% of the new 

price is  5 .50 AUD so  would 

be 49.50 AUD.

Exercise 1G

1 5:4 

2 1 05:1 00

3 21 :1 60

4  15.672=1123.3 cm or 1 1 .232 m

5  3  km =  3000 m =  300 000 cm 

so  the scale is  1 :300 000 1 .5  

=  1 :200 000 800   200 000 =  

0.004 m or 0.4 cm

6  72 USD  =  5  +  3  =  8  parts,  

so  1  part =  9  USD Hence 45  

USD:  27  USD is  donated

7  5:3 :2  so  5  +  3  +  2  =  1 0  parts  

1  part =  1 5  items So  75:45:30 

items,  i. e.  75  brownies,  45  

chocolate chip  cookies,  30 

apjacks

Exercise 1H

1  5000:7000:4000 simplies to  

5 :7:4 5  +  7  +  4 =  1 6  parts  =  

24000 so  1  part is  1 500 USD  

so  they receive Josh =  1 500   

5  =  7500 USD Jarrod =  1 500 

  7  =  1 0500 USD Se Jung =  

1 500   4 =  6000 USD 

2  1 2 +  1 8  +  20  =  50  marks =  

75  minutes so  1  mark =  1 .5  

minute So  1 2    1 .5  =  1 8  

minutes 1 8    1 . 5  =  27  minutes 

20    1 . 5  =  30  minutes

Exercise 1I

1  a  rational b  rational

 c irrational d  rational

 e  rational f irrational

 g  rational h irrational

 I  rational j  irrational

2 a  a and g b  a

3 a  83  =  
83

1

 b  4

9

 c -  d  24

25

 e  0.45=
5

1 1

 f -

 g  4   9  =  36 h  -

 I  1 1 23

900

 =  1  
223

900

 j  -

Exercise 1J

1 a  21 80 b  400 c 4000

 d  21  e  1 3

2 a  0. 69 b  28.8  c 1 .00

 d  77.985  e  0. 06

3 a  2200 b  440 c 3500

 d  21  e  1 3

4 a  0. 69 b  28.8  c 1 .00

 d  78.0 e  0. 06

Answers0



5  a  0.67  b  0.07  c 0.39

6  a  501 0=5  b  ( )3 4

2

  =  6

 c  
( )8 1

1 0
2



 =0.07

7  a  5 .46  b  5 .77  c  0.084

Exerci se 1K

1  a  1 .4751 03 b  2 . 31 1 05

 c  2.81 09 d  3 . 51 04

 e  7.351 06

2  a  62500 b  420 000 000

 c  355.4

3  a  1 .2321 0-4

 b  4.51 510-5

 c  6.1 71 0-1

 d  7.51 0-6

 e  3.491 0-4

4  a  0.00000035

 b  0.000000089

 c  0.01 253

5 1  sec =  31 05 m

 So  
1

3
 sec =  1 05 m

 So  1  m=  0.331 0-5=3.31 0-4

Exercise 1L

1  a   A =   {1 ,  2,  3 ,  4,  6,  8,  1 2,  

1 8,  24,  36,  72}

 b  B =  {2,  3}

 c  C =  {2}

 d  D =   {1 4,  28,  42,  56,   

70,  }

 e  E =  {3,  2,  1 ,  1 ,  2,  3}

 f F =  {20,  21 ,  22,  23 ,  24, }

 g  G =  {}

2 a  1 1

 b  2

 c  1

 d  innite

 e  6

 f innite

 g  0

Exercise 1M

1  a   Yes,  all the elements of 

 B  are contained in A

 b   No,  they have elements in  

common

 c  {4,  5}

 d  {1 ,  2,  3 ,  4,  5 ,  6}

2  a   A =   {1 ,  2,  3 ,  4,  6,  9,  1 2,  

1 8,  36}  and 

  B  =  {1 ,  3 ,  5 ,  1 5}

 b   No,  they have different 

elements

 c   No,  they have some 

elements  in common

 d  {1 ,  3}

 e   {1 ,  2,  3 ,  4,  5 ,  6,  9,  1 2,  1 5,  

1 8,  36}

3 a   A =   {1 7,  1 8,  1 9,  20,  21 ,  

22 }  and 

  B  =  {20,  40,  60,  80 }

 b  Yes

 c   No,  they have some 

elements  in common

 d  {20,  40,  60,  80 }  =  B

 e   {1 7,  1 8,  1 9,  20,  21 ,   

22 }  =  A

4  {x| x is  all positive integers 

which are not multiples of 3}

5  {40,  50,  60,  70,  }

6  (different answers possible)

 a   A =  {1 ,  3 ,  5 ,  7, }  and  

B  =  {2,  4,  6,  8, }

 b   A =   {1 ,  2,  3 ,  4,  5 ,  6,  7,  8,  

9,  1 0}  and 

  B  =  {4,  7,  1 0,  1 3 ,  1 6, }

 c   A =  {1 ,  2,  3}  and  

B  =  {4,  5}

 d   A =  {1 ,  2,  3 ,  4,  5}  and  

B  =  {2,  4,  6,  8}

 e   A =  {1 ,  3 ,  5 ,  7}  and  

B  =  {2,  4,  6,  8}

 f  A =  {1 ,  2,  3 ,  4}  and  

B  =  {1 ,  2,  4,  6,  7,  8}

 g   A =  {1 ,  2,  3 ,  4,  5 ,  6}  and  

B  =  {2,  4,  6}

Exercise 1N

1 a  x <  2

 b 1    x <  5  

 c x >  2

 d 4   x   3

2  a  

2 3 4 50 112345
x

 b  

2 3 4 50 112345
x

 c 

2 3 4 50 112345
x

 d  

2 3 4 50 112345
x

Exercise 1O

1  a  

  

2

4

6

8

1 0

1

2

3

4

5

In pu t O u tpu t

 b  x 1 2 3 4 5

y 2 4 6 8 10

 c  (1 ,  2),  (2,  4),  (3 ,  6),  (4,  8),  

(5 ,  1 0)

d 

 2
x

y

4 6 8 10

8

10

6

2

4

0

2  a  

  

0

1

2

3

3

2

1

0

1

2

3

Input Output

b  x 3 2 1 0 1 2 3

y 3 2 1 0 1 2 3

c  (3,  3 ),  (2,  2),  (1 ,  1 ),   

(0,  0),  (1 ,  1 ),  (2,  2),  (3 ,  3 )

d  

 1
x

y

20123 3

4

3

1

2

Answers 



Exercise 2A

1 a 3x2  2  b 
X XY X

Y

3 2
 +

c ab  2ac +  2ab +  b2

2 a  3pq(1   2pq2r)

b 3c(4ac +  5b  1 c)

c abc(2a +  3b  5c)

Exercise 2B

1  x2 +  3x  28

2  x2  5x +  6

3  3x2 +  2x  8

4  6x2  1 1x  1 0

5  9x2 +  3x +  2

Exercise 2C

1 x2 +  1 0x +  25

2 x2  8x  1 6

3 x2  4

4 9x2  24x  1 6

5 4x2 +  20x +  25

6 4x2  49

Exercise 2D

1  a  (x +  4)(x +  7)

b  (x  1 )(x  1 3)

c  (x +  4)(x  5)

d  (x +  4)(x  2)

e  (x +  4)(x +  9)

f (x +  2)(x  9)

2 a  (2x  3)(x  3)

b (3x +  1 )(x +  2)

c (5x  2)(x  3)

d (4x +  3)(x  1 )

e (3x +  2)(x  3)

f (7x  5)(2x  1 )

3 a  (x  3)(x +  3)

b (x  1 0)(x +  1 0)

c (2x  9)(2x +  9)

d (5x +  1 )(5x  1 )

e (m +  n)(m  n)

f (4x  7)(4x +  7)

Exercise 2E

1 t =  
( )u v

g



2 c =  ( )b a2 2


3 r =  
2

c

4 b =  
a B

A

sin

sin

5 cos A =  
( )b c a

bc

2 2 2

2

+ 

6 F =  
32 9

5

+ c

7 Stock=Acid ratio  test -  

(Current liabilities)(Current 

assets)

Exercise 2F

1 2.487

2 3.728

3 40.073

Exercise 2G

1  x =  4

2  x =  4

3  x =  3

4  x =  3

5  x =  5

6  x =  9

7  x =  2.5

8  x =  2

9  x =  3

10  x =  1 .5

11  x =  1

12  x =  2

Exercise 2H

1 a   y =  3x  2  (1 )  

3y =  5   2x (2)

   Multiply Eqn (1 )  by 3  to  

give

  3y =  9x  6  (3)

   Combining Eqns (2)  and 

(3)  gives

  5   2x =  9x  6

  1 1  =  1 1x,  hence x =  1

   Substituting back into   

Eqn (1 )  gives

  y =  3   2  =  1

  Thus x =  1  and y =  1

b 4x  3y =  1 0  (1 )  

2y +  5  =  x (2)

   Substituting Eqn (2)  in 

Eqn (1 )  gives

  4(2y +  5)   3y =  1 0

  8y +  20  3y =  1 0

  5y =  1 0,  hence y =  2

   Substituting back into   

Eqn (1 )  gives

  4x  3(2) =  1 0

  4x =  4,  x =  1

  Thus x =  1  and y =  2

c  2x +  5y =  1 4 (1 )  

3x +  4y =  7  (2)

   Multiplying Eqn (1 )  by 3  

and Eqn (2)  by 2  gives

  6x +  1 5y =  42 (3)

  6x +  8y =  1 4 (4)

  Thus 

  42   1 5y =  1 4  8y

  28  =  7y  y =  4

   Substituting back into   

Eqn (1 )  gives

  2x +  20 =  1 4

  2x =  6,  x =  3

  Thus x =  3  and y =  4

2 a  2x  3y =  1 5  (1 )

  2x +  5y =  7  (2)

   Substituting Eqn (2)  from 

Eqn (1 )  gives

  8y =  8

  y =  1

   Substituting back into   

Eqn (1 )  gives

  2x  3(1 )  =  1 5

  2x =  1 2,  x =  6

  x =  6,  y =  1

b 3x +  y =  5  (1 )

  4x  y =  9  (2)

   Adding Eqn (2)  to  Eqn (1 )  

gives

  7x =  1 4

  x =  2

   Substituting back into   

Eqn (1 )  gives

  3 (2)  +  y =  5

  y =  1

  x =  2,  y =  1

Answers



c x +  4y =  6  (1 )

  3x +  2y =  2 (2)

   Multiplying Eqn (1 )  by 3  

gives

  3x +  1 2y =  1 8  (3)

   Subtracting Eqn (2)  from 

Eqn (3)  gives

  1 0y =  20

  y =  2

   Substituting back into   

Eqn (1 )  gives

  x +  8  =  6

  x =  2

  x =  2,  y =  2

d 3x +  2y =  8  (1 )

  2x +  3y =  7  (2)

   Multiplying Eqn (1 )  by 2  

gives

  6x +  4y =  1 6  (3)

   Multiplying Eqn (2)  by 3  

gives

  6x +  9y =  21  (4)

   Subtracting Eqn (3)  from 

Eqn (4)  gives

  5y =  5

  y =  1

   Substituting back into   

Eqn (1 )  gives

  3x +  2  =  8

  x =  2

  x =  2,  y =  1

e 4x  5y =  1 7  (1 )

  3x +  2y =  7  (2)

   Multiplying Eqn (1 )  by 3  

gives

  1 2x  1 5y =  51  (3)

   Multiplying Eqn (2)  by 4 

gives

  1 2x +  8y =  28  (4)

   Subtracting Eqn (3)  from 

Eqn (4)  gives

  23y =  23

  y =  1

   Substituting back into  Eqn 

(1 )  gives

  4x +  5  =  1 7

  x =  3

  x =  3 ,  y =  1

Exercise 2I

1 a  1 7  b  1 44 c  64

2 a  1  b  
1

9
 c  

1

1 6

3 a  525.21 9 b  4. 081

c  2.488

Exercise 2J

1 a  3x +  4   1 3

  3x   9

  x   3

2 3 4 50 11234 6
x

b 5(x  5)  >  1 5

  x  5  >  3

  x >  8

2 3 4 50 112 6 7 8 9
x

c 2x +  3  <  x +  5

  x +  3  <  5

  x <  2

2 3 40 112345
x

2 a  2(x  2)    3(x  3)

  2x  4   3x  9

   4   x  9

  5    x or  x   5

b 4 <  2x +  7

  3  <  2x

  x >   
2

3

c 7  4x   1 1

   4x   4

  x   1

Exercise 2K

1  a  3 . 25  b  6. 1 8  c  0

2 when x =  3  | 5   x|  is  2,  when 

x =  8  | 5   x| is  3

3  a  2  b  4  c  2

Exercise 2L

1 
3 1

7

x

x

+

+

2 
x

x

+

+

1

2 2

3 
6 8

3 4

x

x

+

+

4 
2 2 1 1 5

5 2 1

x x x x

x x

( ) ( )( )

( )( )

 + + +

+ 

 

=

 + + +

+ 

=

+ +

+ 

2 2 6 5

2 9 5

3 4 5

2 9 5

2 2

2

2

2

x x x x

x x

x x

x x

5 
4 2 2 1

2

4 8 2

2

2 5 8

2

2

2

2

2

( ) ( )

( )

x x x

x x

x x x

x x

x x

x x

+ + +

+

=

+ + +

+

=

+ +

+

6 
( )( ) ( )

( )( )

2x x x x

x x

x x x x

x x

x

 +  

 +

=

+   +

 

=

1 4 3 3 2

2 4 3

8 2 3 3 6

4 5 6

5

2 2

2

22

2

8 3

4 5 6

+ 

 

x

x x

7 
( )( ) ( )

( )( )

x x x x

x x

x x x x x

x

+  + +

+ 

=

+   + +

+

1 2 5 2 5 1

5 1 2 5

2 2 5 5 1 0 2

1 0 2

2 2

2

xx x

x x

x x

 

=

 

 

25 5

1 2 5

1 0 23 5

2

2

8 
( )( ) ( )( )

( )( )

x x x x

x x

x x x x

x x

+ +   

 +

=

+ +  + 

+ 

=

5 2 4 2

4 2

7 1 0 6 8

2 8

1 3

2 2

2

xx

x x

+

+ 

2

2 8
2

Exercise 2L

Please see copy attached for 

handwritten answers

Exercise 3A

1 27.6  cm

2 2.24 cm

3 5.032 cm

Exercise 3B

1  a  Reection in x =  0  (y-axis)

b  Translation of [6,   4]

c  Rotation in (0,0)  by 90  

degrees clockwise

d  Reection in y =  x

2 TODO
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Exercise 3C

1 Angle DFE =  Angle ACB

 Angle DEF =  Angle ABC

 EF =  BC

  Two angles and included side 

so  SAA and congruent

 Hence x =  6  cm and y =  4 cm

2 QP =  AB

 PR =  BC

 QR =  AC

  Three sides are the same (SSS) 

so  congruent

 y =  58 ,  z =  33

3   Angle FDE =  Angle  

ABC =  90

 DE =  BC

 FE =  AC =  Hypotenuse

  One side and the hypotenuse 

are the same in a right angled 

triangle (RHS) so  congruent

 x =  50 ,  y =  40

Exercise 3D

1 Rectangles with sides 5 ,  1 1  

and 4,  8 .8

  Rectangles with sides 5 ,  6.25  

and 4,  5

  Rectangles with sides 5 ,  8  and 

8,  1 2.8  

2 a   Scale factor is  1 0.08    7.2  

so  7/5

  y=9.1    
5

7
 =6.5  cm

  x =  1 3    
7

5
 =1 8.2  cm

b Scale factor is  4.5    3   

so  1 .5

  y =  1    1 . 5  =1 .5  cm

  x =  2    1 . 5  =  3  cm

3 a   A and B

 b A and C

 c A and B

 d  None

 e None

4 Angle PAQ =  Angle BAC

  Angle ABC =  APQ (parallel 

lines and corresponding 

angles)

  Angle ACB =  AQP (parallel 

lines and corresponding 

angles)

 Hence similar triangles

 Scale factor is  6/4 or 1 . 5

  So  AB  =  2    1 .5  =  3  cm and 

BP =  AB  AP =  3  -  2  =  1  cm

 So  AC =  4   1 .5  =  4.5  cm

5 a   Angle  AXB  =  Angle 

CXD  (vertically opposite 

angles)

   Angle BAX =  XDC 

(parallel lines and 

alternate angles)

   Angle ABX =  XCD 

(parallel lines and 

alternate angles)

  Hence similar triangles

b  XD

c Query:  Cant work this  

out,  need to  know length 

of CD  to  give scale factor.  

Exercise 3E

1 a  

  

b 

 

c 

 

d  

 

2  a  Reex b  Obtuse

c Acute

3 a  Obtuse b  Acute

c Reex d  Acute

e Reex f Reex

Exercise 3F

1 
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Diagonals I rregular Rectangle Paral lelogram Rhombus Square Trapezium Kite

Perpendicular       

Equal       

Bisect       

Bisect angles       

2 a   Isosceles triangle,  

parallelogram,  right-

angled triangle,  scalene 

triangle,  rhombus,  

quadrilateral,  kite

b Equilateral triangle,  

square,  parallelogram,  

right-angled triangle,  

trapezium

Exercise 3G

1 a  3 .2  +  3 .2  +  4.3  =  1 0.9 cm

b 5.5  +  2.7  +  5.5  +  2.7   

=  1 6.4 cm

c 7.2  +  4.2  +  4.8  +  4.2   

=  20.4 cm

d 20  =  62.8  cm

e 3.2  +  3 .2  +  3 .2  +  1 .6   

=  1 4.6  cm

f 3(5.2)/4 +  2.6  +  2.6   

=  1 7.5  cm

Exercise 3H

1 4.5
2
  =  63 .6  cm

2

2 
( . . )

.

6 2 4 5

2 4 3

+



 =  23 .005  cm
2

3 6.55.8=37.7  cm
2

4  5.73.6=20.52 cm
2

5 

6 




  
2

2.9(2.7 4.1)

2 (6.3 4.1) (2.05 )

2

 

=  42.3  cm
2

Exercise 3I

1 Pyramid:  
( ) ( )7 7 4 7 8 + 

2

 

=  1 61  cm
2

 Cylinder:   2(2.2
2
)  +  (4.4   

  5 .6)  =  1 07.8  cm
2

 Cone:   (    4   1 0)  +  (4
2
)   

=  1 75.9  cm
2

2 Pyramid:  
( )3

3

2

 8
 =  24 cm

3

  Cylinder:  2.2
2
   5.6   

=  85. 1 5  cm
3

  Cone:  
 

2

(4.5 1 2)

3
  

=  254.47 cm
3

3 Volume =  r2 
h

3

 23  =  
4

3

p h

 69  =  4h

 h =  5.49 cm

4 Volume =  r2h

 H  =  
21 20 6

25

.

p

 =  27.000 cm

 New volume  =  2.5
2 
  27   

=  530.1 44 cm
3

5 a   surface area  =  4r2  

=  43.5
2  

=  1 53 .938  cm
2

  Volume  =  
 



3 3

3 .5
4 4

3 3

r
  

=  1 79.594 cm
3

b surface area  =  4r2 =  41 52 

=  2827.433 cm
2

  Volume  =  
 



3 3

1 5
4 4

3 3

r
 

=  1 41 37.1 67 cm
3

6 surface area  =  2r2 +  r2 +  2rh  

=  26
2 
+  6

2 
+  

26   5   

=  527.788  cm
2

 Volume  =  2  


3

3

r
 +  r2h 

=  2  


3

6

3
 +  6

2
   5   

=1 01 7.876 cm
3

7 Volume of container 

=  
( )40 70

3

2


 =  37333.33  cm

3

  Volume of one ball  

=  
 



3 3

4 4 1 0

3 3

r
 =41 88.79 cm

3

  Volume of eight balls   

=  3351 0.32  cm
3

  Space left in the container is  

37333.33-3351 0.32   

=  3823.01 2 cm
3

8 Surface area  =  2r2 +  2rh  

=   24.5
2 
+  24.5  

  1 4  

=  523. 1  cm
2

 Volume  =  r2h ==  4.52 
  1 4  

=  890.6  cm
3

9 Volume =  5.5
2h =  250

 


2

250

5.5
 =  h

 h =  2.63  cm

10 Surface area =  2rh =  950

 
 

950

2 60
 =  r

 r =  2.6  cm

Exercise 3J

1 

 

2 4 6 82468
x

y

2

4

6

8

10

2

4

6

0

  A(4,  9),  B( 4,  2),  C(8,   6),  

D(8,  8)  

Exercise 3K

1 (5,  5)

2 (1 ,  1 )

3 (1 .5,  2.5)

Exercise 3L

1 5

2 9.43

3 1 4.8

Exercise 3M

1 
4

5
 =   0.8

2 
1

4
 =   0.2
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3 
2

5
 =  0.4

4 
6

4
 =  1 .5

5 
5

1
 =  5

6 undened

7 
3

1
 =  3

8 
2

4
 =  

1

2
9 0

Exercise 3N

1  
( )

( ) ( )

  

 

=



1 5 1 6

7 1 9

1

26
 =   0.039

2  
( )

( )

  

 

=



7 1 9

2 1

1 2

3
 =   4

3  
(-4-7)

(-6--4)
=





1 1

2
 =  4.5

4  
( )

( )

1 6 8

9 20

8

1 1





=



 =   0.73

5  
( )

( )

7 1 3

1 7 1 7

20

0

 



=
 =  undened

6  
( )

( )

3 3

1 1 4

0

1 3





=



 =0

7  
( )

( )

 

 

=





1 5 0

1 1 3

1 5

1 4
 =1 .071

8  
( )

( )

1 0 2

1 1 1 9

1 2

30

 

 

=



 =    0.4

9  
( )

( )

( )

( )

1 5 1 0

1 5 6

25

21

 

 

=



 =    1 . 1 9

10  
( )

( )

  



=

1 8 1 8

1 8 1 2

0

6
 =  0

Exercise 3O

1  a  3  and 
6

2
,  4.5  and 9

2

 b    3  and 
1

3
,  4.5  and 

2

9
,  
2

3
 

and 1 .5

2  a  Parallel (both have 

gradient of 2)

 b   Neither (one has a 

gradient of 
1
 and the 

other)

 c  Neither (one has a 

gradient of 
5

4
 and the 

other 
1

4
of 0)

 d   Perpendicular (gradients 

of 1  and 1 )

 e  Parallel (gradients of 1 .5)

Exercise 3P

1  y   5  =  3(x   1 )

 y   5  =  3x   3

 y =  3x +  2

2  y   1 1  =  4(x   5 )

 y   1 1  =  4x   20

 y =  4x +  9

3  y  1 2 =  2.5(x  4)

 2y  24 =  5(x  4)

 2y  24 =  5x  20

 2y =  5x +  4

4 y  20 =  0.5(x  1 2)

 y  20 =  0.5x  6

 y =  0.5x +  1 4

5 y    1 3  =  5(x   2)

 y +  1 3  =  5(x +  2)

 y +  1 3  =  5x +  1 0

 y =  5x   3

6 y  1  =   3(x  1 )

 y  1  =   3x +  3

 y =   3x +  4

7 y   1  =   2(x  3)

 y +  1  =   2x +  6

 y =  2x  5

8  y    3  =  


 

1

2 4( )x

 y +  3  =  




1

2 2x

 y =  




1

2 5x

9  Gradient is  
1 9 7

5 3





=  6

 y  7 =  6(x  2)

 y  7 =  6x  1 2

 y =  6x  5

10  Gradient is  
  

  

=





1 1 3

5 1

8

4
=  2

 y   3  =  2(x  1 )

 y +  3  =  2(x +  1 )

 y +  3  =  2x +  2

 y =  2x  1

Exercise 4A

1 Bar graph to  show colors of 

cars

2

0

4

6

8

1 6

1 4

1 2

1 0

B la ck

N
u
m
b
e
r 
o
f 
c
a
rs

R e d B lu e G re en W h i teS i l ve r

C o l o r

  Pie Chart to  show colours of 

cars

Black

Red

Blue

Green

Si lver

White

  Pictogram to  show colours of 

cars

Numbers  of cars

Black      

Red   

Blue     

Green    

Si lver       

White      

 Key   is  2  students

2  Bar graph to  show number 

of times Idas  classmates  had 

visited the cinema per month

1

0

2

3

4

8

7

6

5

1 2 543 76 11 121098

N
u
m
b
e
r 
o
f 
s
tu
d
e
n
ts

  Pictogram to  show number of 

visits  to  the cinema by Idas  

classmates

1

2

3

4

8

12

Answers



Times  vis i ted  

per month

Numbers  of 

students
1  

2    

3  
4  

8 

12 

 Key   is  2  students

Exercise 4B

1 

2 1 3 5 6 8
3 0 0 0 3 6 7 9 9
4 0 1 2 2 2 2 6 9
5 0 4

Key 2 |1  means  21

2 

12 1 3

14 5 8 9
15 1 2 7
16 3 4
17 6 6 7
18 5

Key 16|4  means  164

3 

1 9
2 2 5 6 7 8 9
3 0 4 6 7
4 2 3 4 6 8 8 9
5 2 3 5 7 8
6 2

Key 4|2  means  42

4 

1 1 4 4 6 8 9
2 3 4 6 6 7 8 9
3 0 4 5 6 8
4
5 1 6

Key 2 |4  means  24

5 

2 2 3 5 5 9
3 1 2 2 3
4 2 3 3 6 7 8
5 2 2 2 4
6 0 3 4
7 3 4

Key 6 |3  means  6 .3

Exercise 4C

1  Discrete

2  Discrete

3  Continuous

4  Continuous

5  Continuous

6  Discrete

7  Discrete

8  Continuous

9  Continuous

Exercise 4D

1 a   mode=1

  median=4

  mean=4

 b  mode=5

  median=5

  mean=4

 c  mode=2 and 8

  median=5

  mean=5

 d  mode=25

  median=25

  mean=25

 e  mode=10.2

  median=10.2

  mean=9.42

2  a 1

 b  1

 c 1 .67

3 a  8

 b  8

 c  9

4 a  4. 82

 b  5.06

 c  5.02

5  a  497

 b  497

 c  400

Exercise 4E

1  a  38-26=1 2

 b  34-28=6

2  a  8-0=8

 b  4-1=3

3  a  8--7=1 5

 b  4--4=8

4  a  20-1 2=8

 b  1 8-1 4=4

5  a  23 .5-2.45=21 .05

 b  1 2.4-3 .5=8.9

Answers 



Mark scheme

Practice Paper 1

SECTION A

1  a  p  =  1 ,  q  =  3  (or vice versa) A1  A1  N2

b  i  x =  1  (must be an equation)  A1  N1

 i i  correctly substituting the values for x,  p  and q

 f (1 )  =  2(1  +  1 )(1    3)  M1

 vertex  (1 ,  8)  A1  A1  N2

2  a  f (x)  =  2e2x  A1

 f (x)  =  4e2x  A1

 f (x)  =  8e2x  A1

 f  (4)(x)  =  1 6e2x  A1  N4

b  generalization of alternating signs (A1 )

 f  (n)(x)  =  (1 )n2ne2x  or f (n)(x)  =  (2)ne2x  A1  A1  N3

3  a  6  A1  N1

b  evidence of using binomial expansion (M1 )

 evidence  of calculating the factors 
5

2
2

4
2 3






( ) ( )x x  A1  A1      A1

 80x11      A1      N2

4  a  i  sin q =
3

1 3
,  cos q =

2

1 3
 (A1 )  (A1 )

  correct  substitution A1

  e. g.  sin 2 2
3

1 3

2

1 3
q =
















  sin 2
1 2

1 3
q =  A1  N3

 i i  correct substitution A1

 e. g.  cos ,2 2
2

1 3

2

1 3

3

1 3

2 2 2

1q =






















 

 cos 2
5

1 3
q =   A1  N1

b  tan 2
1 2

5
q =   A1  N1

5  a  i  p  =  6  A1  N1

 i i  q  =  5  A1  N1

 i ii  r =  9  A1  N1

 iv  s  =  20  A1  N1

b  P V D( | ) =

9

40

29

40

 (M1 )

 P V D( | ) =
9

29
 A1  N2

c  valid reason R1

 e. g.   P(A    B)    0  or P(A    B)    P(A)  +  P(B )  or  

correct numerical equivalent thus,  V and D  are  

not mutually exclusive AG N0

Answers778



6  a  correct expression A1  N1

  

4

0

sin

,

x

x

x

1
2

1
4

2

( )











 d   

4

0

sin x

x

x

1
2

1
2

( )
d

b  uses a correct substitution

 e. g.   

4

0

sin x

x

x

1
2

1
2

( )
d  =  2 

2

0

sin u  du  (M1 )

 correct antiderivative

 2 
2

0

sin u  du =  [ ] ( )





2 2
0

2 1
2

0

4

p pcos cosu xor  A1

 correct evaluation

 2  (cos 2    cos 0)  =  2  (cos 2    1 )  A1

 p  =  2,  q  =  2  A1  A1  N0

7  a  0  A1  N1

b  interchanging x and y  (may be seen at any time) (M1 )

 e.  g.  x =  4y

 evidence  of correct manipulation A1

 e.  g. y  =  log
4
x,  y  =  log

4
x1  

 f x
x

 =1

4

1
( ) log  AG N0

c  nding g(4)  (seen anywhere)  A1

 attempt to  substitute M1

 
f g
( ) =1

4
4

1

2
4

( ) log

 
f g
( ) =1 4

1

1 6
4

( ) log

 (A1 )

    
1 (4 ) 2f g  A1  N1

SECTION B

8  a  i  nds the derivative of f

 f ' (x)  =  6x2   3x   3

 sets  the derivative equal to  0

 e.  g.  6x2   3x   3  =  0,  f ' (x)  =  0

 solves the equation

 e.  g.           
12
, 1

2
3(2 1) 0 2(2 1)( 1 ) 0x x x x x

 chooses the negative value

 
x = 

1

2

 i i  nd the second derivative of f

 f ' (x)  =  1 2x   3

 sets  the second derivative equal to  0

 e.  g.  1 2x   3  =  0,  f ' ' (x)  =  0

 solves the equation

 
x =

1

4

A1  A1  A1

(M1 )

A1

A1   N0

A1  A1

(M1 )

A1   N0
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b  i  reection gives (1 ,  2)

   translation gives (1 ,  5)

 i i  reection gives y  =  2x3 +  1 .5x2 +  3x   4.5

   translation gives g(x)  =  2x3 +  1 .5  x2 +  3x   7.5

9 a  Shows evidence of using product rule 

 f ' (x)  =  (x)  (ex)  +  (ex)  (1 )

 =   ex  (x +  1 )

 =   ex  (1   x)

b   f '' (x)  =  (ex)(1 ) +  (1   x)  (ex)

  = 2e e e ( 2)) + (=   x x x
xx

c   i  f ' (1 )  =  0

  
 

1

e
(1 )f'

 i i  applies  the second derivative test

 There is  a relative maximum at x =  1

  since f ' (1 )  =  0  and  
1

0
e

(1)f'

10  a  recognizing scalar product must be zero  (seen anywhere)

 e. g.  a   b =  0

 evidence of choosing direction vectors 

8

2

1 2

2

2




























,

l

 correct calculation of scalar product

 e. g.  8(2)  +  (2)(2)+1 2l

 simplication that clearly leads to  a solution

 e. g.  1 2+1 2l =  0

  l =    1

b  i  evidence of equating vectors

 e. g.  

0

4

1

8

2

8

2

2

2














+














=













+

















p s 

12 15 1

 any two  correct equation

 e. g.  8p  =  4 +  2s,  4    2p  =  2  +2s,  1  +  1 2p  =  1 5    s

 attempting to  solve equations

 nding one  correct parameter (p  =  1 ,  s =  2)

 OA  =  

8

2

1 3















c  i  evidence of approach

  e. g.  BA OA OB BA

8

2

9

6=  =




























,

1 3 1 0

  

BA

1

4=


















3

 i i  choosing correct vectors,  BA and BC  

  calculating  BA   BC

  



  =






























1

4

3

1

5

2

25

(A1 )

A1   N2

(A1 )

A1   N2

M1

A1  A1

A1

AG  N0

A1  A1

A1   N3

A1

A1   N2

A1

R2 N0

R1

(A1 ) (A1 )

(A1 )

A1

AG  N0

M1

A1  A1

(M1 )

A1

A1   N3

A1

A1   N2

(A1 )

A1
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Mark scheme

Practice Paper 2

SECTION A

1  a  0.966

b  Strong,  positive correlation.

c  y =  4.96x +  4.84

d  y =  4.96(20) +  4.84 =  1 04 gms

2  a  4

b  Evidence of appropriate approach e.g.  u
n
 =  329

 Correct working e.g 329 =  5  +  (n   1 )4

 n  =  82

c  Evidence of correct substitution

 e. g. S
82
= (2(5) + (82 1 )4)

82

2


 S
82 
=  1 3694.

3  a  Evidence of choosing the product rule

 e. g.  (x cos x)  +  (1 sin x)

 f '(x)  =  sin x +  x cos  x

b  

 

y

x
1 2 6

4

6

2

2

4

6

1 543

6

0

A1  for correct domain,  with endpoints in the correct place.

A1  for approximately correct shape.

A1  for local minimum in the correct place.

A1  for local maximum in the correct place.

4  a  Evidence of substituting into  the mean =  
fx

f





 Correct substitution e.g.  
 70 5x

1 9
4

+

+
=

x
b  1 .33

c  4.6

d  No change.

5  a  Using the Sine rule e.g.  
BD

sin1 00

8

sin30
=


 BD  =  1 5.8

b  Using the Cosine rule e. g.  CosBCD =  
8 1 0 BD

2 8 1 0

2 2 2+ 

  

 Angle BCD =  1 22.

  calculating | BA | and | BC|

  | BA | = 26 and | BC| =  30

  evidence of using the formula to  nd cosine

  

cos q =
25

26 30

A1  A1

A1  N4

(A1 )

(A1 )(A1 )

(A1 )

(M1 )(A1 )

A1

(M1 )

A1

A1

(M1 )

(A1 )

(M1 )

(A1 ) (A1 )

(M1 )

(A1 )

(A1 )

(A1 )

(A1 )

(M1 )

(A1 )

(M1 )

(A1 )

=26.5
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c  Using the area formula e. g.  A = 1

2
   8 1 0 sin BCD

 Area BCD =  34.0

6  a  Evidence of integrating the acceleration function.

 e. g.
1

3sin 2 d
t

t t+







 correct expression e. g.  ln  
3

2
cos 2t t c 

 evidence of substituting (1 ,0)  e. g.  
3

2
0 ln 1 cos 2= c 

 c =    0.624

 

3

2
ln 1 cos 2v =   

 v (5)  =  2.24

7  a  Evidence of using binomial probability.

 Correct substitution e. g.  
1 0

4
(0.25) (0.75)

4 6














 0. 1 46

b  P (X  2)  >  0.9  = P (X < 2)  <  0.1

 P  (X < 2)  = P (X = 0)  + P (X = 1 )

= +
























n n

0
(0.25) (0.75)

1
(0.25) (0.75)

= (0.75

0 1 1n n 

)) 0.25 (0.75)+
1n

n
n  < 0 1.

 Use of graphical or table function.

 The game must be played at least 1 5  times.

SECTION B

8  a  i  1 am

 i i  1 0am

 b   The depth of water can be modeled by the function  

y  =  Acos(B(x   C ))  +D

 i  Amplitude =  
9 1

2
4


=

 i i  1

 i ii  5

 iv  
2

1 2
B

 


 

 v  
6

4 cos ( 1) 5y x
 

 
 

  

c  Correct use of the model 


 4.5 4 cos 5( 1 )
6

x

 Evidence of using a graphical method

 The Seahawk can enter after 1 0:1 5am.

(M1 )

(A1 )

(M1 )

(A1 )( A1 )

(M1 )

(A1 )

(A1 )

(A1 )

(M1 )

(A1 )

(A1 )

(M1 )

(A1 )

(M1 )

(A1 )

(A1 )

(A1 )

(M1 ) (A1 )

(A1 )

(A1 )

(M1 ) (A1 )

(A1 ) (A1 )

(M1 )

(M1 )

(A1 )
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9  a  y

x1 2

4

6

2

2

4

6

3 2 1 543

6

0

R

f(x)

g(x)

(A1 ) for showing the basic shape of f (x).

(A1 ) for showing both the vertical asymptote

(A1 ) the basic shape of g (x).

(A1 ) for the correct x-intercepts.

(A1 ) for the correct y-intercepts

b  i  x =  3  is  the vertical asymptote.

 ii  x-intercept:  x =  4.39 ( =  e 2  3)

 i ii  y-intercept:  y  =  0.901  ( =  ln 3    2)  

c  f (x)  =  g (x)   

x =  1 .34 or x =  3 .05  

d  i  See graph

 ii  Area of R  =  

3 . 05

0

(4   (1    x)2)    (ln (x +  3 )    2)  dx

 ii i  Area of R  =  1 0.6  

10  a  P(G  >  1 70) =  1    P(G <  1 70)

  P(G  >  1 70) =  P Z <









1 70 1 55

1 0

  P(G  >  1 70) =  1      (1 .5)  =  1    0.9332

  =  0.0668

b  z =  1 .281 6

   Correct  calculation  

(e. g.  x =  1 55  +  1 .282   1 0)

  x =  1 42

c  Calculating one variable

 e. g.  P(B  <  r)  =  0.95,  z =  1 .6449

 r =  1 60 +  1 .645(1 2) =  1 79.74

 =  1 80

 Any  valid calculation for the second variable,  including  

use of symmetry

 e. g.  P(B  <  q)  =  0.05,  z =  1 .6449

 q  =  1 60   1 .645(1 2) =  1 40.26

  =  1 40

d  P(M   (B  >  1 70))   =  0.4   0.2020,  P(F   (G >  1 70))   

=  0.6    0.0668

 P(H >  1 70) =  0.0808  +  0.04008

  =  0.1 2088  =  0. 1 21  (3  sf)

The fol lowing symbols 

are used  in  th is  mark 

scheme:

Girls  height  

G ~ N(155, 102),  

boys  height  

B ~ N(160, 122).

Height H , Female F,  

Male M.

(A1 )  (A1 )

(A1 )  (A1 )

        (G1 )

        (G1 )

(G1 ) (G1 )

(M1) (A1 ) (A1 )

    (G1 ) (G1 )

(A1 )

(A1 )

A1  N3

(A1 )

(A1 )

A1  N3

(A1 )  

A1  N2

(A1 )

A1  N2

(A1 )(A1 )

A1

A1  N2
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Subject index

absolute extrema,  242

absolute values,  66970

Abu al-Wafa Buzjan (c.940c.998),  

1 7

Abu Kamil Shuja (c.850c.930),  38

academic honesty,  explorations 

and,  5623

acceleration,  226,  2279,  251 ,  510

average,  226

instantaneous,  226

accuracy,  graphs,  31

addition

algebraic fractions,  6702

vectors,  4205,  443

addition rule,  724

adjacent sides,  364

agendas,  hidden,  555

Agnesi,  Maria Gaetana (171899),  

217

Ahmes Papyrus,  165

aims,  explorations,  558

al-Khwarizm,  Muh
  
ammad ibn 

Musa (c.780c.850),  657

algebra,  65772

and geometry,  444

algebraic fractions

addition,  6702

subtraction,  6702

algebraic functions,  500

algebraic proofs,  445

altitude,  380

ambiguous case,  3845

ambiguous triangles,  384

amplitude,  464,  470,  475,  490,  491

analysis

bivariate,  33261

data,  7037

univariate,  2567,  284,  333

angles,  682

between vectors,  427

on GDCs,  61011

of depression,  369

of elevation,  369

obtuse,  3756

subtended,  391

Anscombe,  Francis (19182001 ),  

361

Anscombes Quartet,  361

antiderivatives,  2917,  328

of xn,  292

Apollonius of Perga (c.262c.190 

BCE),  46,  60

applied mathematics,  vs.  pure 

mathematics,  4923

Archimedes of Samos  

(287212 BCE),  1 46

arcs,  3917,  401 ,  684

area,  6868

between two curves,  31317,  329

circles,  684

and denite integrals,  3029,  329

surface,  68892

triangles,  38991 ,  401

under curves,  303

on GDCs,  6078

Argand,  Jean-Robert (17681822),  

423

arguments,  1 29

Aristotle (384 BCE322 BCE),  423

arithmetic patterns,  applications,  

1 813

arithmetic sequences,  1647,  1 90

arithmetic series,  1 725,  1 91

arrowheads,  683

Aryabhata (476550),  365

associative law,  657

associative property,  648

asymptotes,  8,  910,  28,  1446,  1 57

horizontal,  on GDCs,  5845

authentic work,  explorations,  562

average acceleration,  226

average velocity,  2212

averages,  262,  704

see also  mean;  median;  mode

axes

coordinate,  37380,  400

of revolution,  318

of symmetry,  44

Babington Smith,  Bernard  

(190593),  520

bacteria,  1 61

bar charts,  2578,  700

see also  histograms

base formulae,  changes of,  1 256,  

1 37

base vectors,  409,  442

base-10 system,  402

base-60 system,  402

bases,  103

bean machine,  535

bearings,  three-gure,  370

BEDMAS rule,  633

behavior,  human,  statistics of,  

5545

BEMDAS rule,  633

Bernoulli,  Jacob  

(16541705),  1 12

best t,  lines of,  33944,  3578

BIDMAS rule,  633

bimodal data,  261

binomial distributions,  52738,   

553

denition,  52734

expectation of,  5356

variance,  5368

binomial expansion,  1849,  1 91

binomial experiments,  528

binomial probabilities,  calculating,  

on GDCs,  6214

binomial quiz,  52730

binomials,  658

birthday problem,  99

bivariate analysis,  33261

BODMAS rule,  633

BOMDAS rule,  633

Boole,  George (181564),  493

Boolean logic,  493

boundary conditions,  295

box and whisker plots,   

269,  286

drawing,  on GDCs,  61415,  

61617

Boyle,  Robert (162791 ),  1 39

Boyles law,  139

brackets

curly,  1 0

expanding,  65762

square,  1 0

calculations,  6334

calculus,  1 95

fundamental theorem of,  30913,  

329,  507

GDCs and,  598606

trigonometric functions,   

494517

see also  differentiation;  integration

Cardan,  Jerome (150175),  64

Cartesian planes,  6,  230

domain and range of relations 

on,  812,  28

causation,  3369

vs.  correlation,  3601

central limit theorem,  538

central tendency,  measures of,  

2607,  285,  7045

chain rule,  21617,  496

and higher order derivatives,  

21521 ,  251

change

constant,  287

rates of,  2219,  251

charts

bar,  2578,  700

drawing,  on GDCs,  61317

784 Subject index



pie,  7001
see also  box and whisker 

plots;  diagrams;  graphs;  
histograms

chocolate factories,  495
chords,  684
circles,  60

area,  684
denitions,  6845
properties,  6845
see also  unit circle

circular functions,  44693

graphs,  4629,  4901
circumference,  684,  685
coincident vectors,  428,  443
column vector form,  408
combinations,  1 84
combined transformations,  47882,  

491
common difference,  1 65,  1 90
common errors,  265
common fractions,  638
common ratio,  1 67,  1 91
communication,  in explorations,  

5578

commutative law,  657
commutative property,  648
compass points,  370
complementary events,  689
complements,  654
completing the square,  368
complicated functions,  on GDCs,  

5912
components

horizontal,  408
vertical,  408

composite functions,  1416,  29

derivatives,  21617
compound interest,  1 1 1
computers,  early,  493,  520
concave down,  234,  251
concave up,  234,  251
conclusions,  explorations,  558
conditional probability, 858,  913, 97
conditions

boundary,  295
initial,  295

cones
perpendicular height,  690
slanted height,  690

volume,  6902
confounding factors,  336
congruence,  6768
conic sections,  46,  601
conjectures,  51617
constant of integration,  293
constant multiple rule,  204,  250,  

293,  328,  496,  505
constant rule,  204,  250,  293,  328,  

496,  505

continuous data,  256,  284,  704
continuous random variables,  520
controllability,  555
convergence,  limits and,  1 96200

convergent sequences,  1 96
convergent series,  1 7881
coordinate axes,  in trigonometry,  

37380,  400
coordinate geometry,  6929
coordinates,  6923
correlation,  334,  357

measuring,  34953,  359
negative,  335,  357
vs.  causation,  3601
see also  positive correlation

correlation coefcients,  on GDCs,  

62731
cosine

derivative,  497
double-angle identities for,  457
integrals,  50510,  515

cosine functions
graphs,  4627
modeling with,  4838,  491
and sine functions,  combined 

transformations,  47882,  
491

transformations,  46970
translations,  4704

cosine ratio,  364,  3657,  400
cosine rule,  3869,  401 ,  4267
cosine values,  unit circle,  44951
critical numbers,  231
cumulative frequencies,  2716,  286
curly brackets,  1 0
currencies,  international,  641
curves

area between two,  31317,  329
area under,  303

on GDCs,  6078
family of,  539

tangents to,  on GDCs,  599600
see also  hyperbolas;  parabolas

cylinders,  volume,  689

data,  256,  284
bimodal,  261
continuous,  256,  284,  704
discrete,  256,  284,  703
dynamic,  554
entering,  on GDCs,  612
presenting,  25760,  284
qualitative,  256,  284
quantitative,  256,  284

Data & Statistics pages,  scatter 
diagrams from,  6279

data analysis,  7037
de Moivre,  Abraham (16671754),  

538
decagons,  683

decay,  exponential,  1 02,   
1 31 ,  1 334

decay functions,  exponential,  1 10
decimal places,  648
decimals

and fractions,  63840
recurring,  639
terminating,  639

deductive reasoning,  253
denite integrals

and area,  3029,  329
with linear motion,  3216,  329
properties,  307,  329

degree mode,  366,  381 ,  465
degrees,  on GDCs,  589
dependent variables,  334,  357
depression,  angles of,  369
derivatives,  1 94253

composite functions,  21617
cosine,  497
exponential functions,  20910,  

250

rst,  220
on GDCs,  6026
and gradients of tangent lines,  

202
and graphs,  23040,  251
higher order,  2201

and chain rule,  21521 ,  251
natural logarithms,  20910,  250
practice with,  5004
product of two functions,   

21011
rules for,  2035,  20815,  250
sine,  496500

tangent functions,  497
trigonometric functions,   

496500,  515
of xn,  2007,  250
see also  antiderivatives;  numerical 

derivatives;  second 
derivatives

Descartes,  Ren (15961650),  6,  
230,  444,  692

descriptive statistics,  25489
diagrams

sample space,  7784,  97
stem and leaf,  7023
Venn,  6877,  96
see also  charts;  graphs;  scatter 

diagrams;  tree diagrams
diameters,  684
dice

rolling,  64
scores,  524

difference,  common,  165,  1 90
difference of two squares,  659

factorization,  6612
differential calculus,  1 95

GDCs and,  598606
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differentiation,  204,  292
see also  derivatives

direction,  vectors,  407,  442
direction vectors,  431 ,  443
discontinuities,  1 99
discrete data,  256,  284,  703
discrete random variables,  520
discriminants,  412
disjoint sets,  653
dispersion,  measures of,  26771 ,  

286,  7067
displacement,  407

displacement functions,  224,  510
distance,  407

between two points,  41819,  694
total,  322

distance traveled,  510
distributions see binomial 

distributions;  normal 
distributions;  probability 
distributions

distributive law,  657
distributive property,  648
divergent sequences,  1 96
division,  exponents,  1 04

domains,  5,  28,  1 10,  1 36
of Cartesian planes,  812,  28

double-angle identities
for cosine,  457
for sine,  45862

dynamic data,  554

Egyptian fractions,  1 58
Einstein,  Albert (18791955),  492

equation,  1 39
elementary functions,  500
elements,  651
elevation,  angles of,  369
ellipses,  60

empty sets,  651
end behavior,  1 42
energy equations,  1 39
enlargements,  675
equal roots,  34
equal vectors,  41 114
equation solving,  unit circle,  4546
equations

energy,  1 39
of lines,  6989
of normal lines,  2057
with rational coefcients,  

solving,  672

of regression lines,  3458
simple,  1 39
simultaneous,  5746
of tangent lines,  2057
vector,  4306,  443
see also  exponential equations;  

linear equations;  logarithmic 
equations;  quadratic 
equations

equilateral triangles,  683
equivalent fractions,  639
errors,  common,  265
estimation,  64850

Euclid (c.325c.265 BCE),  1 42
events,  64,  96

complementary,  689
independent,  product rule,  802,  

97
intersections of,  69
mutually exclusive,  76
repeated,  8990
unions of,  701

exhaustion,  method of,  3301
expansion,  binomial,  1 849,  191
expectation,  5237

of binomial distributions,   
5356

expected values,  523,  553
experimental probability,  656
experiments,  64,  96

binomial,  528
human behavior,  554
random,  64,  96

explorations,  55669
and academic honesty,  5623
aims,  558
authentic work,  562
communication in,  5578

conclusions,  558
getting started,  5689
internal assessment criteria,  

55761
introduction,  558
and malpractice,  563
marking,  562
mathematical presentation,  

5589
mathematics,  use of,  561
overview,  5567
personal engagement,  55960

rationales,  558
record keeping,  5634
reections,  560
sources,  acknowledging,  563
topic choice,  5647

exponential decay,  1 02
exponential decay functions,  1 10
exponential equations,  12731

solving,  1 079,  1 279
exponential expressions,  6678
exponential functions,  10039

applications,  1 314
denition,  1 36

derivatives,  20910,  250
on GDCs,  5835
graphs,  1 0910
integrals,  505
modeling,  using sliders,  5968
natural,  1 1 112

solving,  on GDCs,  5912
transformations,  1 1214

exponential graphs,  drawing,  on 
GDCs,  5834

exponential growth,  1 01 ,  1 312
exponential growth functions,  1 03,  

1 0910
exponents,  1037,  667

division,  1 04
fractional,  1 05
laws of,  1 037,  1 36
multiplication,  1 03
negative,  1 06
roots,  1 05
see also  powers

expressions
exponential,  6678
involving roots,  simplifying,  

6346
see also  quadratic expressions

extrapolation,  339,  347
extrema,  2408,  251

absolute,  242
global,  242
see also  maxima;  minima

Facebook,  101
factorials,  1 84
factorization,  346,  65762

difference of two squares,  6612
quadratic expressions,  660
quadratics,  6601

factors,  6378
confounding,  336
scale,  23

family of curves,  539
Fibonacci,  Leonardo of Pisa 

(c.1170c.1250),  1 64,  1 93
Fibonacci sequences,  193
nite planes,  682
rst derivative test,  233,  251
rst derivatives,  220
rst quartile,  268,  286
Fisher,  Sir Ronald Aylmer  

(1 8901962),  264
folding paper,  1023
formulae,  6624

base,  1 256,  1 37
quadratic,  3841 ,  58
rearranging,  6623
recursive,  163
subjects of,  662
substituting into,  6634

Fourier,  Jean Baptiste Joseph 
(17681830),  498

fractional exponents,  1 05
fractions

algebraic,  6702
common,  638
and decimals,  63840
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Egyptian,  1 58

equivalent,  639

improper,  638

proper,  638

unit,  1 58,  638

frequencies

cumulative,  2716,  286

relative,  66

frequency histograms,  drawing,  on 

GDCs,  61314

frequency tables,  257

calculating statistics from,  on 

GDCs,  61819

data entering,  on GDCs,  612

drawing frequency histograms 

from,  on GDCs,  614

grouped,  258,  284

function notation,  1 314,  29

functions,  231

algebraic,  500

complicated,  on GDCs,  5912

decreasing,  230

denition,  5,  28

displacement,  224,  510

elementary,  500

GDCs and,  57298

increasing,  230

integrable,  304

introducing,  48,  28

inverse,  1 1819,  1 37

limits of,  1 97200

linear,  572

periodic,  464,  468,  490

probability,  522

product of two,  derivatives,  

21011

reciprocal,  1 436,  1 57

reections,  23

and relations,  46

self-inverse,  1 44,  1 57

stretches,  234

transcendental,  500

transformations,  215,  29

translations,  22

velocity,  224,  251

see also  circular functions;  

composite functions;  

exponential functions;  

inverse functions;  

logarithmic functions;  

quadratic functions;  rational 

functions;  reciprocal 

functions;  trigonometric 

functions

fundamental theorem of calculus,  

30913,  329,  507

Gabriels horn,  331

Galton,  Francis (18221911 ),  288,  

535

Galton board,  535

Gapminder,  554

Gauss,  Carl Friedrich (17771855),  

1 72,  346,  538

Gaussian curve see normal 

distributions

GDCs see graphic display 

calculators (GDCs)

general solution,  295

genetic ngerprinting,  80

geometric patterns,  applications,  

1 813

geometric proofs,  4235,  445

geometric sequences,  1 6770,  1 91

geometric series,  1 758,  1 79,  1 91

geometric transformations,  6746

geometry,  67399

and algebra,  444

coordinate,  6929

Gladwell,  Malcolm (b.1963),  102

global extrema,  242

golden ratio,  56

golden section,  193

Gougu Theorem,  673

gradians,  403

gradients

nding,  on GDCs,  5734,  5989

of lines,  6967

negative,  695

positive,  695

of straight lines,  6956

of tangent lines,  202

graphic display calculators (GDCs)

degree mode,  366,  381 ,  465

differential calculus,  598606

functions,  57298

integral calculus,  6068

probability,  61231

radian mode,  396,  466

statistics,  61231

using,  570631

vectors,  60811

graphs,  301

accuracy,  31

circular functions,  4629,  4901

cosine functions,  4627

and derivatives,  23040,  251

exponential functions,  1 0910

nding quadratic equations from,  

4952

of inverse functions,  1 819

logarithmic,  on GDCs,  588

of quadratic functions,  4352,  59

sine functions,  4627

statistical,  699703

tangent functions,  4679

trigonometric,  on GDCs,  590

see also  charts;  diagrams

Graphs pages,  scatter diagrams 

using,  62931

gravitation,  laws of,  1 39

grids,  31

grouped frequency tables,  258,  284

growth

exponential,  1 01 ,  1 312

population,  1 823

growth functions,  exponential,  1 03,  

1 0910

guitar strings,  195

handshakes,  4

harmonic motion,  498

Hawthorne effect,  554

HCF (highest common factor),  638

Hero of Alexandria (c.1070),  390

hexagonal prisms,  688

hexagons,  683

hidden agendas,  555

higher order derivatives,  2201

and chain rule,  21521 ,  251

highest common factor (HCF),  638

histograms,  2589

frequency,  61314

Hogben,  Lancelot (18951975),  517

honesty,  academic,  5623

horizontal asymptotes,  on GDCs,  

5845

horizontal components,  408

horizontal line test,  1 617,  29

horizontal stretches,  23,  4768,   

491

horizontal translations,  4702,   

491

human behavior

experiments,  554

statistics of,  5545

Hypatia (c.350/370415),  60

hyperbolas,  60,  1 44,  1 57

hypotenuse,  364

Ibn al-Haytham (9651040),  320

icosahedrons,  65

identities

trigonometric,  45662,  490

see also  double-angle identities

improper fractions,  638

Incas,  158

indenite integrals,  291302,  328

on GDCs,  6067

indenite integration,  293

independent events,  product rule,  

802,  97

independent variables,  334,  357

indices see exponents

inductive reasoning,  252

inequalities,  1 0

properties,  669

and sets,  6556

solving,  6689

innite planes,  682
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innity,  sums to,  17881 ,  1 91
inexion points,  234,  251
initial conditions,  295
initial position,  224
initial side,  373
initial velocity,  224
instantaneous acceleration,  226
instantaneous velocity,  2212
integers,  646
integrable functions,  304
integral calculus,  1 95
GDCs and,  6068

integrals
cosine,  50510,  515
exponential functions,  505
with linear composition,  505
reciprocal functions,  505
sine,  50510,  515
see also  denite integrals;  

indenite integrals
integrands,  293
integration,  290331
constant of,  293
indenite,  293
lower limit of,  304

upper limit of,  304
variables of,  293

interest,  compound,  1 1 1
internal assessment criteria,  

explorations,  55761
international currencies,  641
International Space Station (ISS),  3
internationalism,  of symbols,  1 0
interpolation,  342
interquartile range (IQR),  269,  286,  

706
calculating,  on GDCs,  61920

intersection points,  vectors,  4346
intersections,  6525
of events,  69

interval notation,  1 0,  28
intuition,  probability and,  99
inverse functions,  1 621 ,  29,  

1 1819,  1 37
nding algebraically,  1 9
on GDCs,  5857
graphs of,  1 819,  29

inverse normal distributions,  
54451

IQR see interquartile range (IQR)

irrational numbers,  1 12,  634,   
639,  646

irregular quadrilaterals,  683
isosceles triangles,  683
ISS (International Space  

Station),  3

Jeffreys,  Alec (b.1950),  80
jokes,  mathematics,  253
Jones,  William (16751749),  455

Kendall,  Sir Maurice George 
(190783),  520

Khayym,  Omar (c.10481131 ),  
60,  192

kinematics,  224
kites,  683

Koch snowakes,  176

Lagrange,  Joseph Louis  
(17361813),  444

Lancaster,  Henry Oliver  
(19132001 ),  333

Laplace,  Pierre-Simon  
(17491827),  538

LCM (lowest common  
multiple),  637

leading questions,  555
learning,  prior,  632707
least squares regression,  3458,   

358
Legendre,  Adrien-Marie  

(17521833),  346
Leibniz,  Gottfried Wilhelm 

(16461716),  1 3,  214,  217,  
330,  493

Leibniz notation,  214
lies,  555
and statistics,  289

limits,  1 94253
and convergence,  196200
of functions,  1 97200
of sequences,  1967

linear dependence,  variables,   

349,  359
linear equations
solving,  6645
see also  simultaneous linear 

equations
linear functions,  graphing,  on 

GDCs,  572
linear motion,  51013
denite integrals with,  3216,  

329
linear regression,  on GDCs,   

62731
linear relationships,  337

lines,  682
of best t,  33944,  3578
equations of,  6989
gradients of,  6967
normal,  2057
parallel,  6978
perpendicular,  6978
vector equations of,  4306,  443
see also  number lines;  regression 

lines;  secant lines;  straight 
lines;  tangent lines

lists

calculating statistics from,  on 
GDCs,  61718

drawing frequency histograms 
from,  on GDCs,  613

entering in GDCs,  612
logarithmic equations,  1 2731
solving,  1 2931

logarithmic functions,  1 0039
applications,  1 314
denition,  1 37
on GDCs,  5858
overview,  1 1822
transformations,  1 19

logarithmic graphs,  drawing,  on 

GDCs,  588
logarithms
evaluating,  on GDCs,  585
laws of,  1 226,  1 37
properties,  1 1518,  1 37
to base 10,  1 20
see also  natural logarithms

London Eye,  447
lower limit of integration,  304
lower quartiles,  706
lowest common multiple  

(LCM),  637

magnitude,  vectors,  41011
major segments,  684

malpractice,  explorations  
and,  563

mappings,  6567
mathematical presentation,  

explorations,  5589
mathematical relations,  656
mathematical representation,  301
mathematical symbols,  517
mathematics
applied vs.  pure,  4923
beauty of,  1 389
jokes,  253

topics,  4445
truth in,  2523
see also  pure mathematics

maxima
nding,  on GDCs,  57983,  

6001
relative,  233

maximum function,  on GDCs,  
5823

maximum points see maxima
mean,  260,  2625,  266,  285,   

523,  704
mean points,  339,  3412,  358

measurement,  units of,  4023
measures
of central tendency,  2607,  285,  

7045
of dispersion,  26771 ,  286,  

7067
median,  260,  2656,  285,  704
midpoints,  6934
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mind maps,  5667
minima
nding,  on GDCs,   

57983,  6001
relative,  233

minimum function,  5801
minimum points see minima
minor segments,  684
mixed numbers,  638
mode,  2601 ,  266,  285,  704
modeling
with cosine functions,  4838,  491

on GDCs,  5928
with sine functions,  4838,  491

Monte Carlo methods,  65
Monty Hall dilemma,  84,  88
motion
harmonic,  498
laws of,  1 39,  428
in a line,  2219,  251
see also  linear motion

MP3 players,  1 41
multiples,  6378
multiplication,  exponents,  1 03
mutually exclusive events,  76

natural exponential functions,  

1 1 112
natural logarithms,  1 202
derivatives,  20910,  250

natural numbers,  646
nature,  patterns in,  193
nCr,  using,  6212
negative correlation,  335,  357
negative exponents,  1 06
negative gradients,  695
negative vectors,  41 114
Newton,  Isaac (16421727),  1 39,  

217,  230,  330,  428

Nightingale,  Florence (18201910),  
288

non-linear relationships,  variables,  
336

normal distributions,  53851 ,  553
curves,  area beneath,  539
inverse,  54451
probabilities,  5424
standard,  5401

normal lines,  equations of,  2057
normal probabilities
calculating
from X-values,  6245

on GDCs,  6246
calculating X-values from,  on 

GDCs,  6256
notation
function,  1 314,  29
interval,  1 0,  28
Leibniz,  214
prime,  214

set builder,  1 011 ,  652
sigma,  and series,  1701 ,  1 91

nth terms,  of sequences,  general 
formula,  1 634

number lines
real,  655

and sets,  6556
number sequences,  1 62,  1 90
number systems,  1 589,  6468
numbers,  63357
critical,  231
irrational,  1 12,  634,  639,  646
mixed,  638
natural,  646
prime,  637
rational,  646
real,  648

numerical derivatives

on GDCs,  602
graphing,  on GDCs,  6034

obtuse angles,  3756
octagons,  683
octopi,  519
ogives,  271
opposite sides,  364
optimization problems,  2408,   

251
Oresme,  Nicole (132382),  3
oscillations,  492,  498
outliers,  269

paper,  folding,  1 023
parabolas,  33,  44,  60
origin of term,  46

paradoxes,  178,  331
parallel lines,  6978
parallel vectors,  41 114,  428,  443
parallelograms,  683
parameters,  539
particular solutions,  295
Pascal,  Blaise (162362),  1 84,  192
Pascals triangles,  1 849,  1 91 ,  1 92,  

1 93
patterns,  1 6093
arithmetic,  applications,  1 813
geometric,  applications,  1 813
in nature,  1 93

in polynomials,  185
and sequences,  1 624,  1 90

Pearson,  Karl (18571936),  349
Pearson product-moment 

correlation coefcient (r),  
349,  359

PEMDAS rule,  633
pendulums,  498
pentagons,  683
percentage decrease,  6412
percentage increase,  6412
percentages,  6403

perfect square trinomial,  36
perimeters,  6856

periodic functions,  464,  468,  490
periods,  464,  470,  476
perpendicular lines,  6978
perpendicular vectors,  428,  443
personal engagement,  explorations,  

55960
pictograms,  7012
pie charts,  7001
Pisa,  leaning tower of,  334,  339
planes,  682
nite,  682
innite,  682

see also  Cartesian planes
Platonist School,  60
playing cards,  73
Plimpton tablet,  402
points,  682
compass,  370
distance between two,   

41819,  694
inexion,  234,  251
intersection,  4346
mean,  339,  3412,  358
midpoints,  6934
stationary,  231

see also  maxima;  minima
polyhedrons,  65
polynomials,  patterns in,  1 85
population growth,  1 823
population standard  

deviation,  287
population variance,  287
populations,  284,  333
and samples compared,  257

position vectors,  414,  442
positive correlation,  335,  357
strong,  337

positive gradients,  695
power rule,  203,  250,  293,   

328,  505
powers,  667
raising to,  1 04
zero,  1 045
see also  exponents

practice papers,  70815
prejudice,  555
prime notation,  214
prime numbers,  637
primes,  6378
prior learning,  632707

prisms
hexagonal,  688
triangular,  688
volume,  6889

probability,  6299
conditional,  858,  913,  97
denitions,  648,  96
experimental,  656
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GDCs and,  61231

and intuition,  99

normal distributions,  5424

subjective,  668

theoretical,  645

uses and abuses,  989

see also  normal probabilities

probability distributions,  51855

of random variables,  5203

probability functions,  522

probability tree diagrams,  8993

problems

birthday,  99

optimization,  2408,  251

product pairs,  graphing,  142

product rule,  7784,  97,  21 1 ,  250,  

496

independent events,  812,  97

products

and quadratic expressions,  6589

see also  scalar products

proofs,  51617

algebraic,  445

geometric,  4235,  445

vector,  445

proper fractions,  638

proper subsets,  653

prophecies,  self-fullling,  555

proportion,  6435

Ptolemy (c.90168),  383

pure mathematics

in applications,  493

applications of,  493

vs.  applied mathematics,  4923

pyramids,  volume,  68990

Pythagoras (569500 bc),  634,  673

Pythagoras  theorem,  388,  6734

proving,  4445

quadrants,  374

quadratic equations,  3261

nding,  from graphs,  4952

roots,  413,  58

solving,  348,  58

by completing the square,  368

by factorization,  346

on GDCs,  578,  5912

quadratic expressions

factorization,  660

products and,  6589

quadratic formula,  3841 ,  58

quadratic functions,  3261

nding equations of,  from 

graphs,  4952

on GDCs,  57783

graphs of,  4352,  59

modeling,  via transformations,  

5946

quadratic graphs,  on GDCs,  5778

quadratics

applications,  536

factorization,  6601

quadrilaterals,  683

irregular,  683

qualitative data,  256,  284

quantitative data,  256,  284

quartiles,  26771

rst,  268,  286

lower,  706

second,  268,  286

third,  268,  286

upper,  706

see also  interquartile range (IQR)

questions

leading,  555

sensitive,  989

quincunx,  535

quotient rule,  21 1 ,  250,  496

r (Pearson product-moment 

correlation coefcient),  349,  

359

radian mode,  396,  466

radians,  3917,  401 ,  403

on GDCs,  589

radii,  684

random experiments,  64,  96

random samples,  257

random variables,  5207,  553

continuous,  520

discrete,  520

probability distributions of,  

5203

randomized response method,   

989

range,  5,  28,  1 10,  267,  286,  706

of Cartesian planes,  812,  28

see also  interquartile range (IQR)

rates of change,  2219,  251

rational coefcients,  solving 

equations with,  672

rational functions,  14059

graphing,  148,  1 501

rational numbers,  646

rationales,  in explorations,  558

ratios,  6435

common,  167,  1 91

golden,  56

trigonometric,  3647,  400

unitary,  643

real number lines,  655

real numbers,  properties,  648

reasoning

deductive,  253

inductive,  252

reciprocal functions,  1436,  1 57

graphs of,  143

integrals,  505

reciprocals,  1423,  1 57

use of term,  143

record keeping,  explorations,  5634

rectangles,  683

recurring decimals,  639

recursive formulae,  1 63

reections,  674

functions,  23

regression

least squares,  3458,  358

linear,  on GDCs,  62731

sinusoidal,  on GDCs,  5924

regression lines,  340,  3412,  3434,  

358

equations of,  3458

relations,  28

on Cartesian planes,  domain and 

range of,  812,  28

and functions,  46

mathematical,  656

relationships

linear,  337

non-linear,  336

relative frequency,  66

relative maxima,  233

relative minima,  233

repeatability,  554

repeated events,  8990

representation,  mathematical,  301

residuals,  345,  358

resultant vectors,  41417,  442

revolution

axes of,  318

solids of,  318

volume of,  31821 ,  329

Rhind Mathematical Papyrus,  158

rhombuses,  683

Richter,  Charles Francis  

(190085),  1 34

Riemann,  Georg (182666),  313

right-angled triangle trigonometry,  

3639,  400

applications,  36973,  400

right-angled triangles,  683

special,  3679

rolling dice,  64

roots

equal,  34

exponents,  1 05

expressions involving,  

simplifying,  6346

of quadratic equations,   

413,  58

Rosling,  Hans (b.1948),  554

rotations,  674

rounding,  64850

Russell,  Bertrand (18721970),  493

sample space,  65

sample space diagrams,  7784,   

97

samples,  284,  333
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and populations compared,   
257

random,  257
scalar products,  42630,  443
calculating,  on GDCs,  60810
properties,  42830

scalars,  406,  442

scale factors,  23
scalene triangles,  683
scatter diagrams,  3349,  357
on GDCs,  62731
using Data & Statistics pages,  

6279
using Graphs pages,  62931

Schrdinger,  Erwin (18871961 ),  
1 39

secant lines,  200
gradients,  201

second derivative test,  240
second derivatives,  220

on GDCs,  6056
second quartile,  268,  286
sectors,  3917,  401 ,  685
segments
major,  684
minor,  684

self-fullling prophecies,  555
self-inverse functions,  144,  1 57
semicircles,  685
sensitive questions,  asking,  989
sequences,  1 03,  1 6093
arithmetic,  1 647,  1 90

convergent,  1 96
creating,  1 96
divergent,  196
Fibonacci,  1 93
geometric,  1 6770,  1 91
limits of,  1 967
nth terms of,  general formula,  

1 634
number,  1 62,  190
and patterns,  1 624,  1 90

series,  1 6093
arithmetic,  1 725,  1 91
convergent,  1 7881

geometric,  1 758,  179,  191
and sigma notation,   

1 701 ,  191
set builder notation,  1 011 ,  652
sets,  6517
disjoint,  653
empty,  651
and inequalities,  6556
and number lines,  6556
universal,  651
see also  subsets

sexagesimal number system,  402

shapes
in real world,  601
two-dimensional,  6834

sides
adjacent,  364
initial,  373
opposite,  364
terminal,  373

sigma notation,  and series,  1 701 ,  
1 91

signicant gures,  649
similar triangles,  364,  67982
similarity,  67882
simultaneous equations,  solving,  on 

GDCs,  5746
simultaneous linear equations,  

6667
solving,  on GDCs,  5767

sine
derivative,  496500
double-angle identities for,  

45862
integrals,  50510,  515

sine functions
and cosine functions,  combined 

transformations,  47882,  
491

graphs,  4627
modeling with,  4838,  491
transformations,  46970
translations,  4704

sine ratio,  364,  3657,  400
sine rule,  3805,  401
sine values,  unit circle,  44951
sinusoidal regression,  on GDCs,  

5924
size,  vectors,  407,  442
snowakes,  Koch,  1 76
Soccer World Cup,  519

SOHCAHTOA,  365
solids,  of revolution,  318
solutions
particular,  295
simple,  1 389

sources,  acknowledging,  563
speed,  2279,  407

see also  velocity
spheres,  volume,  689
springs,  492
square brackets,  1 0
squares,  683
difference of two,  659

factorization,  6612
standard deviation,  27681 ,  287
data sets,  adding or multiplying,  

281
population,  287
properties,  27880

standard form,  6501
standard normal distribution,   

5401
standard position,  373
stationary points,  231

see also  extrema;  maxima;  
minima

statistical graphs,  699703
statistical summaries,  268
statistics,  699707

calculating,  on GDCs,  61720
descriptive,  25489
facts and misconceptions,   

2889
GDCs and,  61231
lies and,  289
using,  on GDCs,  620

stem and leaf diagrams,  7023
Stevin,  Simon (15481620),  423
straight lines,  682
gradients of,  6956

stretches
functions,  234

horizontal,  23,  4768,  491
trigonometric functions,   

46978
vertical,  23,  4756,  491

strong positive correlation,  337
subjective probability,  668
subjects,  of formulae,  662
subsets,  6525
proper,  653

substitution,  into formulae,  6634
substitution method,  3002
subtraction

algebraic fractions,  6702
vectors,  4205,  443

Sulba Sutras,  673
sum or difference rule,  204,  250,  

293,  328,  496,  505
summation,  346
sums,  to innity,  1 7881 ,  1 91
supply and demand curves,  24
surds,  634
surface area,  three-dimensional 

shapes,  68892
surveying,  363
symbols

internationalism of,  10
mathematical,  517

symmetry,  axes of,  44

tables
on GDCs,  579,  5812
see also  frequency tables

tangency,  points of,  685
tangent functions
derivatives,  497
graphs,  4679

tangent lines,  2007,  250
equations of,  2057
gradients of,  202

tangent ratio,  364,  3657,  400
tangent values,  unit circle,  44951
tangents,  685
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to curves,  on GDCs,  599600

terminal side,  373

terminating decimals,  639

terms,  1 63,  1 90

nth,  of sequences,  1 634

test scores,  256

theoretical probability,  645

third quartile,  268,  286

Thomson,  James (182292),  403

three-dimensional shapes

surface area,  68892

volume,  68892

three-gure bearings,  370

Tippett,  Leonard Henry Caleb 

(190285),  520

topics,  choosing,  5647

total distance,  322

transcendental functions,  500

transformations

combined,  47882,  491

cosine functions,  46970

exponential functions,  1 1214

of functions,  215,  29

geometric,  6746

logarithmic functions,  1 19

quadratic function modeling,  

5946

sine functions,  46970

translations,  674

cosine functions,  4704

functions,  22

horizontal,  4702,  491

sine functions,  4704

trigonometric functions,   

46978

vertical,  4702,  4901

trapeziums,  683

tree diagrams

probability,  8993

with replacement and repeated 

events,  8990

without replacement and 

conditional probability,  913

triangles,  683

ambiguous,  384

area,  38991 ,  401

equilateral,  683

isosceles,  683

Pascals,  1 849,  1 91 ,  1 92,  1 93

scalene,  683

similar,  364,  67982

see also  right-angled triangles

triangular prisms,  688

trigonometric functions

calculus,  494517

derivatives,  496500,  515

on GDCs,  58990

stretches,  46978

translations,  46978

see also  cosine functions;  sine 

functions;  tangent functions

trigonometric graphs,  drawing,  on 

GDCs,  590

trigonometric identities,   

45662,  490

trigonometric ratios,  3647,  400

trigonometry,  362403

coordinate axes in,  37380,  400

see also  right-angled triangle 

trigonometry

trinomial,  perfect square,  36

truth,  in mathematics,  2523

two-dimensional shapes,  6834

unions,  6525

of events,  701

unit circle,  374

cosine values,  44951

equation solving,  4546

sine values,  44951

tangent values,  44951

using,  44853,  490

unit fractions,  1 58,  638

unit vector form,  409

unit vectors,  41920

unitary method,  6456

units,  of measurement,  4023

univariate analysis,  2567,   

284,  333

universal sets,  651

upper limit of integration,  304

upper quartiles,  706

values

absolute,  66970

expected,  523,  553

see also  X-values

variables

dependent,  334,  357

independent,  334,  357

of integration,  293

linear dependence,  349,  359

non-linear relationships,  336

see also  random variables

variance,  27681 ,  286

binomial distributions,  5368

population,  287

vector equations,  of lines,  4306,  

443

vector proofs,  445

vectors,  40445

addition,  4205,  443

angles between,  427

on GDCs,  61011

applications,  4378

base,  409,  442

coincident,  428,  443

concepts of,  40720,  442

direction,  407,  431 ,  442,  443

equal,  41 114

GDCs and,  60811

intersection points,  4346

magnitude,  41011

negative,  41114

parallel,  41114,  428,  443

perpendicular,  428,  443

position,  414,  442

representation,  4089

resultant,  41417,  442

size,  407,  442

subtraction,  4205,  443

unit,  41920

zero,  4223

velocity,  2279,  407,  510

average,  2212

initial,  224

instantaneous,  2212

see also  speed

velocity function,  224,  251

Venn,  John (18341923),  68

Venn diagrams,  6877,  96

vertical components,  408

vertical line test,  68,  28

vertical stretches,  23,  4756,  491

vertical translations,  4702,  4901

vertices,  44,  689

volume

cones,  6902

cylinders,  689

prisms,  6889

pyramids,  68990

of revolution,  31821 ,  329

spheres,  689

three-dimensional shapes,  

68892

Wallis,  John (16161703),  517

Wells,  Herbert George  

(1 8661946),  288

Wessel,  Caspar (17451818),  423

World War II Memorial 

(Washington,  DC),  33

X-values

calculating from normal 

probabilities,  6256

calculating normal probabilities 

from,  6245

x
n

antiderivatives of,  292

derivatives of,  2007,  250

zero,  142,  335,  357

concept of,  1 59

nding,  on GDCs,  5723

zero power,  1 045

zero product property,  34

zero vector,  4223
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